
Caveat

Using Fourier Transformation methods it is tempting to see patterns
even when there are none:

Every observation gives only finitely many data points, and it can
happen that the transformation has strong frequency components.

Observed similarity however does not prove causality or an underlying
law. (Famous example: stockmarket data — “technical” analysis)

It is easy to get sidetracked by alleged patterns – unless your theory
can predict new data (which has not been used to “tune” the model)
be careful with extrapolations.
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Optimization

We want to maximize/minimize a gain/cost-function f(x) subject to
some constraints on x.

Examples:

• Scheduling

• Allocation of resources

• Distribution of commodities

• Selecting a mix (Oil, Portfolio)

• Network flows

Vast area, industrial importance.
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Linear Programming

Suppose both cost function as well as constraints are linear:

f(x) = cTx, Ax ≤ b

for given

• Cost vector c.

• Constraints given by matrix A and vector b.

Slack Variables

We can assume that the constraints are Ax = b by introducing extra
(slack) variables for each equation:

3x + 4y ≤ 7 ⇒ 3x + 4y + s = 7 (s ≥ 0)
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Maximum Flow

For example consider the problem of maximizing the flow in a network
with costs for each edge.
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We introduce one variable for each direction of each edge: x2 (down),
x′2 (up).

Kirchoffs law at each vertex gives constraints of the form

x1 + x2 + x′3 = x′1 + x′2 + x3
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Geometric interpretation

Consider the problem to optimize 2x1 + 3x2 subject to the constraints

x1 − 2x2 ≤ 4

2x1 + x2 ≤ 18

x2 ≤ 10

x1, x2 ≥ 0

With slack variables we get:

x1 − 2x2 + x3 = 4

2x1 + x2 + x4 = 18

x2 + x5 = 10

x1, x2, x3, x4, x5 ≥ 0
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Each inequality selects half of the plane. All inequalities together select
an area (a simplex).
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The optimal point must be on a corner. (If the selected area is not
bounded there might be no maximum.)

Slack variables indicate distance of a point to the respective line.
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Simplex Method

This method searches along the corners of the selected simplex to find
an optimum solution:

1. Find a corner (if there is any)

2. Suppose the corner is the intersection of n hyperplanes. For each
plane, calculate the inner product of the cost vector with the unit
normal vector (inward) of the plane.

3. If all dot products are negative, the point is optimal. End.

4. Otherwise select a plane with maximal dot product.

5. The intersection of the remaining n− 1 hyperplanes forms a line.
Follow that line to the next corner. Go back to step 2.

At each step, the algorithm moves with maximal change.
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Note: It is possible to construct “perverse” scenarios where this
method performs badly. In practice it usually performs well.
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Tableau Method

This is a way to perform the simplex method, using only basic linear
algebra operations:
Suppose we want wo maximize cTx, subject to Ax = b, x ≥ 0. We
have n variables and m conditions (thus A ∈ Rm×n).

We start with a large matrix of shape

 A b

−cT 0

.

Now suppose we are in a corner. Then n−m of the (slack) variables
have to be zero. (We can set some to zero to get a corner.) We call
these the free variables, the other variables, that have positive values,
are called the basic variables.

We can now rearrange the columns of the matrix, so that the basic
variables are in the first position.
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Now we use Gaussian elimination on the matrix. We will get a matrix
of the form 

1 0 ∗

1 ∗

0 1 ∗ b′

1 ∗

0 rT v


where

• b′ gives the values of the basic variables.

• v is the current cost (since the last row on the left is zero).

• The entries of r give the rate at which the cost changes if that
variable would change from 0.
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We therefore chose the most negative (free) variable (say: xe) to
indicate the direction of moving. This is called the entering variable.

In the e-th column we now check for which i the ratio b′i/ui is minimal
positive. This will be the index for which the variable will be zero at the
next corner. (This is called the departing variable.) If we would chose
not the smallest value we would not get the closest corner, but an
intersection on the same line further on – outside the simplex).

We now swap e-th and i-th column and use Gaussian elimination to
find the coordinates of the next point.

We repeat this process until either all entries in r are positive (so we
are at a maximum) or all rations bi/ui are negative (in this case there is
no maximum).
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In the example

Adding slack variables we get cost 2x1 + 3x2 and the equations

x1 − 2x2 + x3 = 4

2x1 + x2 + x4 = 18

x2 + x5 = 10

These correspond to the tableau

1 −2 1 0 0 4

2 1 0 1 0 18

0 1 0 0 1 10

−2 −3 0 0 0 0

x1 x2 x3 x4 x5
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We now chose the starting point x1 = x2 = 0 and swap the columns
(and do Gaussian elimination):

1 0 0 1 −2 4

0 1 0 2 1 18

0 0 1 0 1 10

0 0 0 −2 −3 0

x3 x4 x5 x1 x2

The most negative value is for the variable x2. This column gives the
quotients 4/−2, 18/1 and 10/1 (the minimum).
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We thus swap columns 3 and 5:

1 0 −2 1 0 4

0 1 1 2 0 18

0 0 1 0 1 10

0 0 −3 −2 0 0

x3 x4 x2 x1 x5

⇒

1 0 0 1 2 24

0 1 0 2 −1 8

0 0 1 0 1 10

0 0 0 −2 3 30

x3 x4 x2 x1 x5

Thus we are at coordinates x1 = 0, x2 = 10 and have cost 30.

The most negative value is for the variable x1, the quotient 8/2 is
minimal positive.
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Thus we swap columns 2 and 4:

1 1 0 0 2 24

0 2 0 1 −1 8

0 0 1 0 1 10

0 −2 0 0 3 30

x3 x1 x2 x4 x5

⇒

1 0 0 −1/2 5
2

20

0 1 0 1/2 −1/2 4

0 0 1 0 1 10

0 0 0 1 2 38

x3 x1 x2 x4 x5

Thus x1 = 4, x2 = 10 and we have cost 38. All entries in the last row
are positive, so we have reached the maximum.
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Dual Problems

Instead of solving the problem

Maximize z = cTx such that Ax ≤ b

we can exchange the role of equations and variables and solve

Minimize z = yTb such that yA ≥ c.

Translation to the dual can reduce the optimization task.

If x solves a problem and y the dual problem, we have that
cTx ≤ yTb with equality at the optimum.

The difference yTb− cTx can indicate how good found solutions are.
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Optimal integral solutions

In many important cases the variables can only take integral values:

• Impossible to split persons.

• Use 1/0 to indicate “yes”/“no”

If we are searching for such integer solutions, the problem becomes
MUCH more complicated. Often the best known solution ends up
trying many possibilities.
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Algorithm Design

I want to introduce a few general techniques used to design algorithms.

Certainly this copurse cannot give a comprehensive overview. In
particular, we will not study data structures, which are often crucial
towards getting efficient implementations.

Basic Idea

Reduce the problem – same idea as in induction.
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We want to

• reduce a problem to a similar problem of smaller size.

• Find a solution for the original problem from a solution of the
smaller problem.

• The simplest reduction is to remove one element (or merge two
elements). Sometimes one has to look for a suitable element to
remove.

• There may be different ways of reduction. It might pay off to use
some initial work to find the best way for reduction.

• If a problem cannot be solved directly, try to find an easier
versions of the problem you can solve and then try to strengthen
or extend this solution.
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Example: The “Celebrity Problem”

Given a directed graph with n vertices, find a vertex that has indegree
n and outdegree 0 (a “celebrity”).

Since the graph is stored by an adjacency matrix testing whether
vertex a is connected to vertex b, testing for the existence of a single
edge has cost 1, so testing vertices one-by one has cost O (n2). We
want to get a lower cost.

The reduction is to consider a graph on n− 1 vertices by removing
one vertex. If we did not remove the celebrity, it fulfills the same
condition in the smaller graph.
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To extend the solution we have to test whether the celebrity c of the
smaller graph is not connected to the removed vertex v but that v is
connected to c: These are two tests.

To avoid removing the celebrity in the reduction, test one pair of
vertices a, b. If a 6→ b, we remove b, otherwise we remove a.

Total cost in the recursion step thus is 3 tests, thus the program runs in
time O (3n).
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Divide and Conquer

Particularly efficient are approaches in which the smaller problem is
smaller by a factor and not just a constant.

For example when sorting a list of elements, we can split the list in half,
sort both parts, and then merge the parts back to a sorted list.

The Fast Fourier transform is of the same type: The reduction is to a
fourier transform of half size.

The runtime of such an algorithm typically has a log(n) factor that
counts the reduction.
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Dynamic Programming

In some problems it is necessary to refer to several smaller problems in
the reduction step. If we would call the routine recursively for each of
the smaller problems, we certainly get exponential runtime.

The ‘dynamic programming’ idea is that the subtasks of subtasks are
often identical, and one can store the results, trading space for runtime.

A ttypical example would be the calculation of the fibonnaci sequence,
an+2 = an + an+1: 1, 1, 2, 3, 5, 8, 13, . . .. Instead of calling recursively
twice, we can store the previous numbers.
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The Knapsack Problem

Given an integer K and n integers 1 ≤ si ≤ K , find a subset of
S = {si} such that the sum over these si is exactly K (or determine
that no such set exists).

Reduction: Suppose we know how to solve the problem for n− 1

items.

If there is a solution for the first n− 1 numbers we take it.

If not we have to try with using the n-th number. This will reduce the
remaining free space.

We write P (i, k) for a problem with fitting the first i numbers and a
knapsack of size k.

Reduction (second attempt): We know how to solve the
problem P (n− 1, k) for all 0 ≤ k ≤ K .
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Input: S (the items) and K (the knapsack)
Output: A two dimensional array P with P [i, k].exist =true if there

exists a solution with the first i items for a knapsack of size k and
P [i, k].belong =true

begin
P [0, 0].exist := true;
for k ∈ [1..K] do

P [0, k].exist := true; {P [i, 0] will be computed and thus does not
need to be initialized}

od;
for i ∈ [1..n] do

for k ∈ [0..K] do
P [i, k].exist := true;{default}
if P [i− 1, k].exist then

P [i, k].exist := true;{Can do with subset}
P [i, k].belong := false;
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elif k − S[i] ≥ 0 then
if P [i− 1, k − S[i]].exist then

P [i, k].exist := true;{extend solution}
P [i, k].belong := true;

fi;
fi;

od;
od;

end
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