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Preface

This are lecture notes I prepared for a course on Computational Group Theory
which I taught in Spring 2006 at Colorado State University. The audience consisted
of graduate students in their second year and later. All had taken a one year algebra
sequence the year before and a course on representation theory in the previous
semester (which explains the lack of any description of representation theoretic
methods in these notes).

My aim in this course was to give an overview over most of computational group
theory from the point of view of understanding the principle behind calculations
and understand what kinds of calculations are easy, hard or infeasible.

In many cases however the presentation, prominence given to particular al-
gorithms or classes of groups, or depth of description is hopelessly biased by my
personal preferences and the desire to use this course to prepare students for dis-
sertation work with me.

In particular, as only few of the students had a background in computer sci-
ence, I decided to essentially eliminate all references to complexity and in a few
cases (which I hope all carry an explicit warning about this) even replace polyno-
mial time algorithms with potentially exponential ones as long as the run time in
practice is not too bad.

Another main divergence from “classical” descriptions is the lack of a chap-
ter on polycyclic presentations. Instead these are treated with their arithmetic as a
special case of rewriting systems, in their algorithms in the more general area of
“lifting” algorithms using homomorphic images.

As all the students had taken a course on representation theory with me be-
fore (in which we studied the MeatAxe) these notes also lack any description of
computational representation theory while referring to it in a few places.

I had initially decided to use Derek Holt's marvellous “Handbook of Computa-
tional Group Theory” [HEOO05] as textbook. However I found that it is often quite

vii
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detailled - a terrific fact if one wants to implement the algorithms, but sometimes
necessitating more time for explanation than a one-semester course can allocate.

Besides Holt’s book I have freely borrowed from and am indebted to Akos Ser-
res work on permutation groups [Ser03], Charles Sims’ tome on finitely presented
groups [Sim94], lecture notes by Peter Neumann [Neu87] and notes I took in lec-
tures of my advisor, Joachim Neubiiser.

I apologize in advance if these references are not always explicitly listed, but
after all these are lecture notes. Similarly I have not aimed to make the bibliography
exhaustive. There are a few references to the research literature but I apologize for
any ommissions.

I would like to acknowledge feedback and corrections from many colleagues
and students, in particular Thomas Breuer, Kenneth Monks, Soley Jonsdottir, and
Ellen Ziliak

Some work on these lecture notes has been done with support from the Nation-
al Science Foundation under Grant No. 0633333, which is gratefully acknowledged.
Any opinions, findings and conclusions or recomendations expressed in this mate-
rial are those of the author(s) and do not necessarily reflect the views of the National
Science Foundation (NSF).

You are welcome to use these notes freely for your own courses or students —
I'd be indebted to hear if you found them useful.

Fort Collins, Spring 2010
Alexander Hulpke
hulpke@math.colostate.edu



CHAPTER

Basics

I.1 What is Computational Group Theory

Computational Group Theory (CGT) is the study of algorithms for groups. It aims
to produce algorithms to answer questions about concrete groups, given for exam-
ple by generators or as symmetries of a certain algebraic or combinatorial struc-
tures.

Interest in this comes from (at least) three areas:

o Interest in developing algorithms: Can we actually calculate the objects we
define theoretically in our algebra courses?

« Concrete questions about concrete groups: We are interested in a particular
group and we want to find out more about it. Early examples of this hap-
pened in the classification of the finite simple groups, when group theorists
predicted the existence of certain groups and then a lot of effort was needed
to construct these groups and determine their properties.

Of course users here are not restricted to group theorists. For example a
chemist might want to find out some properties of the symmetry group of
a differential equation, in the same way as she would use Maple to solve an
integral.

» Complexity theory (which is a somewhat surprising area to come up). The
famous problem in theoretical computer science (and one of the millenni-
um problems) is the question whether P=NP, i.e. whether for any problem
for which we can verify a solution quickly (quickly here means: “polynomial
runtime”) we also can find a solution quickly. (This is one of the Millenni-
um problems for whose solution $10° have been on offer.) Typical cases of
this are “puzzle” type problems, such as the “Traveling Salesman” problem.
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One particular intriguing problem of this kind is “Graph Isomorphism’ i.e.
the question whether two graphs, given by their adjacency matrix, are in fact
isomorphic. This problem seems to lie “between P and NP” and thus might
be a good bellwether for determining the relation between these problem
classes.

A graph isomorphism however is simply a permutation of the vertices, pre-
serving the edge incidences. Thus there has been the hope that permutation
group methods can help in studying this problem.

Indeed in 1982, E. Luks[Luk82] solved the problem in polynomial time for
a particular class of graphs. His solution uses substantial (computational)
group theory. Since then there has been much interest in CGT from theoret-
ical computer science.

This course is intended as an introduction to computational group theory which
will lead you to a level where you could starting to read the research literature. The
textbook by Holt [HEOO5] is a good starting point, covering the material of these
notes and much more.

1.2 A short introduction to GAP

Some computational group theory methods are implemented in many computer
algebra systems, but there are two systems which specialize on it: GAP and Magma.
We will use GAP.

See the first homework sheet.

I.3 Memory

As often in computation we could buy runtime at the expense of memory. In fact
for many larger calculations memory use is more of an obstacle than run time. (You
can wait a day longer but this still won’t increase your systems memory.)

To understand some of the choices or trade-offs we will be making, it is useful
to understand a bit about memory use for different objects. The numbers given
are for GAP on a 32-bit system; other implementations wil face essentially similar
issues.

Numbers: A computer stores numbers in base 2, so we need 2-log, () bits to rep-
resent a signed number of magnitude ». (In fact we typically allocate memory
in chunks of 4 bytes on a 32 bit system.)

Small Numbers: All processors have built in arithmetic for small numbers (up
to 32 bits). We will use this arithmetic for such small numbers. (In fact for
technical reasons the limit in GAP is +2%8. There is a notable slowdown if
numbers get above 2%8.)
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Finite field elements Unless the field is very large, we can easily squeeze them in
4 bytes per number.

Permutations A permutation on # points is simply stored as a list of images for
each point. If n < 2'® we can do with 2 bytes per point (and thus 2n bytes
storage), in general we use 4 bytes per point and thus require 4n bytes of
memory. (To simplify arithmetic we usually do not throw away trailing fix
points. Le. the identity element of Sy is stored internally as images of 10
points. Internal magic makes this invisible to the user.)

Matrices are simply lists of vectors, every vector again being a list. (GAP also uses
compact types for matrices over finite fields.)

To put these numbers into context, suppose we have a permutation group acting
on 1000 points. Then each permutation takes 2kB of memory. 500 permutations
take IMB. On a modern machine (2GB) we could thus store about 1 million per-
mutations if we used up all memory. On the other hand if we have degree 100000,
we could only store 500 permutations.

As we want to be able to work with such groups we clearly are only able to store
a small proportion of group elements.

I.4 Orbits and Stabilizers
Left and Right

lichtung

manche meinen

lechts und rinks

kann man nicht velwechsern.
werch ein illtum!

ERNST JANDL
dilection
some think
terring reft flom light
is a piece of cake
boy are they evel
long!

Translation: ANSELM HoLLO

In these notes we will always have groups acting on the right, and consider right
cosets and row vectors. Consequenctially the product of permutations is (1,2) -
(2,3) = (1,3,2). We will also write homomorphisms like exponentiation on the
right, alluding to the fact that the action of an automorphism group is a group
action.
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Group Actions

One of the most prominent uses of groups is to describe symmetries of objects.
Thus it should not surprise that some fundamental algorithms deal with group ac-
tions. (Indeed, the algorithms in this section are the only basic algorithms which
specifically use that one is working with groups.)

A group G acts on a set Q if

e w=wforallwe
o (W) =ws forallwe Q, g, heG.

In this case we define for w € Q the Orbit w® = {w? | g € G} c Q and the
Stabilizer Stabg(w) = {g€ G| w® = w} < G.
LemmMa L1: There isa bijection between @ and the set Stab (w)\G (i.e. right cosets
of Stabg (w) in G), given by
w? < Stabg(w) - g

In particular |wG| = [G: Stabc(w)].

If G acts on Q, we get an homomorphism ¢: G — S|, we call this the action
homomorphism.

By the properties of group actions we have that 8¢ € w® for every § € w° and
every g € G.

Computing an orbit

In general we only have generators of G, not all group elements. To calculate all
images of a point w € (), we use the fact that every element of G can be expressed
as product of generators and their inverses.

NortE 1.2: If G is finite, we can express for each g € G its inverse ¢! as positive
exponent power of g. We therefore make the following assumption:

If G is not know to be finite, we assume that the generating set of G
contains for each generator also its inverse.

With this convention we can assume that every element of G is the product of gen-
erators of G.

The following lemma then gives the basic idea behind the orbit algorithm

LEmMMA L.3: Let G = (g) with g = {g1,...,gn} and let w € Q and A c Q such that
a) weA

b) Forall § € A and every generator g; we have that §%' € A
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c) For every § € A there exists a sequence of indices iy, ..., i; such that § =
(...(wgil)giz...))gik
Then w® = A

Proof: By property a) and c) we have that every § € A is in @“. On the other hand
property b) shows that A must be a union of orbits. O

This gives the following algorithm:

ALGORITHM 1.4: The “plain vanilla” orbit algorithm.
Input: A group G, given by a generating set g = {g,...,gm}, acting on a
domain Q. Also a point w € Q. N
Output: return the orbit wC.
begin
L A=[w];
2: for § € A do
foric{l,...,m} do
y = 0%,
if y ¢ A then
Append y to A;
fi;
od;
9: od;
10: return A;
end

NSO R W

Note that the for-loop in line 2 runs also through elements added to orb in the
course of the algorithm.

NoTtk L.5: Instead of starting with w we could start with multiple points and then
calculate the union of orbits containing these points.

NoTtk L.6: In the algorithm, we compute the image of every orbit element under
every group generator. If we do not only test whether y € A, but identify the position
of y € § we obtain the permutation image of G. In the same way we can evaluate
action homomorphisms.

PERFORMANCE L.7: If we have m generators and an orbit of length # there will be
mn images to compute. The cost of each image will depend on the actual action,
but is proportional to the number of images.

On the other hand the test y € A in line 6 is essentially a search problem. As
soon as the time for such a test is not constant (even a binary search in a sorted
list of length # is O(log(n))) this test will eventually dominate the run time of the
algorithm. It therefore is worth devoting extra data structures (e.g. a sorted list of
the elements, or a hash table for a suitably defined hash key) towards reducing the
cost of this test.
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An easy consequence of the orbit algorithm is that we can obtain all elements of
a group G by computing the orbit of 1 under the action of G by right multiplication.
In particular, we could test in an extremely crude way whether an element is in a
group. (In general we want to do much better.)

Representatives

In many applications we do not only want to find the orbit of w but also find for
8 € ¢ an element g € G such that w$ = §.

We do this by calculating such elements for every orbit element. Such a list
of representatives is called a transversal. By lemma 1.1 it simultaneously is a set of
representatives for the cosets of Stabg (w).

At this point it makes sense to consider w® as a list (with fixed ordering) to
maintain a correspondence between orbit points and corresponding transversal
elements.

To simplify notation, we will simply index a transversal with orbit elements:
T[6]. By this we mean T[i] where A[i] = §. (Again, as in performance remark 1.7
this lookup might come at a nontrivial cost and merits special consideration in an
implementation.)

Nortk 1.8: What about mapping 8 to y for arbitrary 8,y € w? We simply find g, h
such that w€ = § and w" = y, then 58 = y

For building the list of representatives we now just observe that if x is a repre-
sentative for J, then xg is a representative for §%. This gives the following modifi-
cation of the orbit algorithm:
ArgorrTHM L.9: Orbit algorithm with transversal computation

Input: A group G, given by a generating set g = {g,...,gm}, acting on a
domain Q. Also a point w € Q. N
Output: return the orbit ¢ and a transversal T.

begin
1 A=ow];
2: T:= [1];
3: for § € A do

4. forie{l,...,n} do
5: y = 68,
6: if y¢ A then
7: Append y to A;
8: Append T[8] g to T;
9: fi;

10: od;

11: od;

12: return A, T;
end
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Norte 1.10: It is worth observing that the representative T[d] obtained in this al-
gorithm is a shortest product of group generators that has the desired mapping. If
we use the orbit algorithm to obtain all group elements, we can therefore obtain a
minimal factorization for all group elements, however at high memory cost.

In fact any known algorithm that guarantees a minimal factorization eventually
reduces to a brute-force enumeration similar to this algorithm. Improvements are
possible towards reducing the storage required for each group element, but this
only gains a constant factor. Heroic parallelizations have been used for example to
bound the maximum number of moves for RUBIK’s cube [KC07, Rok08].

Schreier Vectors

If you think a bit about the previous algorithm, you will notice a big problem: We
store one group element for every element in the orbit. In general group elements
take much more storage than orbit elements, so memory requirements quickly get
problematic for longer orbits.

To avoid memory overflow, we will be using the following idea:

DErINITION L11: Let A = 0© (again considered as a list). A Schreier vector (or fac-
tored transversal) is a list S of length |A| with the following properties:

o The entries of S are generators of G (or the identity element). (In fact the
entries are pointers to generators, thus requiring only one pointer per entry
instead of one group element.)

e S[w] =1
« IfS[8] = gand 8¢ = y then y precedes 8 in the orbit.

We can compute a Schreier vector easily by initializing S[w] = 1. In the orbit
algorithm, we then set S[8] := g whenever a new point § is obtained as image
0 = y8 of a known point y.

Schreier vectors can take the place of a transversal:

ArgoriTHM 1.12: If S is a Schreier vector for a point w € Q, the following
algorithm computes for § € w® a representative r such that " = §.

begin

cy=6;

2: ri:=1,

3: while y # w do
4 g=Syl;

5. ri=g-r
6
7
8

[y

-1
ooy=y8
: Od;
: return r;
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Proof: The algorithm terminates by condition 3 for a Schreier vector. Also notice
that we always have that y” = §. Thus when the algorithm terminates (which is for
y = w) the result r has the desired property. O

Notk 1.13: In practice it makes sense to store not generators, but their inverses in
the Schreier vector. This way we do not need to repeatedly invert elements in step
6. Then r is computed by forming the product of these inverse generators in reverse
order (i.e. in step 5 forming the product r - (g!)) and inverting the final result: If

r=fghthenr=(h"'g7 f)"L
PERFORMANCE 1.14: To keep runtime short it is desirable that the number of prod-
ucts needed for each representative r is small. (This is called a shallow Schreier tree.)
An example of a bad case is the group generated by the n-cycle (1,2,...,n). Here
n — 1 multiplications are needed to obtain the representative for # in the orbit of 1.
To avoid such bad situations, one can modify the definition order of new points
in the orbit algorithm. It also helps to adjoin extra (random) generators. More de-
tails can be found in [Ser03, Sec.4.4].

NoTke L.15: Unless |wG | is very small, we will use Schreier vectors instead of a transver-
sal and will use algorithm L.12 to obtain (deterministic!) corresponding representa-
tives. To simplify algorithm descriptions, however we will just talk about transver-
sal elements with the understanding that a transversal element T|[§] is actually ob-
tained by algorithm I1.12.

Stabilizer

The second modification to the orbit algorithm will let us determine a generating
set for the stabilizer Stabg (w). The basis for this is the following lemma that relates
group generators and a set of fixed coset representatives to subgroup generators.

LEMMA 1.16: (SCHREIER) Let G = ( g) a finitely generated group and S < G with

[G:S] < oo. Suppose that r = {ry,...,r,} is a set of representatives for the cosets

of S in G, such that r; = 1. For h € G we write & to denote the representative hi=r
with Sr; = Sh. Let

U= {rigj(rigy) " |rier.gje g}

Then S = (U). The set U is called a set of Schreier generators for S.
Proof: As S (r;g;j) = St;g; by definition of -, we have that U c S.

We thus only need to show that every x € S can be written as a product of
elementsin U. Asx € G = ( g) we can write X = g;, g, gi, with g;; € g. (Again, for

simplicity we assume that (;/ery element is a product of generators with no need
for inverses.)
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We now rewrite x iteratively. In this process we will define a set of elements
t; € r which are chosen from the fixed coset representatives:

X = L&y im
= hgigi, g, [settingt :=r =1]
= tg,((thgy)™" - 1gi)gi g, [insert1]
= (tigi(fhigy) tagigi, [setty:=tg;]
= 0gi(0gn) " 1ogi, ((0281) ™ 18i) 8

—_——
=u;eU

771 PR—
= u-bgi,hg, 1388, [setts=1tgi]
—_——
=ueU

= Wy Um-1 tmgi,

In this process t; is the coset representative for g;,+-g;, , (easy induction proof).
Thus £, g, =1, as x € S. Thus t,,8;, = tm&m(tmgi, ) " € U which gives an expres-
sion of x as product of elements in U. O

In our application we have S = Stabg(w) and we can use the elements of a
transversal for w as coset representatives. (The representative for the coset Sg is
T[w#].)

We thus get the following modification to the orbit algorithm:

ArgoriTHM L17: Orbit/Stabilizer algorithm
Input: A group G, given by a generating set g = {g,...,gm}, acting on a
domain Q. Also a point w € Q. N

Output: return the orbit wC, a transversal T, and the stabilizer § = Stabg (w).
begin

1 A=ow];

2: T:= [1];

30 §:=(1);

4: for § € A do

5. forie{l,...,n} do

6: y = 6%,

7: if y ¢ A then

8: Append y to A;

o: Append T[] -g; to T;
10: else

11: S:=(S, T[6] g~ T[y]™):
12: fi;

13:  od;
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14: od;
15: return A, T, S;
end

Norte 1.18: We have not described how to compute the closure in step 11. The most
naive version would be to simply accumulate generators, typically redundant gen-
erators (i.e. elements already in the span of the previous elements) are discarded if
an efficient element test for subgroups exists (e.g. section IL.1 in chapter II).

Nore L.19: if the orbit contains |wG | = [G:S ] many points, the algorithm is forming
|wG‘ : ‘ g‘ many images (the image of every point under every generator), of those

|wG‘ — 1 are new. Thus there are

|wG‘ . |§‘ - (|wG| -1) |wG| : ‘g‘ - |wG| +1= |wG| . (|§‘ -1 +1= [G:S] : (|§‘ -1)+1
Schreier generators.

PERFORMANCE [.20: We will see later (note II1.33 in chapter III) that the rather large
number of Schreier generators [G:S ] - (‘ g‘ —1) +1in general is the best possible for
a subgroup generating set.

However in practice this set of generators is typically highly redundant. We
can remove obvious redundancies (duplicates, identity), but even then much re-
dundancy remains.

There are essentially three ways to deal with this:

« For every arising Schreier generator, we test in step 11 whether it is already
in the subgroup generated by the previous Schreier generators and discard
redundant generators. Doing so requires many element tests.

« We pick a small (random) subset of the Schreier generators and hope' that
these elements generate the stabilizer. To make this deterministic (i.e. repeat
if it fails) one needs a means of verification that everything went well.

A more concrete analysis of generation probability (which makes it possible
to make the probability of an error arbitrary small) is possible if one chooses
random subproducts of the Schreier generators (essentially products of the
form si's3?--s;* with &; € {0,%1}) [BLS97]. Still, the verification problem
remains.

Application: Normal Closure
Let U < G. The normal closure of U in G is

(U)g = NN |USN <G}

U'The probability that a small random subset generates a finite group is often very high. Proofs exist
for example for random subsets of two elements in the case of symmetric groups [Dix69] or simple
groups [LS95].
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the smallest normal subgroup of G containing U.
One of its uses is in the computation of commutator subgroups, for example if

G= (g), then G’ = (a‘lb_lab |a,be g)G.
If we start with generators of U and G, we can compute this closure in a variant
of the orbit algorithm:

ArcoriTHM 1.21: NormalClosure of a subgroup.

Input: Two generating systems g and u for subgroups G = (g) and U = (u).

Output: A generating system for the normal closure (U).
begin
Lon:=[];
for x € u do {start with u}
Add x to n;
od;
for d € n do {orbit algorithm starting with n}
for ge g do
c:=d8;
if ¢ ¢ (n) then {inclusion in group closure}
Add ¢ to n;
fi;
od;
: Od;
. return n;
end

NSO RN

e i

Proof: The algorithm clearly terminates, if G is finite, as only finitely many elements
may be added to n in step 8.

As n is initialized by u, we have that U < (n). Furthermore, as we only add
conjugates of the elements in 1, we have that (n) < (U).

We now claim that for every x € (n) and every g € G we have that x¢ € (n).
As (xy)® = x8y?8 it is sufficient to consider x € n. Because we can express g as a
word in g this statement holds by the same argument as in the orbit algorithm. This
proves that (n) < G. But (U),; is the smallest normal subgroup of G containing U,
which proves that (n) = (U). o

Consequence: What to compute?

The ability to calculate orbits, essentially at a cost proportional to the length of the
orbit, influences the design of other algorithms. If there is a natural group action
defined, it is sufficient to compute and return only a list of representatives, from
these one could obtain all objects as orbits of the representatives.

Doing so not only makes the output size smaller, but typically also saves sub-
stantial memory and computing time. In general algorithms of this type do not
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only determine representatives, but also their stabilizers (of course not computed
by an orbit algorithm), knowing them for example use information about the orbit
length

Typical examples of this are group elements - conjugation by the group forms
orbits, called conjugacy classes. Instead of enumerating all elements, it is sufficient
to list only representatives of the classes. The stabilizer of an element then is the
centralizer.

When dealing with subgroups of a group similarly conjugacy forms orbits. A
typical computation will determine subgroups only up to conjugacy, the stabiliz-
ers here are the normalizers. Some prominent classes of subgroups, such as Sylow
subgroups also typically are computed via single representatives.

I.5 Random Elements

We have already talked (and will talk again) about using random elements. In this
section we want to describe a general algorithm to form (pseudo)-random elements
of a group G = ( g> if only the generating set g is known.

Our first assumption is that we have a (perfect) random number generator.
(GAP for example uses the Mersenne Twister algorithm, http://en.wikipedia.
org/wiki/Mersenne_twister.) Using this, one can try to multiply generators
together randomly. The problem is that if we only multiply with generators, the
word length grows very slowly, making it difficult to obtain any kind of equal dis-
tribution in a short time.

This is resolved by multiplying products of elements together iteratively. The
following algorithm is a modification of [CLGM*95] due to Charles Leedham-
Green. It looks deceptively simple, but performs in practice rather well and its be-
haviour has been studied extensively [GP06]. Unfortunately there are cases when
its result will not approximate a uniform distribution [BP04].

ArcoritaMm 1.22: (Pseudo)Random, “Product Replacement”
Let g a set of group elements. This algorithm returns pseudo-random ele-
ments of (g)

The algorithm consists of an initialization step and a routine that then will
return one pseudo-random group element in every iteration.

The routine keeps a (global) list X of r = max(11,

one extra group element a. (Experiments show that one needs r > 10.)
PSEUDORANDOM()
begin
1: s:= RANDOM([L.
2: t:= RaNDOM([L..r] \ [s]);
3: e := RaANDOM([-1,1]);{random choice of product/quotient}
4: if RanpoMm([1,2]) =1 then {random product order}
5. X[s]:= X[s]X[t]¢;{replace one list entry by product}

.r]);{pick two random list elements}

—
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6: a:=aX[s];{accumulate product}
7: else
8 X[s]:=X[t]°X[s];{replace one list entry by product}
9:  a:= X[s]a;{accumulate product}
10: fi;
11: return a;
end

The list X is initialized by the following routine:

begin
X = [];{initialize with repetitions of the generator set}
k= | gl
for i € [1..k] do
X[i] = gis
od;
forie[k+1.r]do
X[i] = X[i-k];
od;
a:=1

for i € [1..50] do {50 is heuristic}
PseuporaNDoM(); {Initial randomization}
od;
end
The iterated multiplication in steps 5/6 and 8/9 of the PSEUDORANDOM routine
ensures a quick growth of word lengths.

1.6 How to do itin GAP

Group Actions

Group actions being a fundamental functionality, GAP has a rather elaborate set-
up for group actions. The heart of it is to specify the actual action by a function:
actfun(w, g), which will return the image w? for the particular definition of the
action. No? test is performed that the function actually implements a proper group
action from the right. GAP comes with a couple of predefined actions:

OnPoints Calculates the image as calculated by the caret operator ~. For example
permutations on points, or conjugacy in a group. If no action function is
given, the system defaults to OnPoints.

OnTuples Acts on lists of points, acting with the same element on each entry sep-
arately via OnPoints (i.e. the induced action on tuples).

2well, almost no
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OnSets Works like OnTuples but the resulting lists of images is sorted, consider-
ing [B,A] equal to [A,B] (i.e. the induced action on sets of points).

OnRight The image is the image under right multiplication by the group element.
For example matrices on row vectors or group elements on cosets. The action
group on the cosets of a subgroup by right multiplication is so important,
that GAP provides special syntax to do this efficiently (i.e. without need to
store cosets as special objects, in many cases even without the need to store
an explicit list of coset representatives). In a slight abuse of notation this is
achieved by the command

ActionHomomorphism(G,RightTransversal(G,S) ,0nRight);

OnLines is used to implement the projective action of a matrix group on a vector
space: Each 1-dimensional subspace (v) of the row space is represented by a
vector w = ¢ - v scaled such that the first nonzero entry of w is one.

Using actions specified this way, one can now calculate
Orbit(G,w,actfun);
RepresentativeAction(G,w,§,actfun);,
Stabilizer(G,w,actfun);,

ActionHomomorphism(G,Q,actfun,"surjective"); ] returns a homomor-
phism from G to the permutation action on Q (alist of points whose arrange-
ment is used to write down permutations). The extra argument "surjective"
ensures that the range is set equal to the image (otherwise the range is S|)).
If only the image of this homomorphism is desired, one can use the function
Action instead.

It should be stressed that with few exceptions (Permutation groups on points,
sets or tuples, groups on their elements by conjugation) these functions default to
the fundamental algorithms described in this chapter. In particular their run time
and memory use is proportional to the length of the orbit. Action homomorphisms
use permutation group machinery to compute preimages.

Variations

As described in note 1.7 the bottleneck of all these algorithms is finding points in
the partial orbit, both to check whether they are new, and to identify corresponding
transversal elements. To do so efficiently, it is useful to know the domain Q in which
the orbit lies: ) might be small and afford a cheap indexing function - in this case
the position in Q can be used for lookup. Alternatively, Q) can give information
about what kind of hash function to use. For example, when acting on vectors in
characteristic 2, calculating the orbit of [1,0,...,0] does not specify, whether all



PROBLEMS 15

other vectors in the orbit actually are defined over GF(2) or if they only are defined
over extension fields®.

All action functions therefore take (a superset of) the domain as an option-
al second argument, e.g. Orbit (G, Q,w,actfun) ;. Doing so can speed up the
calculation.

A second variant (relevant for finding representatives or calculating stabiliz-
ers) is the situation that G acts via a homomorphism, for example if a permutation
group acts on a module via matrices. In such a situation we do not want to actu-
ally evaluate the homomorphism at each step. On the other hand the only group
elements ever acting are the generators. It therefore is possible to specify two lists,
generators g and their acting homomorphic images h as optional arguments. For
example in the function call Stabilizer (G,w ,g,h,actfun);

Then images are calculated using h, but transversal elements and stabilizer gen-
erators calculated using g, i.e. as elements of G.

Random elements

The product replacement algorithm, as described in this chapter, is implemented
why the function PseudoRandom. There also is a function Random, which guar-
antees a random distribution of group elements. This function essentially uses
methods to enumerate all group elements, and simply returns a group element for
a random index number.

Problems

ExERrCcISE 1: Get accustomed with GAP or Magma. 0

EXERCISE 2: Suppose G = (g) is a cyclic group, acting on the domain Q. How many
nontrivial Schreier generators will the Orbit/Stabilizer algorithm produce? (Why
is this not surprising?) 0

ExERcISE 3: For subgroups S, T < G, a double coset is a subset of G of the form
SgT = {sgt|seS,te T} The set of all double cosets is denoted by $\G/T. Show
that the number of double cosets in $\G/T is equal to the number of orbits of T on
the cosets of S. 0

EXERCISE 4: Show that any finite group G can be generated by log, (|G|) elements.
Hint: A set of elements does not generate G, only if all elements lie in a proper
subgroup. O

EXERCISE 5: Let G = (a = (1,2,3,...,100),b = (1,2)) = Sjpo (you can assume this
equality). We are computing the orbit of 1 under G. What representatives do we

3 As this might actually depend on the user-supplied function actfun the system cannot do this
in general!

4assuming — which is not true - that the underlying random number generator creates a true ran-
dom distribution
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get?
Find a better generating set (with up to 3 generators), such that the words for rep-
resentatives get shorter. O

EXERCISE 6:a) Let U < G with [G : U] = n. Show that the probability that k
randomly selected elements of G are all contained in U is #

b) Show that the probability that k random elements are simultaneously in any
particular conjugate of U (i.e. in a subgroup U¢ = g"'Ug) is < nkl,l.

c) Let m the number of conjugacy classes of maximal subgroups (i.e. subgroups
U < G such that there is no U < V < G with proper inclusions) of G. (Usually m is
small compared to |G|.) Show that, the probability of k random elements generating
G is over 50%, if if 2K > m.

(This is a justification for using only a few random Schreier generators.) 0

ExERCISE 7: (The “dihedral group trick”)

Suppose that G is a group and a, b € G with |a| = |b| = 2. Show that |ab| = n is even
then (ab)"/? € Cg(a). (This - and generalizations — can be used to find random
elements in the centralizer of an element of order 2.) |



CHAPTER

Permutation Groups

Sediento de saber lo que Dios sabe,

Juda Ledn se dio a permutaciones

de letras y a complejas variaciones

Y al fin pronunci6 el Nombre que es la Clave,

La Puerta, el Eco, el Huésped y el Palacio.

El Golem
JOoRGE Luis BORGES
Thirsty to see what God would see,
Judah Loew gave in to permutations
with letters in such complex variations
that he at last uttered the Name that is Key.

Portal, Echo, Host and Palace

Translation: MATIAS GIOVANNINI

Probably the most important class of groups are permutation groups, not least be-
cause every finite group can be represented this way. If you are interested in details,
there is a monograph [Ser03] dedicated to algorithms for such groups which goes
in much more detail.

II.1 Stabilizer Chains and their Computation

We now assume that G is a (potentially large) permutation group, given by a set
of permutation generators. We want to compute with this group (for example: find
its order, and to have an element test), without having to enumerate (and store!)
all its elements. Obviously we have to store the generators, we also are willing to

17
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store some further group elements, but in total we want to store just a few hundred
elements, even if the group has size several fantastillions.

Stabilizer Chains

The algorithm we want to develop is due to Charles Sims [Sim70]. As it uses Schreier’s
lemma .16 this algorithm has been known commonly as the “Schreier-Sims” algo-
rithm.

Its basic idea is the following: We consider a list of points B = (f1,..., m),
such that the identity is the only element g € G with the property that g = f; for
all i. We call such a list B a base for G. (It clearly is not unique.) Corresponding
to the base we get a Stabilizer chain: This is a sequence of subgroups of G, defined
by GO = G, G := Stabi (Bi). (By the definition of a base, we have that
GUm = (1))

One interesting property of a base is that every permutation g € G is deter-
mined uniquely by the images of a base 37, . .., B, it produces. (If & produces the
same images, g/h fixes all base points.)

Norte IL1: In general a base is rather short (often length < 10 even for large groups)
but there are obvious cases (e.g. symmetric and alternating groups) where the base
is longer. Still, as every stabilizer index must be at least 2, the length of a base must
be bounded by log, |G|.

Sims’ idea now is that we can describe G in terms of the cosets for steps in
this chain: An element g € GU™ will be in a coset of G(). Thus we have that
g =a-rwitha e G and b a coset representative for G() in GU™D. As G() =
Stab-n (B;) these coset representatives correspond to the orbit of §; under GUV.

By using this kind of decomposition inductively, we can write any g € G in the
form g = b,,b,,_1--b; with b; a coset representative for G() in GU™ and thus
corresponding to a point in the orbit f3 IG(H).

We can describe these orbits and sets of representatives using the orbit algo-
rithm we studies in the last chapter.

On the computer we thus store a stabilizer chain in the following way:

Each subgroup G(") in the stabilizer chain is represented by a record with en-
tries giving

« the generators of G(*),
o theorbit of §;,; under G() (we shall use the convention that Bir1 = orbit[1]),

« a corresponding transversal (which in fact will be implemented using a
Schreier vector) and

« apointer to the stabilizer which is the record for Stabga) (Si+1)-

ExampLE I1.2: Let G = A4 with base [1,2]. Then G = G = ((1,2,3),(2,3,4)),
GW = Stabg (1) = ((2,3,4)) and GP = Stabg(1,2) = ().
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We thus get (for example) the following data structure:

rec(generators:=[(1,2,3),(2,3,4)],

orbit:=[1,2,3,4],
transversal:=[(),(1,2,3),(1,3,2),(1,4,2)1],
stabilizer := rec(

generators:=[(2,3,4)],

orbit:=[2,3,4],

transversal:=[(), (2,3,4),(2,4,3)],

stabilizer:= rec(

generators:=[]1) ) )

Notk I1.3: How do we actually determine a base? We determine the next base point
when we need it: f3; is simply chosen to be a point moved (so we have a proper orbit)
by some generator of GV,

In some applications, one also might need a base to contain particular points,
which we would chose first.

A naive way to calculate a stabilizer chain would be to simply compute the or-
bit of B; under G = G(©) and generators for G = Stab( (1) using the Or-
bit/Stabilizer algorithm. We then iterate for G() until we end up with a trivial sta-
bilizer.

The only problem with this approach is the large number of Schreier genera-
tors: In each layer the number of generators will increase by the index, leaving us
about |G| generators in the last step. Overall this would result in a run time that
is exponential in the number of points. The way around this problem is to use the
partially constructed stabilizer chain to remove redundant elements. We therefore
consider element tests first.

Element Test

The basic idea towards an element test is the following algorithm which, given a
stabilizer chain and a group element x, writes x as a product of coset representa-
tives:

ALGORITHM I1.4: Let g ¢ G . We want to find the expression g = by, by_1-+by
with b; a coset representative for G() in GUD.

Input: A stabilizer chain C for a group G and an element g€ G
Output: A list L = [by,by,...,b,] of coset representatives, such that g =

bmbm-1---br.
begin
1. L:=[];

2: while C.generators <> [] do
B = C.orbit[1];

4: é= /gg;

5. r:= C.transversal[{];

w
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g=g/r;

Add r to L;
C:=C.stabilizer;
9: Od;

10: return L

end

e

Proof: Observe that 37 = 3¢, thus the new g in line 6 is in the stabilizer of . Thus
at the end of the algorithm, after dividing off representatives, we must have g = 1.
o

A small modifiication of this algorithm now lets us do an element test for the
group represented by the chain. Consider what happens in algorithm 1.4 if g ¢
G. Then obviously the algorithm cannot terminate with g = 1. Instead what will
happen is that at some iteration the image § may not be in the orbit of . (This
might be at the very end of the algorithm where .generators and .transversal
are empty.

If we check for this situation, we get a test for whether an element is in a per-
mutation group described by a stabilizer chain. We call this resulting procedure
“ElementTest(C, a)”. This process also is sometimes called “sifting”.

ArcoriTHM IL5: Same setup as algorithm 1.4, but if the element is not is the
group, an error is returned.
begin

1 L:=1[];

2: while C.generators <> [] do

3:  f:=C.orbit[l];

4: 0= ﬁg;

5. if C.transversal[d] does not exist then
6: return not contained;

7: fi;

8: r:=C.transversal[{];

9. g:=g/n

10: Addrto L;

11: C:=C.stabilizer;
12: od;

13: if ¢ # () then

14:  return not contained;
15: else

16: return L

17: fi;

end
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The Schreier-Sims algorithm

The element test gives us the chance to remove redundant Schreier generators: We
will build the stabilizer chain not layer by layer, accumulating a large number of
Schreier generators, but instead after obtaining one Schreier generator first test
whether it is redundant by checking whether it is contained in the span of the span
of the Schreier generators found so far. The whole stabilizer chain is computed by
starting with the chain for a trivial group, and adding the groups generators, one
by one, as if they were Schreier generators from a higher level.

To do an element test with the existing partial data structure, we assume that
the layer below the one in which we are calculating orbits (i.e. the C.stabilizer
layer) is a proper stabilizer chain. We also assume that on the current level the
.orbit and .transversal components correspond.

DEFINITION 11.6: A partial stabilizer chain is a data structure as described for a
stabilizer chain such that on each layer C we have that for the base point § =
C.orbit[1] the orbit of f under (C.generators) is C.orbit and that

Stab(c generators) (B) > (C.stabilizer.generators)

If equality holds on every layer, the partial stabilizer chain is called proper.

Whenever we modify a layer, we will have to ensure that it is a a proper chain,
before returning back.

To prove correctness of a stabilizer chain computation the following observa-
tions will be useful, it gives a testable condition which ensures correctness of the
stabilizer chain.

LEmMA I1.7: Let C be a layer of a partial stabilizer chain with orbit starting at § =
C.orbit[l] and G = (C.generators). Then C is a (proper) stabilizer chain for G
if any of the following conditions hold.!

1. C.stabilizer is a proper stabilizer chain for Stabg (f3).

2. |G| =|C.orbit|-|(C.stabilizer)|

Returning to the question of calculating stabilizer chains, we now describe the
processing of a new (Schreier) generator a which is given to a layer C in the chain.
We first use the element test from algorithm IL5 to check whether a is contained
in the group described by C. (Remember, that we assume that C is a proper chain,
if we pass generators to it.) If a is contained, it is redundant, and we ignore it.

Otherwise we know that C does not describe the correct stabilizer in the group,
but only a subgroup. We therefore need to add a to the generators of C and expand
the orbit accordingly (i.e. calculate images of all orbit elements under a and - if any
new orbit elements arose — calculate images for these under all the generators) to

'The conditions are trivially all necessary.
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ensure that C is a partial stabilizer chain. Newly arising Schreier generators are fed
(in a recursive call) to the next layer C.stabilizer.

(If the element test for a did fail not on layer C, but on a lower layer D, this
process immediately creates Schreier generators.)

Once this orbit extension (and processing of Schreier generators) is complete
we know that C.stabilizer is the proper stabilizer for layer C. By lemma IL.7,
this means that C is a proper stabilizer chain and we have finished processing of
the new generator a.

We now describe this procedure in a formal way. In the version presented here,
the algorithm picks base points itself, though one can obviously “seed” a partial
base.

AvrcoriTHM I1.8: Recursive version of the Schreier-Sims algorithm. As the main
algorithm is a recursive function (EXTEND), we need to perform a separate
initialization.
Input: A generating set g for a permutation group G
Output: A recursive data structure for a stabilizer chain for G.
begin
1: C:=rec(generators:=[]);
: foraegdo
3:  EXTEND(C,a);
4: Od;
5: return C;
end

N

The actual work is then done in the following recursive function which
extends and modifies the (full or layer) chain C.
EXTEND(C, a)
begin
1: if ElementTest(C, a) fails then {Extend existing stabilizer chain}
2. if C.generators =[] then {We are on the bottom of the chain}

3: C.stabilizer := rec(generators :=[]); {Add a new layer}
4: B = one point moved by a; {or a predefined next base point}
5: Add a to C.generators;

6: C.orbit := [f];C.transversal := [1];

7 8 := 3% s := a;{Special orbit algorithm for single generator}
8: while § # 8 do

9: Add 6 to C.orbit; Add s to C.transversal;

10: 0:=0% s:==5-a;

11 od;

12: EXTEND(C.stabilizer,s);{s is only Schreier generator}

13:  else {The layer already has an existing orbit}

14: O := C.orbit; T := C.transversal; {Extend orbit algorithm}

15: 1:=10};
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16: for § € O in position 1 to I do {OId points only with new generator}
17: y =67

18: if y ¢ O then

19: Add y to O; update transversal;
20: else

21: s:=T[8]aT[y]™;

22: EXTEND(C.stabilizer,s);

23: fi;

24: od;

25: for § € O in position > I do {new points with all generators}
26: for b € C.generatorsu{a} do

27: y = 8t

28: if y¢ O then

20: Add y to O; update transversal,
30: else

31 s:=T[8]bT[y]™,;

32: EXTEND(C.stabilizer,s);

33: fi;

34: od;

35: od;

36: Add a to C.generators;

37: fi;

38: fi;

end

PERFORMANCE II.9: We only process a if the element test in line 1 fails. In this case
the test will fail on some (potentially lower) layer in the chain after already dividing
off transversal elements on a higher layer. As this “sifted” element differs from a by
existing transversal factors it clearly does not change the reulting group. However
as it is moving fewer points, it is preferably taken in place of a. This way it will give
immediately Schreier generators on a lower layer.

NoTE I1.10: One can show (see [Ser03]) that the resulting algorithm has a complex-
ity which polynomial in the degree n.

Notk I1.11: If G is known to be solvable, there is a better algorithm that has been
proposed by Sims in 1990 [Sim90].

Strong Generators

The reason for the recursive structure of the Schreier-Sims algorithm is that we do
not know immediately a reasonable set of generators for the different stabilizers. If
we did, we could build the stabilizer chain very quickly layer by layer, just using the
orbit algorithm. This motivates the following definition:

DEFrINITION I1.12: A Strong generating system (SGS) for G is a generating set S for
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G, such that the i-th stabilizer G() is generated by $ n G(1).

If we have a stabilizer chain, the union of the generators components on all
layers obviously yields a strong generating system.

Given a strong generating set, we can thus very easily rebuild a stabilizer chain.
This explains, why the computation of a stabilizer chain is often described as com-
putation of a base and a strong generating system.

PERFORMANCE IL.13: A small problem in the construction of a Schreier vector is
that the algorithm may produce unwieldy large expressions for representatives.
Consider for example the group

G=(a=(1,234,...,100),b = (1,2)).

With this generating set, the representative for i will be a’, respectively for i > 50
the power a~(1"=), On the other hand, as G = S0, there are other generating sets,
which produce in average much shorter representative words.

This problem is magnified by the fact that we iteratively add generators.

A way around this problem is to add further group elements (short products of
the existing generators) to the generating set.

In particular, one could rebuild the stabilizer chain with a strong generating set
as new generators to obtain immediately multiple generators on each layer.

Base images and Permutation words

The most expensive subtask of the Schreier-Sims algorithm is the multiplication of
permutations, in particular if we have to get transversal elements from a Schreier
vector. To improve performance, it is thus desirable to reduce the number of mul-
tiplications.

There are two approaches to do this:
Base Images: If we already know a base B = (B4, ..., ), we know that every per-

mutation g is determined uniquely by the base image (B3, ..., By, ) it produces.

Now suppose that (y1,...,9,) is a base image under some group element g
and we have 1 € G. Then (y},...,y" ) is the base image for gh.

We thus can represent group elements in the algorithm by their base images.
The cost of one multiplication then is proportional to the length of a base and not,
as permutation multiplication would be, to the length of the domain.

This is in particular relevant if we work with a subgroup U < G and have already

a base for G determined.
Words: Instead of multiplying out permutations, we can store products as a word of
permutations, i.e. fgh is stored as [ f, g, h]. Multiplication of words is simple con-
catenation; the inverse of [ f, g, h] is [h™", g”", f']; the image of a point w under
[f, g, h] can be computed as ((w/)€)". The only test which is hard, is to determine
whether a word represents the identity. For this we need to compute the images of
all points (unless we know a base).
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Randomization

The biggest problem with the Schreier-Sims algorithm is the large number of Schreier
generators on each layer — the problem is that we have no criterion which elements
we can safely ignore.

Experiments show that one can usually ignore at least half the generators, but
there are more problematic cases. This can be rectified, to give a statistically satis-
factory behavior, but is a rather complicated process.

Another way to look at this is that if we only pick some Schreier generators,
we effectively rebuild a stabilizer chain with a set S which claims to be a strong
generating set, but is in effect a proper subset. Consequentially the resulting partial
chain is not describing the group but a proper subset. As every proper subgroup
has index 2 one would thus expect that the element test with this chain will fail
with probability 1 for a random group element. Indeed this is true as the following
lemma shows:

LEmMMA I1.14: Suppose we have built a partial stabilizer chain for a group G which is
missing Schreier generators on some layers (and thus — by lemma II.7 — has too
short orbits on some layers). Then an element of G fails the element test for this
chain with probability at least 3.

Proof: Let 1) be the groups generated by the Schreier generators on the respective
layer of the chain and G(/) the correct stabilizers. Let i be the largest index in the
stabilizer chain, such that SU*) # Stabgc (8;). Then SU*) in fact has a proper
chain (otherwise i was larger) and we can do a true element test in this group.

Now consider the element test for group elements with the given chain S. Sup-
pose that the probability is p, that a uniformly random element g € G sifts through
layer 1 to i. Let ¢ be the product of transversal elements divided off at this point.
Then r = g/g ¢ GU*D. Furthermore (multiply one element that passes with el-
ements of GU'*)) every element of GU*Y occurs as remainder r for a random g
with the same probability.

On the other hand, by the choice of i, we know that SU*D # GU*D, thus

[G(”l):S(M)] > 2. Thus r passes the element test for S¢*!) with probability < 1.
Sifting thus fails at least with probability

>

(S Nla )
0| =

1
(I—P)+P5—1—

If we suppose that generators passed to the next layer of the Schreier-Sims al-
gorithm are uniformly distributed (which is not true, but often not too wrong), we
can thus take the passing of the element test to indicate with probability > 1 that the
chain is in fact correct. If subsequent Schreier generators do not extend the chain,
this probability grows. One thus could stop processing further Schreier generators,
once a fixed number of Schreier generators in a row did not extend the chain.
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Furthermore, in the “Random Schreier-Sims” algorithm as proposed in [Leo80],
we can form (Pseudo-)random elements of the group G (e.g. using algorithm 1.22)
and test whether a fixed number (20 elements is used in [Leo80]) of them pass the
element test with the existing chain.

Verification

The “only” problem with even the best randomized approach is that we can never
guarantee that we obtained a correct stabilizer chain. If* we want to obtain proven
results, we need to verify the obtained chain.

The following methods can be used for such a verification:

Known Order Bylemma II.7 a partial chain will not be proper if the orbit on some
layer becomes to short. In this situation the order of the group as calculated
from the stabilizer chain is too small. If we know |G| we can simply compare.

Combinatorial verification Charles Sims developed in 1970 an combinatorial al-
gorithm for verifying a stabilizer chain obtained with random methods but
did not publish the method. The first description can be found in [Ser03].

Presentations One can use the stabilizer chain to deduce “relations” which have
to hold among the generators of the group - if the chain is too small some
will fail. This will lead to a so-called Todd-Coxeter-Schreier-Sims algorithm,
see section II1.10.

Using a Composition series If we know a composition series, we can verify all
composition factors separately, see II1.11

If the verification of a chain fails, we have to continue adding Schreier gener-
ators. (Often the failure of a test already provides a particular element that should
be used.)

Changing the base

In some situations it is desirable to have a stabilizer chain for a particular base. We
can certainly achieve this by building a new stabilizer chain. If a chain already exists,
we know the order of the group, and thus can safely use a randomized approach.

Still in many cases when we want to change only a few points in an existing
base this is too expensive. In such a situation it merits to modify an existing base.
Let us assume that we know abase B = (f1, ..., Bm)-

The easy case is if the new base is in fact a possible base image for G, i.e. the
new base is (B, ...,B5,) for g € G. (Such an element g can be found easily, if it
exists, using the stabilizer chain!)

2a rhetorical “if” as a mathematician
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In this situation, we can simply conjugate the whole stabilizer chain (i.e. conju-
gate all generators by g, take the image of all points under g) and obtain the desired
chain.

In general (unless the group is the symmetric group), thenewbase I’ = (y1,..., V)

will not be a base image. In this situation we first try, using the base image approach,
to move some base points in B to points in T, preferably at the same position, but
even different positions are fine. Call this new base E.

Then we add the remaining points of I to E, by introducing trivial stabilizer
steps (i.e. we have orbit 1 and all generators are Schreier generators). This is certainly
possible on some layer of the chain, but it might be the bottom layer. The resulting
base is called H.

Next we use a base swap procedure (see [HEOO05, 4.4.7]) that will exchange the
order of two subsequent base points #; and #; in H. (We only need to modify two
subsequent entries in the stabilizer chain, as the previous and following stabilizers
will be equal.)

Using this procedure, we move the base points in I' (in the right order) to the
start. Finally we delete trivial stabilizer steps at the end of the chain.

II.2 Consequences of Schreier-Sims
Using a stabilizer chain we can perform a variety of calculations for a group G:

o Test whether a permutation g € G

« Given a base image [y1,...,¥m]| find, if possible, an element g € G, such
that ¢ = y;: This is really just a modified element test in which we use the
transversal elements corresponding to the base images.

. Calculate |G| = [B¢] - |GV = |BE] - |ﬁ2G(l)| |G@] = - as the product or the
orbit lengths.

o Normal Closure with proper element test.

o Determine the sizes of groups in the derived series Dy = G, D; = D!_; and
lower central series Ly = G,L; = [G, L;_;].

« Determine whether G is solvable or nilpotent.
o Test whether two elements are in the same coset of a subgroup.
o Determine the permutation action on the cosets of a subgroup.

o Determine the point wise stabilizer of a set (i.e. the subgroup stabilizing all
points in the set) by calculating a stabilizer chain for a base starting with the
points from the set.
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+ Enumerate G, i.e. assign to every element a number and have efficient func-
tions to translate element to number and vice versa: We noted already that
we can easily translate between elements and base images. We consider each
base image as a list of numbers, according to the position of the point in the
orbit. This is the “multi-adic” representation of a number € {1,.. ., |G|}.

+ Obtain random elements with guaranteed equal distribution.

Factorization and Homomorphisms

We have noted before that the element test algorithm IL.5 will express a group ele-
ment g as a product of transversal elements. On the other hand, every transversal
element has been obtained as a product of the generators. By keeping track of how
these transversal elements arose as products of the original generators, we can thus
express any group element as a word in the generators.

Notk IL15: This looks like a perfect functionality for solving puzzles, such as Ru-
BIK’s Cube. Alas the words obtained are horribly long and in practice infeasible. One
way used to obtain short words [Min98] is to add many short words in the origi-
nal generators to the original generating set, thus automatically obtaining shorter
words for stabilizer generators on lower layers. Explicit bounds have been proven
recently [Rok08] using enormous® calculations.

A main use of this is in implementing homomorphisms. Suppose that G is a
permutation group and we have a homomorphism ¢: G - H given by a generating
set g of G and the images g?.

“Then expressing an element x € G as word in g lets us evaluate the same word
in g%, which must be the image x¥. B

~ To speed up the way products of the generator images are formed, we also store
images for the Schreier generators - this way comparatively few products have to
be evaluated. We obtain these images, by building a new stabilizer chain for G that
is only used for the homomorphism. (As we can assume that |G| is known, we can
use a random Schreier-Sims algorithm with easy verification.)

The elements for which this chain are formed however are not elements of G,
but elements of G x H. We consider only the G-part for purposes of building the
stabilizer chain, the H part then just mirrors the multiplication.

The calculation then starts with a generating set of the form {(g, ¢%) | g € g}-
Kernel: If H is also a permutation group, we can represent the direct product as a
permutation group by moving the points on which H acts, i.e. for S3xS4 the element
((1,2),(3,4)) is represented by (1,2)(6,7). The domain Q then decomposes in
QG uQ H-

LetD = (( 2.8%) | g« g) the group (the “diagonal” subgroup of the direct prod-
uct) representing the homomorphism ¢. Then the point wise stabilizer Stabp (Qpy)

3Calculations were done using the spare cycles of the rendering farm of a Hollywood studio!
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corresponds to the set of elements whose image is trivial, i,e, its G-projection is the
kernel of ¢.

I1.3 Backtrack

By “backtrack” we mean an algorithm that will - by traversing a tree fromed from a
stabilizer chain — run (in worst case) through all elements of a permutation group.
It will find (one or all) elements fulfilling a certain property. The input being gen-
erators of a subgroup of S, (so in an extreme case 2 permutations of degree n gen-
erating a group of order n!) such an algorithm has runtime exponential in its input
size. However is so far the best method known* for tasks such as

o Centralizer and Normalizer in permutation groups

Conjugating element in permutation groups
o Set stabilizer and set transporter

« Graph isomorphism

Basic backtrack

The basic version of backtrack takes a permutation group G and builds a tree from
a stabilizer chain of G: The levels of the tree correspond to the layers of the stabi-
lizer chain. Each node corresponds to a (partial) base image (ﬁf eees ﬁi ) (k < m).
The branches down from such a node then correspond to the orbit of S, under
G®), Since a partial base image for the preceding points is already prescribed, the

branches are labelled not with the orbit orb := [3,?:1), but with the images of orb
under an element g yielding the partial base image.

Figure I1.1 shows this enumeration for the example of G = A,.

Again, as we consider stabilizer chains as recursive objects, this is a recursive
algorithm.

Input: We are passing a (sub)chain (which describes the tree structure below) C
and a partial product of representatives r, that describes the tree node.

Output: The program prints out all group elements

begin
. leaf := |C.stabilizer.generators| = 0; {have we reached a leaf of the
tree?}

: A= C.orbit;

: for § e Ado

x := C.transversal[d];

if leaf then

4and better methods might impact the question of whether P=NP
5The choice of g does not impact the set of images
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(1.4.2)
(1,2,3) (1,3,2)

049 (2.43) (2,4,3) (2,4,3)
fa3® 03@ as@ @3@

0 (234) (243) (1,23) (1,2)3.4) (1,24) (132) (1,34) (13)24) (1,42) (14)23) (143)

Vertices are the images for the base point 1 and 2 respectively. Edge labels are the
transversal elements. The permutations under the leafs are the resulting group el-
ements.

Figure IL.1: Tree structure for A4

6 Print x - r;
7. else
8 Call recursively for C.stabilizer,x - 1;
9: ﬁ;
10: Od;
end

We start with the whole chain for G and offset r = ().

Obviously, instead of printing the elements, we can test the elements for what-
ever property we desire and collect the elements which yield a correct answer.

In this version we are running always in the same way through the orbit. For
several practical (see below) and aesthetic reasons, it can be desirable to run through
elements in a lexicographically ordered way (i.e. compare permutations as base im-
ages for the base {1,2, 3, ...}). Then the possible images of the base point are given
by the orbit points (that’s what we chose) mapped under r (as we post-multiply by
r).

We can achieve this by sorting A in line 2 according to the images under r, in
GAP notation SortParallel({6%|d € A}, A).

Pruning

The problem of the basic backtrack routine is that running through all elements
of a larger group will be rather time intensive. A principal aim for any backtrack
search is therefore to prune the search tree.

This pruning is possible if we are searching only for elements fulfilling a partic-
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ular property: It is possible that a partial base image already eliminates all elements
which have these base point images as candidates for satisfying the property.

ExampLE I1.16: As an example of such a test, suppose we are looking for an element
that maps (1,2)(3,4,5) to (2,4)(L,5, 3). We chose a base starting with {1,2}.

As an n-cycle must be mapped to an n-cycle, the image of 1 can be only 2 or 4,
eliminating all top branches but two. Furthermore, if 18 = 2, we know that 28 = 4;
respectively 12 = 4 implies 2¢ = 2. On the second layer we thus have but one branch.

Similar restrictions will hold for the subsequent base points.

An improved backtrack algorithm therefore will, every time a new base image
is selected, employ a (problem-dependent!) test, whether group elements with this
partial base image can in fact fulfill the desired property. Only if they can, lines 5-9
are executed.

ExaMPLE I1.17: We want to find the centralizer of (1,2,4)(5, 6, 8) in the group G =
((1,3,5,7)(2,4,6,8),(1,3,8)(4,5,7)). This group has order 24, we pick base (1, 2)
and get the chain:

rec( generators := [ (1,3,5,7)(2,4,6,8), (1,3,8)(4,5,7) 1,

orbit := [ 1, 3, 5, 8, 7, 2, 4, 61,

transversal := [ (), (1,2,7,5,6,3)(4,8), (1,3,5,7)(2,4,6,8),
(1,4,2)(5,8,6), (1,5)(2,6)(3,7)(4,8), (1,6,7)(2,3,5),
1,7,5,3)(2,8,6,4), (1,8,2,5,4,6)(3,7) 1,

stabilizer := rec( generators := [ (2,8,7)(3,6,4) 1,
orbit := [ 2, 8, 7 1],
transversal := [ , O,,,,, (2,7,8)(3,4,6), (2,8,7)(3,6,4) 1,
stabilizer := rec( generators := [ 1) ) )

We canmap 1to1,2,4,5, 6, 8. In each case the image of 2 is then fully determined:

18 28 «x Works?
12 0 v
2 4 (1,2,4)(56.8) Vi
4 1 (1,4,2)(5,8,6) \/
5 6 (1,5)(2,6)(3,7)(4,8) v
6 8 (1,6,4,5,2,8)(3,7) \/
8 5  (1,8,2,5,4,6)(3,7) \/

At this point we have actually found all elements in the centralizer.

Such pruning conditions obviously are problem specific. When intelligently ap-
plied, they can often eliminate large parts of the search space. This usually also re-
quires a suitable choice of base.

ExaMpLE IL.18: Suppose we want to find the setwise stabilizer of A c Q. (Without
loss of generality, assume that |A| < %, otherwise we consider the complement
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Q — A.) We choose a base whose initial points are chosen from within A as far as
possible, say By,...,Bx € A and G*) moves no point in A. Then clearly G(*) <
Stabg (A). Furthermore the possible images for f8; (i < k) are restricted to A.

ExaMmpLE I1.19: We want to find an element g conjugating the permutation x to y.
A first, easily tested, necessary condition is that the cycle structure of x and y is
the same; we now assume that this is the case. We now chose the first base point f3
within a long cycle of x whose length I occurs rarely (so there are few cycles in y
of this length). Then f; must be mapped to a point which in y occurs in a cycle of
length [ if the element g is to map x to y. Furthermore x$ = y ifand only if x8” = y.
We therefore need to consider only one possible image per cycle in y of the correct
length. Subsequent base points then are chosen from the same cycle in x. For any
such base point ﬁi‘k the image under ¢ must be (ﬁfk )¢ = (/Sf)yk, i.e. it is uniquely
determined bythe choice of 5.

In the following discussion we will assume that we have chosen a suitable base,
and that we are doing such problem-specific pruning.

Notk II1.20: Newer version of backtrack algorithms, so called “Partition backtrack”
routines label the tree not with base images, but with ordered® partitions of Q). The
partial base image (y1,. .., yx) then corresponds to a partition with each y; (i < k)
is in its own cell, a leaf of the tree corresponds to a partition with all points in a cell
of their own.

So far this is just a different description of the basic backtrack algorithm. A dif-
ference is seen, however, once one searches for elements with particular properties.
The condition to stabilize points (or map points in a certain way) can impose con-
ditions on other points (and consequentialy split the remaining cell). For example
when centralizing (1, 2,3) (4,5, 6) if we stabilize 1 we also have to stabilize 4.

One can describe such conditions by intersecting the backtrack partition with
a propert-depending partition.

The effect of this is that the tree of the backtrack search becomes more shallow.

Properties defining subgroups

For most properties interesting in a group-theoretic context, the set of elements ful-
filling the condition we search for actually forms a subgroup, respectively a double
coset. (A double coset is a subset of elements of the form SgT = {sgt|se S,te T}
for S, T < G.) For example:

o Centralizer, Normalizer, set stabilizer, automorphism group of a graph are
subgroups.

« In a conjugacy test: Find g with a€ = b. Here the fulfilling elements are in a
double coset Cg(a) - h- Cg(b) if h is one solution.

%1.e. the order in which the cells occur is relevant
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o Testing for isomorphism between the graphs I' and @. If & is one isomor-
phism, the set of isomorphisms has the form Aut(T)h Aut(®).

We will now consider only the case of a subgroup, the double coset case is sim-
ilar. We want to find all elements in G that fulfill a testable property. We assume
that this set of elements forms a subgroup P < G.

Clearly we only need to find a generating set of P (and chances are good that
a few random elements of P will generate P). Therefore much time will be spent
in proving that no element outside the subgroup we found so far fulfills the prop-
erty. So let us suppose we know a subgroup K < P (which might be trivial). Also
whenever we find a new element g € P, we update K := (K, g).

Notk II.21: When testing for a single “mapping” element (e.g. in a conjugacy test)
of course we are not deliberately building such a subgroup K. However we can still
do so (essentially for free) if we happen to come upon an element stabilizing the
initial object. This way similar benefits are obtained.

Our strategy will be “left-first”, i.e. we first enter the stabilizer of a base point,
before considering any coset. Thus we will have examined the whole of G(*) be-
fore considering any other elements of GU'™). In particular, we can assume that we
know G n P before testing any element of G outside G(/).

NoteE I1.22: This observation also shows that the backtrack search will automati-
cally produce a strong generating set for P (or the subgroup K of elements found
so far). We can thus assume (at little cost) that we have a stabilizer chain for K (and
that the algorithm will return a stabilizer chain of P).

If we make this assumption, we can decribe criteria for pruning the search tree:

LemMA I1.23: Suppose we know K = G n P and that \ is a node which prescribes
the first I base images. Suppose we find an element g below A that is in P. Then
we can discard the whole remaining subtree below A.

Proof: Any further element of P in this subtree is in the coset Kg. ]

This test works if we find new elements, but we can do much better: Suppose
we test an element ¢ ¢ K. Then either g € P, in which case we increase K by at
least a factor 2. Or g ¢ P, but then no element in the double coset K¢gK can be in P
either.

While this condition has the potential to reduce the search space enormously
(making the cost more proportional to | P\G/P| than to |G|), the problem is just how
to incorporate it in the backtrack search.

What we would like to do is to test every double coset KgK only once. A stan-
dard method for such duplicate rejection (without explicitly storing all elements of
KgK for every g tested) is to define a “canonical” representative for each double
coset. Then every element g that is not canonical for its double coset can be dis-
carded (as we will test the — different — canonical representative at another time).



34 CHAPTER II. PERMUTATION GROUPS

Typically the definition of “canonical” will require some arbitrary symmetry-
breaking condition (all elements are images under a group, so they are in some
way “the same”). What we will use is that the element is minimal with respect to
a comparison of base images (i.e. we lexicographically compare the base images
(B$, B3, ...)) among all elements in the double coset. Note that by sorting the orbits
the basic backtrack algorithm will run through elements in this ordering.

Unfortunately finding the smallest element in a double coset (or testing whether
one element is smallest) is hard. We will instead use weaker conditions, that adapt
well to the tree traversal strategy, testing for minimality in left cosets and right
cosets. While this does not guarantee minimality in the double coset, it is a reason-
able tradeoff between cost and gain.

The first condition uses minimality in the left coset gK:

LEMMA I1.24: Suppose that AV is a node in the search tree that prescribes the first
I base images as (y1,...,y;) and that K < P is the subgroup found so far. If g

lies under N and is the smallest element of KgK then y; is minimal in the orbit
yStabK(yl ..... Yi-1)
) .

Proof: Suppose not. Let /i € Stabg (1, . .., y1-1) such that y/ < y;. Then gh € KgK
and gh < g, contradiction. O

To use this lemma we need to perform a base change to find the stabilizer
Stabg(y1,...,yi-1). Note that we will already know Stabg(y1, ..., yi-2), so little
extra work is needed.

The next criterion uses minimality in the right coset Kg.

LemmA I1.25: Suppose that AV is a node in the search tree that prescribes the first
I base images as (y,...,y;) and that K < P is the subgroup found so far. Let R :=

Stabg(y,...,y1-1), S := Stabg (B, ..., B1-1), and s = |[3ﬂ
If g lies under NV and is the smallest element of K¢K then y; cannot be among
the last s — 1 elements of its orbit under R.
Proof: Let T = {ﬁ?g |heS}=(B)¢ Then|[|=sandy, = 5 €T.
As any product hg € Kg c KgK, the minimality of ¢ implies that y; = minT.
Ify = ﬁ;lg € T, then yg_lh_lg = y; with g7'h7lg e R = (GUD)& Thus T c R
and y7 must contain at least s — 1 elements larger than y;. O

More details (and further criteria) can be found in [Ser03].

II.4 Natural Actions and Decompositions

The algorithms we have seen so far in this chapter were mainly combinatorial in
nature and uses only a small amount of group theory. We now want to look at
the computation of more structural information, for example a composition series.
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(Later we will (see IIL.11) that such calculations actually are the key towards efficient
stabilizer chain computations.)

The fundamental idea will be to take a given permutation group G < S, and
to split it apart into a normal subgroup N < G and a factor group G/N, again
represented as permutation groups, by finding a suitable action which gives a ho-
momorphism ¢: G — S, with N = Kern ¢.

In this section we will be looking at actions that arise from the natural permu-
tation action. We shall describe these actions, and show how a permutation group
relates to the images of these actions. Much of this is theory that is of interest on its
own. More details can be found in books on permutation groups such as [DM96]
or [Cam99].

We will be talking about permutation groups. If G is a group with a permutation
action ¢ on €, the corresponding statements remain true if we interpret them for
the factor G/ Kern ¢.

Orbits: Intransitive Groups

The first situation we want to look at is that of an intransitive group, i.e. a permu-
tation group which has multiple orbits on its permutation domain:

Suppose we have that Q = A w T and both T and A are orbits. In this situation
we get two homomorphisms, a: G - Srand 5: G — Sj, such that Kern anKern § =
(1). We set A= G* and B = G#

Now form a new homomorphism, e: G — A x B, defined by ¢° = (g%, g#). Then
Kerne = Kern « n Kern 8 = (1).

We can thus consider G as (isomorphic to) a subgroup of A x B, which will
project on both components with full image. Such a group is called a subdirect prod-
uct, the construction is due to REMAK [Rem30].

(We do not really need that G is a permutation group, we just have two homo-
morphisms, whose kernels intersect trivially; respectively two normal subgroups
which intersect trivially.)

We now want to make this construction synthetic, i.e. we want to describe
Image(€) in terms of A and B.

For this we set D = (Kern )% < Aand E = (Kern a)? < B. Then (isomorphism
theorem!)

A/D = G*/(Kern B)* = G/ (Kern «, Kern ) = G?/(Kern «) = BJE,

i.e. we have isomorphic factor groups of A and B. See figure I1.2.

Let p:A — A/D and 0: B — B/E the natural homomorphisms and {: A/D —
B/E the isomorphism given by (g%)? ~ (g#). We therefore have for the elements
of G, that

G = {(a,b) eAxB|(a’) = b"}.

7or unions of orbits. We do not need that the action on I and A is transitive.
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Figure II.2: Subdirect Product

We now use this identity for the synthetic construction (the “external” subdirect
product): Suppose we have two groups Assume that {: A/D — B/E is an isomor-
phism. The set

AJ\B:{(a,b)eAxB|(aP)(:b"}£A><B

is called the subdirect product of A and B. It is an easy exercise to see that A L B is
a group and that its image under the projections from A x B onto A and B is the
full component.

Notk I1.26: The notation A L B is misleading: the product also depends on the
choice of factor groups as well as on {. We can say that it is the subdirect prod-
uct in which the factor groups A/D and B/E are “glued together”.

Notk I1.27: If we consider A x B as a permutation group actingon AwT, then A L B
arises naturally as an intransitive group, by labelling the points consistently, we get
that G = G as permutation groups.

Nore I1.28: Instead of identifying two factor groups explicitly via the isomorphism
{, one also could simply consider one group Q together with epimorphisms p: A —
Q and 0: B — Q. In this context the subdirect product is also sometimes denoted

The following property describes the subdirect product in a categorial context

as the fibre product (or pullback) in the category of groups:

LEmMA I1.29: Let A, B, Q be groups and p:A - Q and 0:B - Q both epimor-
phisms®. We consider the subdirect product A 1 B with respect to these homomor-

80ne can drop the condition that p and o have to be surjective by considering subgroups of A and
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phisms. Let G be a group which makes the diagram

A
ip commutative

o -—Q

—
o
p
g
R

(I.e.: There exist homomorphisms a:G — A and f:G — B such that for every
g € G we have that g* = gP). Then there exists a unique map y: G — A 1 B, such
that the diagram

B—Q
(with y, § the obvious projections of the subdirect product) is commutative.

Proof: If G makes the diagram commutative, then G is a subdirect product of G* <
Awith GF < B and as such embeds into A x B as G* = {(g% g#) € Ax B}. We

observe (commutativity of the diagram!) that g*° = gf?. Therefore
G <{(a,b)e AxB|(a?)=b"}=ALB

We now set ¢ to be the corestriction’ of e to A 1 B. Clearly (uy = €y is the projection
of G onto its A-part and similarly for B) this makes the diagram commutative.

To show the uniqueness of y note that the conditions yy = « and 6 =  already
prescribe the image g € A L B. O

Returning to the situation of a permutation group, we see that every group with
two sets of orbits is a subdirect product of two groups of smaller degree. Thus every
permutation group is obtained by forming iteratively subdirect products of transi-
tive groups. (One could try to define the product of more than 2 factors, in practice
it is far easier to simply consider the iterative construction.)

For example, if A = B = S, there are three possible factor groups - (1), C,
and S;. Setting Q = (1) yields the direct product {(1,2), (4,5),(1,2,3), (4,5,6)),
Q = S; yields diagonal subgroups ((1,2)(4,5), (1,2,3)(4,5,6)) (or any relabelling
of the points). Finally the factor group Q = C, yields the proper subdirect product
((1,2,3),(4,5,6),(1,2)(4,5)) of order 18.

To classify all permutation groups of a given degree n we thus would need to:
o Classify all transitive groups up to this degree.

o Form their iterated subdirect products (such that the degrees sum up to < n).

B instead.
9The function defined by the same rule, but a restricted range
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Blocks: Imprimitive Groups

Permutations par groupes croissant de lettres:
Rvers unjou urlap midis ormea latef eduna

Exercices de style
RAYMOND QUENEAU

Let us now consider a group G acting transitively on Q.

DEFINITION 11.30: A partition B = {Bj, ..., Bx} of Q (Le. we have that B; ¢ Q and
Q is the disjoint union of the B;) is a block system, if it is invariant under G. Le. the
set-wise image B € B3 for every g € G. We call the subsets B; the blocks.

Norte I1.31: The following two block systems always exist. They are called the trivial
block systems:

B ={{w}|weQ},  Bo={Q}

DerINITION I1.32: A group is acting imprimitively on Q if G acts transitively, and
affords a nontrivial block system. Otherwise we say the group acts primitively.

LemMA 11.33: Let B = {By, ..., Bi }. Then for every i, j there exists g € G, such that
Bf = B;. In particular |B;| = |B;| and thus |Q| = |By| - |B.

Proof: Let § € B; and y € B;. As G acts transitively, there is g € G such that §¢ = y.
Thus BS n B i # @. As the partition is kept invariant we have that B$=B - O

CoroLLARY I1.34: A block system is determined by one block - the other blocks
are just images.

CoROLLARY I1.35: Any transitive group of prime degree is primitive.
The following lemma explains the group-theoretic relevance of block systems:

LemMA I1.36: Suppose G acts transitively on Q and let S = Stabg(w) for some
w € Q. Then there is a bijection between subgroups S < T < G and block systems
B ={By,...,B;} for Gon Q.

Using the convention that B, is the block containing w, the bijection is given by
T = Stabg (B,), respectively by B, = w”.

Proof: Suppose that S < T < G. We set B = w” and B = B® and claim that B is a
block system:

Let g,h € G, and suppose that BS n B" # @. Then there exists 8,y € B such
that 8% = y". As B = w” we have that § = w®, y = @' for s, t € T. Thus w*¢ = w'",
and thus sgh™'t™! € Stabg(w) = S < T. This implies that gh™ € T. As T stabilizes
B (by definition), we thus have that B¢ = B". Thus the images of B under G form
a partition of Q). Because it was obtained as an orbit, this partition is clearly G-
invariant.



I1.4. NATURAL ACTIONS AND DECOMPOSITIONS 39

Vice versa, let B be a block system and let w € B € BB be the block containing w.
Then any g € G which fixes w has to fix B, thus Stabg (w) < Stabg (B).

Now, observe that if B is a block and 6,y € B, there is g € G such that 6% = y.
But then y € BS, thus B = Bf and g € Stabg (B). Thus @®?°¢(5) = B,

Similarly, if S < T < G and B = w” and x € Stabg(B) then w* = w' for t € T.
Thus xt™' € S < T and thus x € T which shows that Stabg(w”) = T. This shows
that we have a proper bijection. O

DEerINITION 11.37: A subgroup S < G is called maximal if S # G and there is no
subgroup S < T < G such that S # T # G.

CoROLLARY I1.38: A transitive permutation group is primitive if and only if a point
stabilizer is a maximal subgroup.

Respectively: A subgroup S < G is maximal if and only if the action on the
cosets of S is primitive.

Finding Blocks

The following algorithm to find block systems is due to [Atk75]. Its heart is a method
that for a given a € Q) determines the finest block system in which 1 and « are con-
tained in the same block. By running through all possible «, we thus find all the
minimal blocks.

NoTE I1.39: As blocks correspond to subgroups containing the point stabilizer (and
therefore form a lattice!) it is easy to build all blocks from these: If1 € B and 1 € B,
are blocks in two different block systems, we use the same algorithm with a larger
seed to find the finest block system, in which B, U Bj is a subset of one block and
SO on.

The algorithm maintains a partition of Q) which is initialized to the seed being
one cell, and all other points in a cell of their own. It then applies the following
trivial observation to join cells, until a G-invariant partition is obtained:

LEmMA I1.40: If B is block in a block system for G, and «, § € B and g € G then
a8, 38 are in the same block.

To store the partition (and simplify the process of joining cells) we maintain a
list 7 of cell representatives: Each cell is represented by one of its elements (arbitrar-
ily chosen, e.g. as the first element of the ell which the algorithm encountered). For
each point w € Q the corresponding representative r[w] points to the representa-
tive of the cell containing w. We call r[w] the label of w. Then joining two cells is
done by simply replacing the label for elements in the second cell by labels for the
first cell:

UnionN(w, f)
Input: Two cells, given by their representatives « and f3.
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Output: The two cell are joined, representing them by the label for the first cell.
begin

1: forwe Qdo

2 if rlw] = 3 then

3 rlw] = a;
4. ﬁ;
5: Od;

end

Nortk I1.41: This algorithm is of complexity O(|Q}|) which is not optimal. The prob-
lem of merging classes is a standard problem in computer science (“Union-find”)
and (more) efficient data structures and algorithms for this task are discussed in
textbooks.

With this we get the actual block system finding algorithm:

ArLGoRrITHM I1.42: This algorithm finds the finest block system, in which a block
fully contains seed c Q. We call it with seed = {1, a} to obtain minimal blocks.

Input: A group G = <§> acting transitively on Q. A subset seed c Q.
Output: The finest block system in which all points of seed are together in

one block.
begin
1or=[];
2: q:=[]; {A queue of points that have changed their block}
3: p:=seed[1]
4: for w € O do
5.  if w e seed then
6: rlw] = y;
7 Add w to g;
8: else
9 rlw] = w;
10:  fi;
11: od;
12: [:=1;

13: while [ <|q| do
14:  y:=q[l]; §:=r[y]; {point and its representative}
15: for ge g do

16 a:=r[ys];

17: B = r[6¢];

18: if « # 8 then {Two points are in the same block but their images are
not}

19: UNION(a, f3); {join block given by f3 to block given by a}

20: Add 8 to q; {As 8 block got deleted}

21: fi;
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22: [:=1+1;
23:  od;

24: od;

25: return r;
end

Proof: Clearly the partition given by r can never be coarser than the minimal block
system given by seed, as we only join cells that must be contained in the same block.
We thus need to show only that the partition returned at the end is invariant under
G, i.e. we have to show that if w, § € Q) are in the same cell and g € g, then w¢ and
8¢ are in the same cell. B

This property is fulfilled if the following condition holds for all points:

*) If 3 is the label for a cell, and w is in this cell, then $¢ and w?
are in the same cell.

Clearly it is sufficient to enforce condition (*) for all points which changed the
label of their cell, starting with changing the cell label for the seed. The queue g
collects the points for which this condition needs to be enforced.

Suppose initially that in line 20 we add all points of the cell labeled by f to
the queue. Then condition (*) is enforced by the while loop in line 13-24 and the
resulting partition therefore clearly G-invariant.

However in the actual algorithm we add only f3 to the queue, we have to show
that doing so is sufficient: Consider a point w that is labeled by 8 and suppose we
relabel w to a. This can only happen if we also relabel 3 to & and in this case we
enforce (*) for § and a.

But as w got relabeled at the same time, and as we already enforced (*) for w
and 3, this will automatically enforce (*) for w and a. It is therefore sufficient in
line 20 to only add the point labeling a block.

This argument also shows that a point w can be added to the queue only when
r[w] = w gets changed to another label. As this can only happen once, there is a
limit on the queue length, which proves that the algorithm terminates. O

Let us now consider what candidates for a we really need for block seeds {1, o }:

LEMMA I1.43: Let 1 € B c Q a block in a block system for G on Q. Then B is the
union of orbits of Stabg (1).

Proof: Suppose there is g € Stabg (1) such that a8 = . Than for any block B such
that 1, @ € B we have that B¢ n B # &, thus B = BS. Thus also 3 € B. ]

This lemma shows that we do not need to test minimal blocks for all @ € Q, but
that it is sufficient to test those o which are representatives for the orbits of Stabg (1)
on Q, and in this case we can actually seed the block with {1} u aS2b¢(),
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If we did not yet compute a stabilizer chain for G obtaining Stabg (1) is hard. In
this case we just approximate Stabg (1) by a subgroup U generated by a few random
Schreier generators and consider the orbits of U instead.

PERFORMANCE I1.44: Even with a better union find routine this algorithm is not
of best-known complexity. A better method, interleaving the block search with a
partial stabilizer chain computation, is described in [Ser03].

Once we have found a block system, the homomorphism representing the ac-
tion on the blocks is obtained by an easy application of the orbit algorithm.

Basic Sylow Subgroup Computation

A first application of how blocks can be used to reduce a problem is given by the
computation of Sylow subgroups: The following method works reasonably well in
practice and also serves as a good example on how algorithms use reductions of
intransitivity and imprimitivity. It is, however, not of polynomial time as it uses a
backtrack search. A much more elaborate (polynomial time) algorithm has been
proposed by Kantor [Kan85]. Because it reduces to the case of simple groups some
of the routines it requires (section VIL.3) just now are reaching feasibility.

The basic idea of the calculation is that if ¢: G - H is a homomorphism to a
smaller group, we first compute a p-Sylow subgroup S% < H. Its full preimage S
then must contain a p-Sylow subgroup of G.

In the case of a subdirect product this is all we need:

LemMA I1.45: Suppose G is a subdirect product of A = G* with B= GP. Let Q < G
be such that Q® is a p-Sylow subgroup of A and let v = 8| be the restriction of 3
to Q. Let P < Q be such that P” is a p-Sylow subgroup of Q”. Then P is a p-Sylow
subgroup of G.

Proof: Clearly Q contains a p-Sylow subgroup of G and P contains a p-Sylow sub-
group of Q. Furthermore P* and P* are p-groups, so P is a subdirect product of

p-groups. O

We will make use of this lemma in two situations: If G is intransitive (with ho-
momorphisms corresponding to orbit actions) and if G has two different minimal
block systems (with action on the blocks as homomorphisms).

If G is imprimitive and has only one one minimal block system with block ac-
tion ¢ we can reduce to the situation that G¥ is a p group, which we will assume
nOW.

If we cannot reduce further, we use the fact that a p-Sylow subgroup has a non-
trivial center and that (second Sylow theorem!) every element of order p lies in a
Sylow subgroup: By random search we find an element h € G such that p ’ |hl. (1t

]
can be shown that there are many such elements.) Then g = h ¢ is an element of
order p and as such must lie in a Sylow subgroup. In fact it either lies in the center of
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a Sylow subgroup, or there is an element in the center of the same Sylow subgroup
commuting with g.

We therefore compute C := Cg(g). As C stabilizes the partition of Q) into orbits
of (g), it cannot be primitive. If C = G, then (by the assumption about G) we
would have G being imprimitive with blocks corresponding to cycles of g. But then
the kernel of the block action must fix and centralize (C = G!) all p-cycles, and
therefore is a p-group, making G a p-group as well, in which case we are done.

We therefore can assume that C # G and thus can compute recursively a p-
Sylow subgroup S of C.If § is a Sylow subgroup of G (by order) we are done.

Otherwise, observe that as g € Z(C), it must lie in every Sylow subgroup of C,
in particular in S. Therefore there is a p-Sylow subgroup P < G, such that g€ S < P,
we thus have that S = C n P. There must be an element z € Z(P) of order p, i.e.
P < Cg(z). Because it commutes with g, we know that z € Cn P = S and clearly
ze€Z(S) < Z(P).

We thus search for an element of order p in Z(S) for which Cg(z) contains a
p-Sylow subgroup of G. As in the first case we can then recurse on Cg(z).

ArGoriTHM I1.46: Sylow subgroup computation

Input: A group G on Q and a prime p
Output: A p-Sylow subgroup S < G.
begin
if G is a p-group then
return G
elif G is intransitive on Q then
recurse on orbit actions, using lemma 11.45
elif p + |Q| then
recurse on Stabg (1)
elif G has two minimal block systems then
recurse on block actions action, using lemma 11.45
elif G has unique minimal block system then
ensure (recursively) the image of block action of G is a p-group

fi;
let h € G such that p | |h| and set g = W
if p? + |G| then
return (g)
fi;
Let C = Cg(g);
Recursively, compute a p-Sylow subgroup S of C.
if p+ [G:C] then
return S;
fi;
Let Z = Z(S) {iterative centralizer computation}
forze Z, |z| = p do
C:=Cqs(2);
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if p + [G:C] then
recurse on C

fi;

od,;
end

Wreath Products and the Embedding theorem

In the same way that every intransitive group is a subgroup of a direct product, we

want to get an “universal” group containing every imprimitive group.

DEFINITION I1.47: If G is a group and # a positive integer we denote by
G"=Gx-xG

———
n times

the direct product of n copies of G. We call this group the direct power of G with
exponent m

DErINITION I1.48: Let G be a group and H a permutation group, acting on A =
{1,..., n}. The wreath product of G with H is

Gy H=(G")xH

with H acting on G*" by permuting the components of this direct product. The
subgroup G*" <« G 2, H is called the basis of the wreath product.
If the permutation action of H is clear from the context, we will write only G:H.

The multiplication in the wreath product is simply given by the rules for a
semidirect product. If we consider elements of G 2 H as tuples (h; g1,...,4,), we
get the following formula:

(hsgis---,80) - (asby,.... by)
= (BY) (Lgneergn)-(as1)-(Lbr,....bn)
= () (&) (D)™ (Lgn....g) (1)) (Lbi,...,by)
= (h-as)-(Lgn....g) @Y (Lby,....b,)
= (h-a;1)- (L gutsensgpa) - (Lbr,..., by)
= (h-asgur-br,..., 8, by)

The reason for taking as indices the images 1°" under a™' is purely due to the no-
tation: a maps 1 to 1%, so after the component-permuting action we get that the
-1
element which was in position 1 now ended up in position 1.
Suppose that G is also a permutation group, acting on Q. Then G : H can be

represented as a permutation group acting on # disjoint copies of Q: Each copy of
G in the basis acts on “its” copy of Q, H is permuting these copies. The action is
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clearly faithful. We call this action the imprimitive action of G 2 H, as the copies of
Q form a nontrivial block system.

The next theorem shows that this imprimitive action can be considered to be
the “source” of all block systems.

THEOREM I1.49 (KRASNER, KALOUJNINE, embedding theorem): Let G be a transi-
tive, imprimitive permutation group. Let 13 be a nontrivial block system for G with
1€ Be Bandlet T = Stabg(B). Let y: G - Sg be the action of G on the blocks,
and let ¢: T — Sp be the action of a block stabilizer on its block.
We pick coset representatives r; for T'in G and define gj € T by r;g = gjrjs. (To
simplify notation we will write j& to indicate the action on B via y, i.e. j€ := j(¢).)
Then there is a monomorphism y: G — T? : G, given by

g~ (8%8 "8 )
Furthermore, for a suitable labelling of the points, this homomorphism is simply an
embedding of permutation groups, i.e. one can consider G as a subgroup of T?:GV.

Note I1.50: In the context of representation theory y is simply the induced repre-
sentation ¢ 1¢. The theorem then is simply the explicit construction of the induced
representation.

Proof: We first check the homomorphism property. Suppose that g, h € G, then by
definition of y, we have that

HET o) (W )

gh-ht = (
- (w B g ! hTh:(p,...,g(nh—l)gfl“’-hngﬂ“’)

¢ I ¢
g h) g(1(gh) ) ']’1111’1 ""’g(n(gh)’1)¢'hng’1 )

((go h)Y; (gzmT;l) : E;:)(P,...,(g(’;ﬁ) 'E\;)(p) (IL.51)

by the above multiplication formula. (Again, / is permuting the components via the
image hY. Le. the element in position 1 after permutation is what was in position
k = 1" before, i.e. the element G’ =guye ')

We now observe that

ri(gh) = Girieh = Ghjer oy = Ghjerjn
and therefore (g- h); = gﬁ; Setting j = i€ we get

(g-h)i<g;,)-1 = gi(ghrlh iehyg = gi(gh)_lhi(h_lg_lg) = gi(gh)_lhih_1~
( )

This lets us simplify the products in (I1.51) to

gh = (g )Y (g My (8 M)yt ) = (g 1),



46 CHAPTER II. PERMUTATION GROUPS

which shows that y is a homomorphism.

If g € Kern y then clearly g € Kerny, implying that r;g = gjr; and thus g; =
T grj_l. The values of g;? that are simply given by the action of g on the multiple
blocks. Triviality of all these ensures that ¢ must be the identity.

For the final statement, observe that the transitivity of G on the blocks and of T
on its block implies the transitivity of G¥ on the points moved by the wreath prod-
uct in its imprimitive action. Furthermore, if ¢ € Stabg (1) then gV fixes the point
land g~ ¥ = gi¢ fixes one point as well. The homomorphism ¢ therefore maps a
point stabilizers to a point stabilizer, for transitive groups of the same degree this
implies that y is a permutation homomorphism. O

Notk I1.52: There unfortunately is no analogue to the situation of subdirect prod-
ucts, that would parameterize all transitive, imprimitive subgroups of a wreath
product. An algorithm to construct such subgroups is given in [Hul05]

II.5 Primitive Groups

Primitive groups are interesting in several ways: They are the images of the per-
mutation action of a group on cosets of maximal subgroups. By theorem I1.49 we
also know that every transitive group embeds in an (iterated) wreath product of
primitive groups.

The marvelous fact now is that primitivity is a strong enough condition to
give a rather detailed description of such groups. Indeed this description is strong
enough, that it is possible to enumerate primitive groups for rather large degrees -
currently this has been done up to degree 2000 [DM88, The97, RDU03].

Some Properties

LEmMMA I1.53: Let G be a transitive group on Q2 and N < G. Then the orbits of N
form a block system of G

Proof: Let A be an orbit of N and g € G. We need to show that A¢ is a subset of an or-
bit. (If this holds and A¢ was not an orbit, we can apply g to the enclosing orbit and
obtain that A was a proper subset of an orbit, contradiction.) Thus let §%,y8 € A8

for 8,y € A. Then there is n € N such that §” = y and thus (Sg)gil”g =98, ]

CoRroLLARY II.54: If G is primitive on Q then N must act transitively.

The heart of the analysis will be the consideration of particular normal sub-
groups:

DEFINITION I1.55: A normal subgroup N < G is called minimally normal, if (1) # N
and there is no normal subgroup M < G such that (1) # M # N and (1) < M < N.
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LEmMA IL56: Let G be a group and N < G a minimally normal subgroup. Then
N = Tk with T simple.
Proof: Let M < N be the first proper subgroup in a composition series of N.

Then N/M = T is simple. Now consider the orbit M = MS of M under G. Let

D:= X N/Sand ¢:N - D, g~ (81¢,S2g, .. .). Its kernel is K := Ngep S < G,
SeM
by minimality of N we get that K := (1). Thus ¢ is injective and N a subdirect prod-

uct of the groups N/S (S € M). But N/S = T is simple, thus the subdirect product
degenerates (by exercise 19) to a direct product. O

DerINITION IL1.57: The socle of a group G is the subgroup generated by all minimal
normal subgroups:

Soc(G) = (N <« G | N is minimally normal)
LemMa I1.58: Soc(G) is the direct product of minimal normal subgroups.

Proof: Let M < Soc(G) be the largest normal subgroup of G within Soc(G) which s
a direct product of minimal normal subgroups. If M # Soc(G) there exists N < G,
minimally normal, such that N ¢ M. But then MN N < G. As N is minimally nor-
mal this implies that M n N = (1). Thus (M, N) = M x N < Soc(G), contradicting
the maximality of M. ]

Next we want to show that for a primitive group Soc(G) is either minimally
normal, or the product of two isomorphic minimally normal subgroups:

DEerINITION I1.59: A permutation group G is semiregular on Q if Stabg(w) = (1)
for every w € Q.

Thus G is regular on Q if and only if G is transitive and semiregular.
LemMa I1.60: Let G < Sq be transitive. Then C := Cs, (G) is semiregular.

Proof: Suppose that ¢ € Stabc(w) and let § € Q. Then there is ¢ € G such that
8 = w8 = wE = w8 = §°, thus c € Stabc(8) for every 8. Thus ¢ = L. o

LEmMA I1.61: Let G be a primitive group on Q. Then one of the following situations
holds:

a) Soc(G) is minimally normal

b) Soc(G) = N x M with N,M < G minimally normal and N = M is not
abelian.

Proof: Suppose that Soc(G) is not minimally normal. By lemma I1.58 we have that
Soc(G) = N x M with N < G minimally normal and (1) # M < G. Then M <
Cg(N) and N < Cg(M)
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As G is primitive, N is transitive on Q. Thus by lemma II.60 we have that M
must be semiregular. On the other hand M < G implies that M is also transitive
on (), thus N is semiregular. In summary thus both N and M must be regular, and
thus |N| = |Q] = |M].

For n € N there exists a unique element m, € M such that (1")"* = 1. Let
¢:N — M given by n — m,. Then ¢ is clearly a bijection. Furthermore (using that
M,N < S8q) for k,n € N:

1k-n-mk~m,, _ 1k~mk-n-m,, _ ((1k)mk)"'m" — 1M —q

and therefore mym, = my,. Thus ¢ is an isomorphism.
If N was abelian, then N x M is abelian and transitive, thus [N x M| = |Q|, con-
tradiction. O

We thus have that Soc(G) = T*" with T simple. We say that Soc(G) is homoge-
neous of type T.

DEerFINITION I1.62: Let G be a group, acting on a vector space V. (For example, G <
GL,(p) and V = F}.) We say that G acts irreducibly, if the only subspaces of V/
which are invariant under the action of G are V and (0). (See section V.1 for the
larger context.)

THEOREM I1.63: Let G be primitive on Q and Soc(G) abelian. Then |Q| = p™ for
some prime p and G = Soc(G) x Stabg (1) with Stabg (1) acting (by conjugation)
irreducibly and faithfully on Soc(G) = F'.

Proof: If Soc(G) is abelian, it is minimally normal and thus Soc(G) = Fy'. It must
act regularly (the only faithful transitive action of an abelian group is the regular
action), thus |Q| = p™.

Now consider § := Stabg(1). Clearly Soc(G) ¢ S. As § < G is a maximal
subgroup we thus have that G = Soc(G)S. As Soc(G) is abelian, S n Soc(G) <
Soc(G). Also SNSoc(G) < S. Thus SNSoc(G) < G and therefore SNSoc(G) = (1).
This shows that G is a semidirect product.

If S was not acting irreducibly on Soc(G) let T < Soc(G) be a proper submod-
ule. Then T is normalized by S and T < Soc(G), thus T < G contradicting the fact
that Soc(G) is minimally normal.

The kernel of the action of S on Soc(G) is contained in Cg (Soc(G)) = Soc(G),
thus the action is faithful. ]

It is easily seen that vice versa any such semidirect product acts primitively on
[F7'. The combination of a linear action with a translation is called an affine action,
and the primitive groups with abelian socle are therefore called of affine type. They
are correspondence with irreducible subgroups of GL, (p).

COROLLARY I1.64: Let G be a solvable group and M < G a maximal subgroup. Then
[G:M] = p™ for a prime p.
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Proof: The image of the action of G on the cosets of M is a primitive group with an
abelian minimal normal subgroup. O

We now study the remaining case, namely that of a nonabelian socle.
LeMMA IL.65: Let G be a group such that Z(Soc(G)) = (1). Then G < Aut(Soc(G)).

Proof: Consider the action of G by conjugation on Soc(G). The kernel of this ac-
tion is Cg(Soc(G)) < G. A minimal normal subgroup contained in Cg (Soc(G))
would be in Z(Soc(G)), which is trivial. Thus this action is faithful. ]

LemMA 11.66: If N = T*" with T non-abelian simple, then Aut(N) = Aut(T)2S,,

Proof: Let T; be the i-th direct factor. Let ¢ € Aut(N). Let R := T. Then R < N.
Consider some nontrivial element of R as element of a direct productr = (f;, ..., ty)
with ¢; € T;. Suppose that t; # 1 for some j. As Z(T;) = (1) there exists y € Tj such
that that t; #t.Sets:=r"/r#1.Thense Rands e Tj. As Tj is simpleand R < N
we thus get that T; < R, thus R = T;.

This shows that every automorphism of N permutes the T;. An automorphism
that fixes all T; then must act on every T; as an element of Aut(T;) = Aut(T). O

COROLLARY IL.67: Let G be primitive with Soc(G) non-abelian of type T. Then we
can embed G < Aut(T) 2 S,,.

Types

In this section we introduce important classes of primitive groups. In view of the
preceding corollary, these are in obvious ways subgroups of wreath products.

The first class is a different action of wreath products: Let G be a permutation
group on Q) and H a permutation group on A. So far we have had the wreath prod-
uct W := G ¢ H act (imprimitively) on Q x A. We now define a different action
of W on Q*. This is a much larger set. Surprisingly, the action will turn out to be
primitive in many cases.

The action is easiest described if (assume that |A| = d) we consider Q* as a
d-dimensional cube each side of which is labeled by Q. We then let G*¢ act inde-
pendently in each dimension and H permute the dimensions. That is, we define

gash) . . o chT
(01, ..., wg) &8s = (0¥, 08%") with i'=i" .

an easy, but tedious calculation shows that this indeed is a group action, which
is called the product action. We note that in this action the base group G“ acts
transitively.

THEOREM I1.68: Suppose that Q, A are finite. Then G 2 H in the product action is
primitive if and only if G is primitive, but nonregular on Q and H transitive on A.
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NoTE I1.69: We do not require G to be “minimal” in this theorem. Essentially, using
the fact that (A2 B): C = A2 (B C), we could enforce this by increasing H.

For the second class of examples, consider a socle of the form T with T sim-
ple. Let D be a diagonal subgroup {(¢,t,...,t) | t € T}. We consider the action of
the socle on the cosets of D (of degree n = |T|" ™).

As we want to extend this permutation action to a primitive group, we next
consider the normalizer N = N, (T*™). Clearly all elements of N induce automor-
phisms of T*™, however the following lemma show that not all automorphisms can
be realized within S,

LeMMA I1.70: Let G < S, be a transitive group and ¢ € Aut(G). Then ¢ is induced
by Ns, (G) (i.e. here exists h € S, such that g¢ = g" for every g € G, obviously
h € N, (G) in this case) if and only if Stabg (1)? = Stabg (j) for some 1< j < n.

Proof: Exercise 37. a

Using this lemma, one sees that not all elements of Aut(T) : S, are induced
by permutations, in fact outer automorphisms need to act simultaneously on all
components in the same way. Thus N = T2 S,,,. Out(T) = T*™ x (S, x Out(T))
with the outer automorphisms acting simultaneously on all components. Such a
group T*™ < G < N is said to be of diagonal type.

THEOREM IL.71: A group of diagonal type is primitive if m = 2 or the action of G on
the m copies of T is primitive.

The O’Nan-Scott Theorem

We now can state a theorem that classifies the structure of all primitive groups. The
theorem was stated first (with a small error) by L. ScotT in 1979. (In principle it
would have been possible to prove this theorem 50 years earlier, but the reduction to
the simple case only made sense with the classification of the finite simple groups.)
He notes that a similar theorem was obtained by M. O’NAN, thus the name.

THEOREM II.72 (O’'NAN-ScoTT theorem): Let G be a group which acts primitively
and faithfully on Q with |Q| = n. Let H = Soc(G) and w € Q. Then H = T*™ is
homogeneous of type T for T simple and exactly one of the following cases holds.

1. “Affine”, “Holomorph'® of an abelian group”. T is abelian of order p, n = p™
and Stabg (w) is a complement to H which acts irreducibly on H.

2. “Almost simple”. m = 1and H < G < Aut(H).

3. “Diagonal type”. m > 2 and n = |T|""". Further, G is a subgroup of V =
(T2S,,).0ut(T) < Aut(T):S,, in diagonal action and either

0The holomorph of G is the group G x Aut(G)
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a) m =2 and G acts intransitively on { T}, T, } or

b) m > 2and G acts primitively on {13, ..., T, }.

In case a) T; and T, both act regularly. Moreover, the point stabilizer V,
of V is of the form Diag(Aut(T)*").S,, = Aut(T) x S,, and thus H,, =
Diag(T*™).

4. “Product type”. m = rs with s > 1. We have that G < W = A: B and the wreath
product acts in product action with A acting primitively, but not regularly,
on d points and B acting transitively on s points. Thus n = d°. The group A
is primitive of either

a) type 3a with socle T*2 (i.e. 7 = 2, s < m),
b) type 3b with socle T*" (i.e. r > 1, s < m) or
c) type2(ie.r=15=m).

We have that W, n A* = A and Soc(G) = Soc(W). Furthermore W =
A*G.

5. “Twisted wreath type”. H acts regularly and n = |T|". G,, is isomorphic to a
transitive subgroup of S,,. The normalizer Ng_ (T1) has a composition factor
isomorphic to T. Thus, in particular, m > k +1 where k is the smallest degree
of a permutation group which has T as a composition factor.

Nortke I1.73: We do not discuss the twisted wreath case in detail, but note that the
minimum degree for this is 60°.

The proof of this theorem is not extremely hard (see for example [DM96]), but
would take us about 3 lectures.

Notk I1.74: There are various versions of this theorem in the literature which in
particular differ by the labeling of the cases and sometimes split cases slightly dif-
ferently. Our version follows [DM96] and in particular [EHO1].

The following table gives translations of the labellings used.

Type 1 2 32 3b 4a  4b 4c 5
[HEO05, Sec10.13] () (V% b Gi) @b G (b (i)
[DM96, Sec.4.8] i iii iv iv v v v ii
[LPS88] I I Ma Ila b HOIb b Ilc
[Neu86] I \Y II 111 II III v v
[Pra9o0] HA AS HS SD HC CD PA TW

Note that for case 3a/b we change the case distinction of [DM96, Theorem 4.5A]
from degree 2/> 2 to intransitive/primitive.
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Maximal subgroups of the Symmetric Group

Most classes in the O’'Nan-Scott theorem contain obvious maximal elements. Every
primitive group thus is contained in such a maximal element.

As one can show that these subgroups are not just maximal in their classes, but
also maximal in the symmetric group, we get a classification of maximal subgroups
of the symmetric group:

THEOREM IL.75: Let M < S, be a maximal subgroup of the symmetric group. Then
M is permutation isomorphic to one of the following groups:

. A,
o Sy xSy,witha+b=n.
o §; S, in imprimitive action for Im = n.

o AGL,,(p) with n = p™

« S, 28, in product action for n = a”

e T** (S, x Out(T)) with T simple and n = |T|*""
o T <G < Aut(T) for a simple group T

Note I1.76: For some degrees there are inclusions among elements in these classes,
but these occur very rarely. A full classification is given in [LPS87].

I1.6 Computing a Composition Series

The basic idea of finding a composition series in a permutation group is very easy:

Given a permutation group G, either prove that G is simple; or find
- from a suitable (i.e. we want the degree to stay the same or become
smaller) action - a homomorphism (which we can evaluate by per-
forming the action) ¢: G — H such that H is a permutation group of
degree smaller than that of G or N := Kern ¢ > (1).

If we can solve this problem, we can recursively attack N and G¥ 2 G/N un-
til we end up with simple composition factors. Pulling the factors of G/N back
through ¢ yields a composition series.

If G is an intransitive permutation group we can take for ¢ the action of G on
one orbit. If G is imprimitive we can take for ¢ the action on a nontrivial block
system. (Either these actions already yield a nontrivial kernel, or they yield a group
of smaller degree for which we try again.)

Thus what remains to deal with is the case of G primitive and for such groups
the O’Nan-Scott theorem provides structure information. Our main aim will be to
find Soc(G). Then the action of G on Soc(G) or on the components of Soc(G)
yields homomorphisms with nontrivial kernel.
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The affine case

The first case we want to treat is the case of G being primitive affine. In this case
the socle is an elementary abelian regular normal subgroup, often abbreviated as
EARNS. Given G, we therefore want to find an EARNS in G if it exists. The algo-
rithm for this is due to [Neu86].

Clearly we can assume that G is a group of prime-power degree n = p™ = |Q)|.

We first consider two special cases:

If Stabg () = 1for a € Q, then G is regular, and thus of prime order. It is its
own EARNS.

DErINITION I1.77: A transitive permutation group G on Q is called a Frobenius
group if for every a, € Q (a # ) the two-point stabilizer Stabg (a, 8) = (1).

A classical (1902) result of Frobenius shows that in our situation G must have an
EARNS (for a proof see [Pas68]). As |G| < n(n-1) this is easily found. (See [Neu86]
for details.)

No suppose we are in neither of these cases. Let «, 8 € 0. We consider the two-
point stabilizer G, := Stabg (a, ) # (1). By choosing 8 from an orbit of Stabg («)
of shortest length, we can assume that G, is as large as possible.

Let A={weQ|w®=wVgeGus}. If Ghasan EARNS N, then for y € A there
is a unique # € N such that a” = y. Then for h € G5 we have that

hW'n'hn= W' - n'hn e NnStabg(y) = (1)
— —— —
eN<aG €G,p<Stabg(y) eStabg(y)

and thus 7 € C := C;(Gqp)-

In particular C acts transitively on A, N n C acts regularly on A, thus |A| must
be a p-power (if either of this is not the case, G has no EARNS).

Now consider the homomorphism ¢: C — S,, then the image C? is transitive
on A. The kernel of ¢ consists of elements that stabilize all points in A (in particular
« and f3) and centralize G,g, thus Kern ¢ < Z(G,p).

For y € A\ {a} we have that G,z < Stabg («, y), but as § was chosen to yield
a maximal stabilizer, we get equality. Thus Stabc (ay)? = (1) and C? is a Frobenius
group.

Let K < Csuch that K? = (NN C)? is the EARNS of C?. Thus N n K # (1) and
we just need to get hold of some element in N N K to find N.

We claim that K is abelian: This is because K is generated by Kern ¢ < Z(Ggp)
and by elements of N n C which commute with each other (N is abelian) and with
Kern ¢ < G, (as they are in C).

Next compute P = {x € Kern ¢ | x? =1}. (As Kern ¢ is abelian, this is easy.)

We now find x € K ~ Kern ¢ such that |x| = p.

Then1 # x? = g% for some g € Nn K < and x'g € Kern¢. As K is abelian
|x"'g| = p,thusx'g=hePand ge N n Px.

We thus run through the elements 4 € P, and test whether (xh) ., is abelian and
regular - if so it is the EARNS.
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Note I1.78: A variant of this method can be used to find in a regular normal sub-
group of G also for type 5 groups.

NoTEgIL.79: Variants of the method can be used to find the largest normal p-subgroup
0,(G) < G and the radical of O (G) < G, which is the largest solvable subgroup
of G. These methods also construct a homomorphism from G to a group of not
larger degree such that the kernel is O,(G), respectively Ooo (G)

Finding the socle and socle components

The method given here follows [Neu87]. They differ from what is used in practice
but give an idea of the methods used, while being easier to understand.

THEOREM IL.80 (Schreier’s conjecture): Let G be a simple non-abelian group. Then
Aut(G)/G is solvable of derived length < 3.

Proof: Inspection, following the classification of finite simple groups [Gor82]. O

LEmMMA IL.81: Let G be a primitive group with no nontrivial abelian normal sub-
group. Let S := Soc(G) = Tj x -+ x Ty, with T; = T simple non-abelian. Let U < G
be a 2-Sylow subgroup and N = (Z(U)).. Then S = N"".

Proof: By Feit-Thompson 2 | |T;|. As T; is subnormal in G, we know that U n T; #
(1). Thus every element of Z(U) must centralize some elements in T;. Considering
G embedded in Aut(T) 2 S,, we thus see that elements of Z(U) may not move
component i. Thus Z(U) < Aut(T)" n G < G. Thus (Z(U)); < Aut(T)" nG.
But (Aut(T)™)"" = T*™ by theorem I1.80.

On the other hand, Z(U n T;) # (1) and (as those elements commute with all
other T; and with U n Tj, we have that Z(U n T;) < Z(U). Thus Z(U) n T; # (1),
which shows that T < (Z(U)),,. ]

Using this lemma we easily obtain Soc(G).

Note that the only case in which Soc(G) can be primitive itself is in diagonal
action for m = 2. In this case it is not hard to find an element in T; (just take a
maximal nontrivial power of a random element try the normal closure).

Otherwise we can use further reduction to imprimitivity/intransitivity to find
the socle components.

Composition Series

Now we have all tools together to determine a composition series for a permutation
group. If a group is primitive, we determine the socle and its direct factors. If the
socle is abelian, the group is of affine type. In this case we can take the conjuga-
tion action on the nonzero socle elements to get a homomorphism with nontrivial
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kernel. (Note that the methods of chapter V then provide methods for obtaining a
composition series through the socle.)

Otherwise, the socle is a direct product of m nonabelian simple groups. If m > 1,
we can take the conjugation action on these m factors to get a homomorphism. If
m = 1, or we are in diagonal type 3a, this homomorphism has trivial image. In
this case, however, we know that [G: Soc G] must be small due to Schreier’s con-
jecture I1.80. In such a situation we can simply take the regular permutation action
for G/ Soc(G) as homomorphism.

Together, this provides reductions until G is simple, we therefore get a compo-
sition series.

The same idea can of course be used to test whether a group is simple. For
finite simple groups, the classification [Gor82] furthermore provides the informa-
tion that in most cases the isomorphism type of such a group can be determined
from the group’s order. In particular, we have the following result of Artin (for clas-
sical groups) [Art55] and Teague [Cam8l]:

TuEOREM 11.82: Let G, H be finite simple groups with |G| = |H|, but G ¢ H. Then
either (up to swapping the groups)

e GXAgZ PSL4(2) and H = PSL3(4)

« G=PSp,, (q)and H = Oy,,(q) for m > 3 and odd q. (These are the Dynkin
diagrams of type B and C.)

In either of these two special cases, one can use further, easily obtained, infor-
mation such as centralizer orders to distinguish the groups.

Chief Series

Computing a chief series is not much harder. The only difference is that we always
have to ensure normality in the whole group. We can do this by simply intersecting
conjugates.

LemMA I1.83: Suppose that N < G and M < N with N/M simple. Then L :=
Ngeg M < G. If N/M is non-abelian then N/L is a minimal normal subgroup
of G/L.

Proof: Exercise 34. o

If N/M (and thus N/L) is (elementary) abelian, we use Meataxe-type methods,
see chapter V, to reduce to chief factors.

In practice one would first compute the radical R := O, (G). Since this was ob-
tained from iterated computations of p-cores O,(G) we have in fact already some
splitup of R into chief factors and finish using the Meataxe.

The radical factor G/R then is treated using reduction to orbits, block systems
etc.
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IL.7 Other groups with a natural action

There is a variety of other groups, which have naturally a faithful permutation ac-
tion and thus could be treated like permutation groups. For example:

« Matrix groups G < GL,(p). Here the action is on vectors in F}.

« Groups of group automorphisms G < Aut(H). The action is on elements of
H.

Notk 11.84: We could (using the orbit algorithm) simply compute an isomorphic
permutation group. However the permutation degree then tends to be large and
for memory reasons it is often convenient to keep the original objects.

There is however one fundamental problem, for example for stabilizer chains:
In general these groups have few short orbits. Thus, just picking random base points,
will likely lead to very long orbits, often even to regular orbits (i.e. the first stabilizer
is already trivial).

One can try to invest some work in finding short orbits (for matrix groups, for
example base points that are eigenvector of random matrices or subgroups gener-
ated by random matrices have been proposed [MO95], as they guarantee the orbit
to be not regular). In general, however this will not be sufficient.

Instead we consider additional, different, actions of G, which are related to the
original action, but are not necessarily faithful. If H is the image of such an action,
we would consider the permutation group G L H with the whole factor group H
glued together (so abstractly, the group is isomorphic G), acting intransitively. We
then pick base points initially from the points moved by H, thus obtaining smaller
orbit lengths. Once we need to pick base points from the original domain, we have
a smaller group which automatically yields shorter orbits.

Since the second action can be obtained from the first, we do not really need to
write down this pseudo-subdirect product, but simply consider different actions.

In terms of defining a stabilizer chain, each layer of the chain simply carries
a description of the appropriate action. Furthermore, we might switch the action
multiple times in one stabilizer chain.

If G is a matrix group (over a field F of size > 2) an obvious related action
is to act projectively, i.e. on 1-dimensional subspaces instead on vectors. This will
typically reduce the initial orbit length by a factor of |F —1|.

If G is a group of automorphisms of another group H, one can determine a
characteristic (i.e. fixed under all automorphisms) subgroup N < H and initially
consider the induced actions on N and on H/N.

Incidentally, it can be useful to do something similar for permutation groups: If
the group is imprimitive, consider first the action on the blocks to get much shorter
orbits.
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II.8 How to do it in GAP

Stabilizer Chains
Backtrack
Blocks and primitivity

The test for primitivity is similar to the orbit functionality. IsPrimitive (G,dom,actfun)
tests whether G acts (transitively and) primitively on the domain dom. If it does not,
Blocks(G,dom,actfun) determines a nontrivial block system. (It returns fail
if the group acts primitively.)

For a permutation group acting transitively on its natural domain, A11Blocks (G)
returns representatives (namely the blocks containing 1) of all nontrivial block sys-
tems.

Subdirect products and wreath products

Composition series and related functions

Series for a group are always returned as a list, descending from larger to small-
er subgroups. CompositionSeries(G) determines a composition series. Based
on this, ChiefSeries(G) calculates a chief series. For “bespoke” series, there are
XXXX

Matrix groups and automorphism groups
Problems

ExERcISE 8: In this problem we want to see how the selection of base points changes
the subsequent indices of stabilizers in each other of a stabilizer chain.

Let G be a permutation group (or a stabilizer in the stabilizer chain) that has
orbits Ay, ..., A, on the permutation domain. We now select the next base point.

a) Let B,y € A; for some i. Show that either choice as first base point will yield
a chain with same stabilizer indices.

b) Suppose that |A;| < |Az|. Why is it beneficial to chose a base point from A;
rather than from A,? 0

ExERCISE 9 (D2):
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Consider a puzzle, as depicted on the side, which
consists of two overlapping rings filled with balls.
By moving the balls along either ring one can mix
the balls and then try to restore the original situa-
tion.

In this problem we will consider a simplified ver-
sion, that consists only of 4 balls, arranged as given ~ Image: Egner,Piischel:
in the second picture on the right. Proc ISSAC 1998

We will describe this state by a scheme of the form:

2

Using permutations for both rotations build a stabilizer chain for the group of
rotations. Using this chain, solve (i.e. bring back to the initial configuration) the
following states, or show that it is not possible:

1 1

ExXERCISE 10: Let G be a permutation group and § < G.

a) Design an algorithm to determine a set of representatives of the cosets of S
in G.

b) The core of S in G is the intersection of the conjugates of S: Mg S¢. Show
that this subgroup is the kernel of the action of G on the cosets of S.

c) Design an algorithm that computes the core of S if [G : S] is small.

d) Design an algorithm that will find a generating set for Ng(S) if [G : S] is
small. O

ExERcISE 11: (due to Eugene Luks) Let H be a group of order n — 2 acting regularly
on{l,...,n—2}andlet G = (H, (n—1,n)). Show that B = [1,n — 1] is a nonre-
dundant base for G but the probability that a randomly chosen Schreier Generator
detects that GO # Lisonly 1/(n —1). |

ExERCISE 12: Let G = (g) with g = {gi,...,gm} and H a group. We define a map

¢: g — H by prescribing images h; := g¥ for g; € g.
a) Show that ¢ extends to a homomorphism on G, if and only if

By oo

| hi, =1 whenever g; - -g; =1

b) If G and H are permutation groups, we form G x H as group on Qg U Qp.
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LetS = <(gi, hi)=(gi.g") | g€ 5). Show that ¢ extends to a homomorphism
on G, if and only if Stabs (Q¢) = (1). 0

EXERCISE13: Let G = ((2,4,6), (1,5)(2,4),(1,4,5,2)(3,6)). Using a stabilizer chain
for G (which you may get from GAP) find an element x such that

a) (1,2)(3,4,5,6)" = (1,4,3,6)(2,5)
b) (1,2)(3,4,5,6)* = (1,2)(3,5,6,4)

or show that no such element exists. O

EXERCISE 14: Let G < Sq be transitive. Suppose the minimal base length for G
is b and that the minimal degree (i.e. the smallest number of points moved by a
nontrivial element) of G is m := mingg. 1y {w € Q| 0¥ # w}|. Show that n :=
|Q| < bm.

Hint: Let B be a base of minimal length and A the support of an element of minimal
degree. Show that [B* N A| > 1 for an arbitrary x € G and that for each & € Q
there are exactly |B| |G| /n values of x € G such that « € B*. Thus |A||B||G|/n =
$vec |B 0 A2 |G, 0

ExEercIsk 15: [Luk93, Prop. 4.3] It might seem that the determination of centralizers
is easier than other backtrack algorithms. This problem shows, that the computa-
tion of centralizers, set stabilizers, as well as subgroup intersection are in polyno-
mial time equivalent. (Similar results show that the corresponding “transporter”
problems: set-transporter, element conjugacy and double coset equality are equiv-
alent.)

Let G be a permutation group acting on Q.

a) Let A ¢ Q. We form D = G x G acting on the disjoint union Q; U Q, and let
y:G - D, g = (g, g). Form x € S(q,uq,) defined (assuming that w € Q corre-
sponds to w; € Q;) by w} = w; if w ¢ A, and w} = w;_; if w € A. (Le. x swaps the
occurrences of A in Q; with that in Q,.) Show that Cg,(x) = (Stabg(A))”. (Le.
set-stabilizer reduces to centralizer)

b) Let S, T < G. Welet S x T act on Q x Q in the natural way, and let A = {(w, w) |
w e O} c Q x Q. Show that Stabs,r(A) = {(g,¢) | g€ Sn T}. (Le. intersection
reduces to set stabilizer.)

c) Let G act diagonally on Q x Q andlet x € G. Let A = {(w, 0*) | w € Q}. Show
that Stabg (A) = Cg(x). (Le. centralizer reduces to set stabilizer.)

d) Indicate, how set stabilizer can be reduced to intersection. |

EXERCISE 16: [HLO03]

We define an ordering in S,, by comparing permutations lexicographically as lists
of images. For example, if a = (1,2,3) and b = (1,2), then a is given by the image
list [2,3,1] and b by the list [2,1,3],s0 a > b.

Let G < S, be a permutation group. We choose base points in canonical ordering
1,2, ..., only skipping points that would lead to redundancies. Let G(*) be the cor-
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responding stabilizer chain.
a) Show that for every i, elements in G(') are smaller than elements outside G(*)
with respect to the lexicographic order.
b) For an element x € S, consider the following procedure:

1. Let g = x.

2: for i up to the length of the stabilizer chain do

3 Letimgs:= {w® | we GU™V orbit}.

4 Let y = min(imgs) and choose t € GU™V such that g = ptg_l.

5. Letg:=t-g.

6: Od;

7: return g.
end
Show that the element g returned is the lexicographically smallest element in the
coset Gx. (Hint: Show that line 4 ensures that ¢ is as small as possible and that
further iterations of the loop do not change this image.)

c¢) We choose a generating sequence L for G in the following way:

I LetL = []

2: Let i := k. {k is the depth of the stabilizer chain}

3: whilei >1do _

s while g £ g5 do

5 Let 4 = min (ﬁl(.L) <> ﬁ,-G(H)). {u is the smallest orbit element not yet
obtained by (L)}

6: Let t € GU™ such that gt = p.

7: Let x be the smallest element in the coset (L) - t.

8: Add x to L.

9: Od;

10 i:=i-1

11: od;

12: return L.
Show that L is the lexicographically smallest generating sequence for G. (Hint:
Show that the element x added in line 7 is the smallest element of G outside (L).)

Note: Why bother with this? When acting on subsets of a group (e.g. on sub-
groups or on cosets), the most costly part of the calculation is the test whether a
new image was obtained already before. In general, doing so requires an equality
test of the new image img with every of the orbit elements found so far. (Such tests
can be costly, e.g. for comparing subgroups, one needs to do element tests of the
generators of one subgroup in the other if the orders agree.) Furthermore, these
tests preempt a binary search in a sorted list or similar improvements.

To avoid such problems, it therefore is of substantial help to define canonical (canon-
ical by the definition) representatives, i.e. for each subset A define a single element
or set of elements that will represent A, and is defined independent of the represen-
tation or generators of A. Such canonical representatives can be used to test equality
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of subsets. They also can be sorted and thus binary search can be used.

The smallest coset elements can be used as canonical representatives when act-
ing on cosets. The smallest generating sequences can be used as canonical repre-
sentatives when acting on subgroups. 0

EXERCISE 17: Let G = S, for a natural number n. We want to describe centralizers
in G. We know from abstract algebra that two permutations are conjugate in G if
and only if they have the same cycle structure.

a) Let x € G be a n-cycle (e.g. x = (1,2,...,n)). Show that Cg(x) = (x).

b) Next, consider x € G which is the product of = disjoint m-cycles (for m|n) - no
fixed points and let C = Cg(x). Show that C must preserve the partition of n given
by the cycles of x, and conclude that (for a suitable labelling of points), C = Z,;2Z »,
where Z = ((L,2,...,k)).

c) Now consider an element x € G, which is the product of cycles of different
lengths. We write x = x;---x; - -+ - x;, where x; is the product of all i-cycles in
x. Also let G; be the symmetric group on the points moved by x; (and G; the sy-
metric group on the fixed points of x). Show that Cg(x) is the direct product of
the Cg, (x;). ]

EXERCISE 18: a) Let G be a cyclic group of order n Show that the automorphism
group of G has order ¢(n).

b) Let S < G < S,,. Show that there is a homomorphism Ng(S) — Aut(S) with
kernel C¢(S). Using this homomorphism, describe a method to compute the nor-
malizer of a cyclic group, based on the computation of centralizers and tests of
element conjugacy. O

EXERCISE 19: Show that an iterated subdirect product of simple groups must be a
direct product. 0

ExercIsk 20: Using a classification of transitive groups (such as given by the GAP
command TransitiveGroup), determine the subgroups of S5 up to conjugacy. O

EXERCISE 21: Let p be a prime G < S, generated by two p-cycles. Show that G must
be simple. 0

EXERCISE 22: Let G be transitive on Q with two unrefinable block systems (i.e. any
finer block system is the trivial system [3;). Show that G can be written as a subdirect
product of groups of smaller degree. 0

ExERCISE 23: Let G = TransitiveGroup(24,40)

= ((1,11,9,19,17,3)(2,12,10,20,18,4) (5,15, 14, 24,22,7) (6,16,13,23, 21,8),
(1,14)(2,13)(3,4)(5,17)(6,18) (9, 22) (10, 21) (11,12) (19, 20)) .

Find all subgroups Stabg (1) < S < G. (Hint: Use A11Blocks in GAP.) O

EXERCISE 24: Let G be a transitive group of degree p or p? for p prime. Show that
G contains a regular subgroup (which is of type C,: or C, x C)).
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Hint: Consider a p-Sylow subgroup and use the structure of a Sylow subgroup of
Sy, respectively S .. 0

EXERCISE 25:a) Let n = a + b with a < b. Show that S, acts primitively on the
a-element subsets of 7.

b) Show that S, x §;, is a maximal subgroup of S,,.

c) Why is a) and b) false if a = b? |

EXERCISE 26: Let Q = {1,...,n}, G < S be a transitive permutation group and
S = Stabg (1). Let
A={weQ|w®=wVgeS}.

a) Show that A is a block for G on Q.
b) Show that Stabg (A) = Ng(S). |

EXERCISE 27: Let S = Stabp, (1) and consider S < Dg < S4. Using the imprimitive
permutation action of S on the cosets of S, construct the image of the embedding
map p: Ss— 84285 < S, O

ExERcISE 28: For a prime p, we denote by C,, the cyclic group of order p.
a) Show that the iterated wreath product

(-+((Cp2Cp)2Cp)2-)2Cp

m-fold product

(i.e. for m = 1, we get C,, for m = 2 we get C, 2 C,,, &c.) can be represented by
permutations on p™ points, and show that its order is p”P*Per"'*Pmil.

b) Let n e Nand k = logp(n). Consider » written as a sum of p-powers

Show that the power of p that divides n! is exactly

(B (27)

¢) (CaucHy) For n € N, describe the structure of the p-Sylow subgroups of S,,.
Hint: Consider first the case that # is a pure power of p. O

EXERCISE 29: a) Let G be a finite group, N < G and F = G/N. Let ¢ be the regular
permutation representation of F. Show: G is isomorphic to a subgroup of N z, F.
(i.e. F as a regular permutation group)

b) Let N = Ag and F = C,. We want to determine the isomorphism types of groups
G that have a normal subgroup A, with a factor group C:

1. Construct (using WreathProduct) the wreath product w := Ag 2 C;.
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2. Letu:=List(ConjugacyClassesSubgroups(w) ,Representative) be
a list of subgroups of w (up to conjugacy).

3. Select (using Filtered) those subgroups from U that have order 720 and a
derived subgroup of index 2.

4. You will end up with 5 subgroups. Calculate(using NrConjugacyClasses )
the number of conjugacy classes for each. This shows that only two of these
groups could be isomorphic. Use IsomorphismGroups to verify this.

(You will end up with 4 nonisomorphic groups. Which of them is S¢? What does
this tell about the automorphism groups Aut(A¢) and Aut(Se)?) O

Exercise 30: If G < GL,(p) is a matrix group with |G| > 1, the following GAP
command tests, whether G acts irreducibly on its natural module (i.e. if there are
no invariant subspaces):

MTX.IsIrreducible(GModuleByMats (Generators0fGroup(G) ,GF(p)));

a) Determine, using GAP, all subgroups of GL;(2) (up to conjugacy) that act irre-
ducibly.

Hint: List (ConjugacyClassesSubgroups (GL(3,2)) ,Representative) ; cal-
culates a list of all subgroups up to conjugacy.

b) Construct the primitive groups of affine type of degree 8. 0

ExERCISE 31: You are given the information that PSL(2,13), PGL(2,13), A14 and Sy4

are the only primitive groups of degree 14 and that A is the only simple group

with a permutation representation of degree 196. Using the O’Nan-Scott Theorem

and GAP determine the primitive groups of degree 142 = 196.

Hint: First construct the possible socles. For each socle S calculate N = Ng,, (S)

and determine the subgroups S < U < N. These correspond to subgroups of N/S.-
O

EXERCISE 32: A subgroup S < G is called subnormal in G (written S << G) if there
exists a chain of subgroups § = Ny <« N; < --- 4 Ny = G with N; < Ny, (but not
necessarily N; < G).

Design an algorithm to test whether a subgroup S < G is subnormal. O

EXERCISE 33: Let S << G be a subnormal subgroup and T < G a p-Sylow subgroup
such that p | |S|. Show that S n T # (1). |

EXERCISE 34: Let M < G and N < M such that M/N = T is simple nonabelian.
We form K = core(N) = Mg, N8. Show that M/K is a minimal normal subgroup
of G/K. (Hint: By going in the factor group G/K, you can assume WLOG that
K={1).) O

ExEeRcISE 35: Let G < S, be transitive with a unique block system with blocks of
size m | n. Let 1 € B be one block in this system
Show that N, (G) < N, (Stab(B)) ¢ S /m- |
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EXERCISE 36: Let G be a subdirect product of the groups A := G* with B := G and
let S, T < G. Describe reductions for the following calculations to calculations in
A and B:

a) SNnT
b) N¢(S)

c) TestS<T.
[}

EXERCISE 37: Let G < S, be a transitive group and ¢ € Aut(G). We say that ¢ is
induced by N, (G) if there exists h € S, such that g? = g" for every g € G (such
an h must obviously normalize).

Show that ¢ is induced by S, if and only if Stabg (1)? = Stabg(j) for1< j < n.
(As the groups are finite, Stabg (1)? < Stabg () is sufficient.)
Hint: To show sufficiency, you will have to construct a suitable & € S,,. Consider
a bijection between the cosets Stabg (1)\G and Stabg (1)#7G, induced by the auto-
morphism ¢. This bijection will yield the conjugating permutation. 0

EXERCISE 38: Let G be a finite group. The radical O (G) is the largest solvable
normal subgroup of G. Let F = G/Oc (G)

a) Show that Soc(F) is the direct product of nonabelian simple groups.

b) Show that the action of F on Soc(F) is faithful, i.e. F < Aut(Soc(F)).

c) Show that F is a subdirect product of groups A < Aut(T): S,,, where T is a
simple group and m the multiplicity of T in Soc(F). O



CHAPTER

Finitely presented groups

Finitely presented groups are probably the most natural way to describe groups.
Unfortunately they also are the computational least tractable and only afford a re-
stricted set of methods.

In this chapter and the following we will often have to talk about generating
systems, and about words (product expressions) in a particular generating system.
If g and h are two sequences of elements of the same cardinality, and w(g) is a
product of elements of the one generating system, then we will write w(h) to mean
the same product expression, but with every g; replaced by h;.

III.1 What are finitely presented groups

Free Groups

DEFrINITION IILI1: A group F = < f > is free on the generating set f if every map
f — H into a group H can be extended to a homomorphism F — H.

Notk II1.2: This is a property the basis of a vector space has.

It is not hard to show that the isomorphism type of a free group is determined
by the cardinality of the generating system, we therefore will usually talk about a
free group of rank m.

We now want to show that free groups exist. For this we consider a set of m
letters: x1, x2, . .., Xp. (Or, if one prefers, a, b, ¢, ... — in this case often upper case
letters are used to denote inverses.) We add m extra symbols x; 7, ..., x;,}, we call
the resulting set of symbols our alphabet A.

For this alphabet A we consider the set A* of words (i.e. finite sequences of let-
ters, including the empty sequence) in A. Next we introduce an equivalence relation
" on A*: Two words in A are said to be directly equivalent, if one can be obtained

65
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from the other by inserting or deleting a sequence x - x' or x'x. We define ~
as the equivalence relation (smallest classes) on A* induced by direct equivalence.
We now consider F = A*/7". On this set we define the product of two classes as
the class containing a concatenation of representatives. One then can show:

THEOREM II1.3: a) This product is well-defined.
b) F is a group.
¢) Fisfreeon xi,...,x,.

Proof: Tedious calculations: The hardest part is associativity as we have to consider
multiple cases of cancellation. O

Notk II1.4: By performing all cancellations, there is a shortest representative for

every element of F, we will simply use these representatives to denote elements of
F.

Presentations

Now suppose that F is a free group of rank m. Then every group generated by m
elements is isomorphic to a quotient F/N. We want to describe groups in such a
way by giving a normal subgroup generating set for N.

DEFINITION IIL5: A finitely presented group G is a quotient F/ (R) = G for a finite
subset R c F. If g is a free generating set for F we write G ( gl R) to describe this
group and call this a presentation of G.

We call the elements of R a set of defining relators for G.

Instead of relators one sometimes considers relations, written in the form [ = r.
We will freely talk about relations with the interpretation that the corresponding
relator //r is meant.

Notk II1.6: In general there will be many different presentations describing the
same group.

Norte II1.7: Besides being a convenient way for describing groups, finitely presented
groups arise for example naturally in Topology, when describing the fundamental
group of a topological space.

LemMma II1.8: Every finite group is finitely presented

Proof: Suppose |G| < co. Choose a map ¢: Fjg| — G that maps generators to the
elements of G. It extends to a surjective homomorphism. Kern ¢ has finite index
in Fg| and thus a finite number of Schreier generators. O

In this chapter we want to study algorithms for (finite or infinite) finitely pre-
sented groups.
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Nore II1.9: We will typically represent elements of a finitely presented group by
their representatives in the free group, but we should be aware that these represen-
tatives are not unique. Also there is in general no easy “normal form” as there is for
small examples. (See chapter IV for more information about this.)

III.2 Tietze Transformations

There are some simple modifications of a presentation that do not change the group.
They are called Tietze Transformations:

LEmMA IIL.10: Suppose we have a presentation G = < gl R). Then the following
transformations (called “Tietze Transformations”) do not change G:

1. Add an extra relator that is a word in R.
2. Delete a relator that can be expressed as a word in the other relators.
3. For a word w in g, add a new generator x to g and a new relator x 'w to R

4. If a generator x € g occurs only once and only in one relator, delete x and
delete this relator.

Proof: Transformations 1 and 2 obviously do not change (R) .. For Transformations
3 and 4 there is an obvious map between the old and new groups, which preserves
all relators and thus is an isomorphism. O

Tietze transformations were defined in the context of the following

Lemma IIL11: Suppose that the presentations Py = ( gl R) and P, = (h|S) yield

isomorphic groups. Then there is a sequence of Tietze transformations from P, to
P,

Proof: (Idea) If there is an isomorphism between P, and P, go first from P; to

Q= (g Uh|RUSU T> by adding relators T that express h in terms of g and de-

duce the relators in S, then delete the redundant g by expressing them as words in
h to go from Q to P;. B O

This lemma itself is of little use, as the path of transformations between presen-
tations is not known, it is not even known to be bounded in length.

They can however be used heuristically to try to simplify a presentation:

Only apply transformations which make a presentation immediately more sim-
ple; either by removing or shortening relators or by removing generators without
increasing the overall length of the relators too much.

Notk II1.12: By combining transformations, we get the following transformations
which are more useful:
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1. Replace a relator r by x'rx for x € g. In particular, if r = xa starts with x,
this yields the cyclically permuted word ax.

2. Iftwo relators overlap non-trivially: r = abc, s = dbf, we can use s to replace
binrr=ad'fc.

3. If there is a relator in which one generator x € g occurs only once, say r =
axb, then replace all occurrences of x by a'b™" and then delete x and r.

In practice (such as the command SimplifiedFpGroup in GAP), Tietze trans-
formations perform the following greedy algorithm by repeating the following steps:

1. Eliminate redundant generators using relators of length 1 or 2 (this will not
change the total relator length).

2. Eliminate up to n (typically n = 10) generators, as long as the total relator
length does not grow by more than m (m = 30%).

3. Find common substrings to reduce the total relator length, until the total
improvement of a reduction round is less than p (p = 0.01%).

Clearly this has no guarantee whatsoever to produce a “best” presentation, but
at least often produces reasonable local minima.

III.3 Algorithms for finitely presented groups

The obvious aim for algorithms would be for example tests for finiteness or com-
putation of group order, however there are some even more basic questions to be
resolved first:

In what can be considered the first publication on computational group theory,
in 1911 [Dehll] the mathematician Max Dehn asked for algorithms to solve the
following problems (called “Dehn Problems” since then):

Word Problem Given a finitely presented group G, is there an algorithm that de-
cides whether a given word represents the identity in G?

Conjugacy Problem Given a finitely presented group G, is there an algorithm that
decides whether the elements represented by two words u, v € G are conju-
gate in G.

Isomorphism Problem Is there an algorithm that decides whether a pair of finite-
ly presented groups is isomorphic?

These problems have been resolved for some particular classes of presentations.
In attacking any such questions in general, however, we are facing an unexpected
obstacle, which shows that no such algorithms can exist:
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THEOREM II1.13 (Boone [Boo57], Novikov [Nov55]): There cannot be an algorithm
(in the Turing machine sense) that will test whether any given finitely presented
group is trivial.

Proof: Translation to the Halteproblem (stopping problem) for Turing machines. O

Because of this problem the method we present may look strangely toothless,
or may be only heuristics. This is a consequence of this fundamental problem.

II1.4 Homomorphisms

There is one thing that is very easy to do with finitely presented groups, namely
working with homomorphisms: We define homomorphisms by prescribing images
of the generators. It is easy to test whether such a map is a homomorphism, as long
as we can compare elements in the image group:

LEmMa II1.14: Let G = ( gl R) be a finitely presented group. For a group H we

define a map ¢: g > H. Then ¢ extends to a homomorphism G — H if and only if
for every relator r € R we have that the relator evaluated in the generator images is
trivial: (g%) = 1.

Proof: Homework. |

Clearly evaluating such a homomorphism on an arbitrary element w(g) simply
means evaluating w(g?).

As this test is easy, much of the functionality for finitely presented groups in-
volves homomorphisms - either working with homomorphic images, or finding
homomorphisms (so-called “Quotient algorithms”). The easiest of these is proba-
bly to find epimorphisms onto a certain group:

Finding Epimorphisms

Given a finitely presented group G = ( gl R) and another (finite) group H, we can

find an epimorphism ¢: G — H by trying to find suitable images ¢! ¢ H for each
generator g; € g.
If we have a candidate set of images, they will yield an epimorphism if:

o The relators evaluated in the generator images are trivial: r(g?) = 1y, and

« The generator images generate H: H = ( g‘P> (otherwise we just get a homo-

morphism.)

As g and H are finite, there is just a finite set of generator images to consider
for a given H, testing all therefore is a finite process.
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If 9:G — H is an epimorphism and # € H, the map g ~ (g?)" is also an
epimorphism, it is the product of ¢ and the inner automorphism of H induced by
h. It therefore makes sense to enumerate images of the generators of G only up to
inner automorphisms of H.

Suppose that g = {g1,...,gm} and the images are {hy, ..., h, }. If we permit
conjugacy by h we can certainly achieve that h; is chosen to be a fixed represen-
tative in its conjugacy class. This reduces the possible conjugacy to elements of
C] = CH(l’ll)

Next h; can be chosen up to C; conjugacy. We can do this by first deciding on
the H-class of h,, say this class has representative r. Then the elements of r cor-
respond to Cy(r)NH. Thus C, orbits on this class correspond to the double cosets
Cy(r)NH/C,. Conjugating r by representatives of these double cosets gives the pos-
sible candidates for h,.

We then reduce conjugacy to C; = Cy(hy, hy) and iterate on hs.

This yields the following algorithm, called the GQuotient-algorithm (here bet-
ter: H-quotient) (Holt [HEOO5] calls it EPIMORPHISMS):

ArcoriTHM IIL15: Given a finitely presented group G and a finite group H,
determine all epimorphisms from G to H up to inner automorphisms of H.

Input: G=(g,...,4m | R)

Output: A list L of epimorphisms

begin
1 L:=1[];
2: Let C be a list of conjugacy class representatives for H
3: for h; € C do {Image of g}

4:  for ry € C do {Class of image of g}
5 Let D, be a set of representatives of Cy(r,)NH/Cy(hy)-
6 for d, € D, do {Image of g}
7 h, = rjz;
8: L
9: for r, € C do {Class of image of g;}
10: Let Dy be representatives of Cy(r¢)NH/Cr(hy, has. .. hy_y)-
11: for di € Dy do {Image of gi}
12: hy = ri";
13: if VreR: r(hy,....,hx) =1and H=(hy,..., h;) then
14: Add the map g; — h; to L.
15: fi;
16: Od;
17: od;
18: L
19: od;
20:  od;

21: od;
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22: return L;
end

Note that this is not completely valid pseudo-code, as (lines 8 and 18)
we permit a variable number of nested for-loops. In practice this has to be
implemented recursively, or by using a while-loop that increments a list of
variables.

Notk II1.16: Note that the algorithm classifies epimorphisms, not quotient groups.
If H has outer automorphisms, we will get several epimorphisms with the same
kernel.

Norte II1.17: If we know that |G| = |H| we will in fact find isomorphisms between
G and H. In fact, if G and H are both permutation groups, once we determine a set
of defining relators for G (section III.10) this approach offers a naive isomorphism
test. In such a situation more restrictions on the generator images become available
and help to reduce the search space.

If we set G = H and run through all possibilities, we find automorphisms of G
up to inner automorphisms and thus can determine generators for Aut(G).

There are newer and better algorithms for isomorphism and automorphism
group of permutation groups.

III.5 Quotient subgroups

Staying with the homomorphism paradigm, the most convenient way to represent
arbitrary subgroups of finite index is as pre-images under a homomorphism.

DEeFrINITION II1.18: Let G be a finitely presented group. A quotient subgroup (¢, U)
of G is a subgroup S < G that is given as preimage S = ¢~'(U) of a subgroup
U < G? where ¢: G - H is a homomorphism into a (typically finite) group.

The idea behind quotient subgroups is that we can calculate or test properties
in the image, thus reducing for example to the case of permutation groups. For
example (see exercise 36):

o geSifandonlyif g? € U = §%.
« The quotient representation for N (S) is (¢, Nge (U)).
« The core (intersection of conjugates) of S is (¢, Coreg(U)).

« If S, T < G are both quotient subgroups given by the homomorphisms ¢
and v respectively, we can consider the larger quotient £&: G — G L GY and
calculate the intersection there.

If we have a quotient subgroup S = ¢™'(U) < G the cosets $\G are in bijection
with the cosets UNG?. We can thus compare cosets or consider the action of G on
the cosets of S. As S is the point stabilizer in this action, Schreier generators for this
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give a set of generators for S, thus converting a quotient subgroup in a “traditional”
subgroup given by generators.

II1.6 Coset Enumeration

In practice, we will often have subgroups given by generators and not as a quo-
tient subgroup. Coset enumeration is a method that will produce the permutation
representation on the cosets of this subgroup, provided it has finite index. This rep-
resentation is an obvious choice to represent the subgroup as a quotient subgroup.

The fundamental idea behind the algorithm is that we perform an orbit algo-
rithm on the cosets of the subgroup. As we do not have a proper element test we
might not realize that certain cosets are the same, but we can eventually discover
this using the defining relators of the group.

The method, one of the oldest group theoretic procedures, was originally pro-
posed for hand calculations. It is often named after the inventors as the “Todd-
Coxeter algorithm” or simply as “Coset Enumeration”.

Nore IIL19: In view of theorem IIL.I3 the term “algorithm” is problematic (and
ought to be replaced by “method”): The runtime cannot be bounded, that is the
calculation may not finish in any preset finite time.

The main tool for coset enumeration is the coset table. It lists the cosets of the
subgroup and for each coset the images under every generator and generator in-
verse. Coset 1 is defined to be the subgroup. Every other coset is defined to be the
image of a prior coset under a generator.

We also maintain a table for every relator. These tables trace the images of every
coset under the relator generator by generator. We know (as the relator has to be
trivial in the group) that the coset needs to remain fixed.

Finally we keep a similar table for every subgroup generator, here however we
only require the trivial coset to remain fixed.

ExampLE II1.20: Consider G = (a,b|a? = b’ = (ab)* =1) and S = (a,4") < G.
Then the coset table is
la a' b b
1]

the relator tables are:

a a b b b a babababa b
1 1 1 1 1 1

a b! a b
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We now start defining new cosets by taking the image of an existing coset under

a generator or its image. We enter the inverse information: If a¥ = b then b =a.
We also fill in all entries in the tables whose images become defined.

What may happen, is that such an entry fills the last hole in a table. Then we
get an deduction that the image of one coset under the next generator must be the
existing value on the other side of the table entry. We enter these deductions in the
table as if they were definitions.

ExampLE II1.21 (Continued): In our example the first subgroup table immediately
tells us that 1 = 1. We enter this in the coset table. (We will use underlines to
denote definitions of cosets and bold numbers to denote the most recent change.
An exclamation mark denotes a deduction.)

‘a al b b!
11 1
We also update the other tables:
aa bbb a babababab a b~'ab
111 1 1 11 1 11 1 1

We get a deduction 1? = 1, but this happens to be not new.

Because the subgroup tables carry only one row (for the trivial coset) we will
retire the table for the generator a from now on.

Next we define coset 2 to be the image of coset 1 under b:

‘a al b b!
1

1 1 2
2 1
aa bbb ab ababab a b 4
b~ ab
111 12 1 112 1 T 1
2 2 2 12 2 112
Define3=1%:
a at b bt
11 1 2 3
2 1
3 1
aa bbb ab ababa ba b
111 12131 112 31 btltab
2 2 2131 2 2 3112 1 3!31
3 3 312!3 3 3
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74

We conclude that 2° = 3 and 3* = 3 (and now also retire the second subgroup

table).

abababababd

bbb
1231

a

2331
233112

12

1
2

1
2

1
3 3!3

1

2312

23

33112

3123

2

=4

There is no new conclusion. We set 2¢

ababababalbd

1124
2 4

bbb
1231
2312

b b a

(Il_l

a

2331
233112
23

331124

3123
4

11
2 4!2
33

1
3

— | n

— AN N

412 4

=2

We conclude 47

abababababd

1124
2 4

bbb
1231

2312

42331
4233112
423

331124

3123

111
242
333

— <l en

— N N

4

4 42331124

424

=5:

Now we set 4°

— AN <t N
=
o — N A
N
0N — < 1
=
[9\Iss} <t
N
<t N N A
=
N~
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relator tables are filled with no new deduction.)

a a' b bl
11 1 2 3
214 4 3 1
313 3 1 2
412 2 5 6
5|6 6 6 4
6|5 5 4 5

At this point all places in the table are closed and no deductions pending.

Once we have reached the point of all tables closed and no deductions pending,
the columns of the coset table give permutation images for the group generators
that are consistent with all relators (as we maintained the relator tables).

If there are n rows, we have thus obtained a homomorphism ¢: G — S, such
that S® = Stabge (1). This is all we need to represent S as a quotient subgroup. (In
particular, [G:S ] = n equals the number of rows in the table.)

In the example we would have a — (2,4)(5,6) and b — (1,2,3)(4,5,6). We
can also read off coset representatives as follows:

v
lba
lbab

A G W
Il

-1
lbab

Note I11.22: On the computer, we can save space by not storing images under in-
verses and the subgroup and relator tables — we can simply compute their contents
by scanning through relators (i.e. looking at images of cosets under subsequent gen-
erators within the relator forwards and backwards), respectively by looking up im-
ages.

To avoid having to scan through all relators and all cosets, the following ob-
servation is useful: After a definition (or deduction) occurs obviously only relators
that make use of this new definition are of interest for renewed checking. Suppose
that abcd is a relator, which scans at coset x only up to ab but hangs at ¢ (ignoring
the scan from the right). Then a new result can occur only if the coset x*° (meaning
the coset if we apply ab to coset x) gets its image under ¢ defined.

In this situation we can instead consider the (equivalent) relator abed® = cdab
and consider it being scanned starting at coset x*°.

We therefore perform the following preprocessing: We form a list of all cyclic
permutations of all relators and their inverses and store these according to the first
letter occurring in the permuted relator. Let R be the set of all such permutations
that start with the letter g.
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Then if the image of coset y under generator g is defined as z, we scan all relators
in Rg starting at the coset y and all relators in R, startingat z = y%.

This then will take care of any relator that might have scanned partially before
and will scan further now.

Coincidences

There is one other event that can happen during coset enumeration. Closing a table
row might imply the equality of two (prior considered different) cosets. In this case
we will identify these cosets, deleting one from the tables. In doing this identifica-
tion, (partially) filled rows of the coset table might imply further coincidences. We
thus keep a list of coincidences to process and add to it any such further identifica-
tions and process them one by one.

ExampLE I11.23: For the same groups as in the previous example, suppose we would
have followed a different definition sequence, and doing so ended up with the fol-
lowing tables. (The underlined numbers indicate the definition sequence.)

a al' b bt
I[1r 1 2
213 3 1
3/2 2 4 5
46 6 5 3
5 3 4
6|4 4
aa bbb ababababalbd
111 12 1 112346 1
232 2 12 2346 112 1
b~ ab
323 3453 32 53 I I
4 6 4 4534 4 6 11234
5 5 5345 5 645
6 46 6 6 6 45 6

We now define 1 = 7 and get (from b®> : 7 > 1 - 2 - 7) that also 20 = 7.
Furthermore, it lets us fill the second subgroup table:

blab
1 7'71
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We get the consequence 7% = 7 and similarly 74" = 7. Thus we get

a at' b bl aa bbb ababababalbd
1] 1 1 2 7 111 1271 112346!32771
213 3 7 1 232 2712 2346!3277112
312 2 4 5 323 3453 32771123453
4|6 6 5 3 4 6 4 4534 46!32771123414
5 3 4 5 5 5345 5 645
6|4 4 6 46 6 6 6 45 6
717 7 1 2 77 7 7127 77112345327

with the implications 6° = 3 and 4% = 5. As we had 4° = 6, cosets 5 and 6 must
coincide. (As we had 6% = 3 and 5° = 3 there is no subsequent coincidence.)
After this coagulation the table is again closed:

a al' b b
11 1 2 7
213 3 7 1
32 24 5
415 5 5 3
5|4 3 3 4
717 7 1 2

Strategies

As the examples show, the performance of coset enumeration depends crucially on
the definition sequence (i.e. which cosets are defined as what images at what point).
A large body of literature exists that outlines experiments and strategies. The two
main strategies, named after their initial proposers are:

Felsch (1959/60) Define the next coset as the first open entry (by rows and within
a row by columns) in the coset table. This guarantees that the image of each
coset under each generator will be defined at some point.

HLT (1953, for Haselgrove', Leech and Trotter). If there are gaps of length 1in a
subgroup or relator table, fill these gaps (in the hope of getting immediately
a consequence). This method is harder to understand theoretically, but often
performs better in practice.

There is a large corpus of variants and modifications to these strategies (for
example the addition of redundant relators). In particular with hard enumerations
often just particular variants will finish.

THEOREM II1.24 (Mendelsohn, 1964): Suppose that [G:S ] < oo and that the strategy
used guarantees that for every defined coset a and every generator g the images

!Indeed with “s”, not with “z”
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a¢, and a¢ " will be defined after finitely many steps, then the coset enumeration
terminates after finitely (but not bounded!) many steps with the correct index.

Proof:(Idea) If the process terminates, the columns yield valid permutations for the
action on the cosets of S. To show termination, assume the contrary. By the con-
dition we can (by transfinite induction) build an infinite coset table which would
contradict [G:S] < oo. O

Applications and Variations

A principal use of coset enumeration is to get a quotient representation for sub-
groups for purposes such as element tests or subgroup intersection. We will also
see in section IIL.8 that the coset tables themselves find use in the calculation of
subgroup presentations.

One obvious application is the size of a group, by enumerating the cosets of the
trivial subgroup. (However in practice one enumerates modulo a cyclic subgroup
and obtains a subgroup presentation.)

In general there are many different coset tables corresponding to one subgroup
which simply differ by the labels given to the different cosets. For comparing coset
tables or processing them further it can be convenient to relabel the cosets to bring
the table into a “canonical” form.

DEerINITION ITL.25: A coset table is standardized if when running through the cosets
and within each coset through the generator images (ignoring generator inverses),
the cosets appear in order of the integers 1,2, 3, .. ..

A standardized coset table thus is the coset table we would obtain if we per-
formed a pure Felsch-style enumeration and after each coincidence relabeled cosets
to avoid “gaps”.

If we have a coset table we can easily bring it into standard form by running
through cosets and within cosets through generator images and reassigning new
labels according to the order in which cosets appear.

The following lemma now is obvious:

LEmMA II1.26: There is a bijection between subgroups of G of index n and stan-
dardized coset tables for G with n cosets.

II.7 Low Index Subgroups

A prominent variation of coset enumeration is the so-called Low-Index algorithm
that for a given » will find all subgroups of a finitely presented group G = ( g|R> of
index < n (up to conjugacy).

We will construct these subgroups by constructing all valid standardized coset
tables for G on up to n cosets.
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For simplicity let us initially assume that we do not want to eliminate conju-
gates:

The basic step in the algorithm (computing one descendant) takes a partially
completed, standardized coset table, involving k < n cosets. (The initialization is
with the empty coset table.) If the table is in fact complete, it yields a subgroup.

Otherwise we take the next (within cosets and within each coset in order of
generators) open definition, say the image of coset x under generator g.

We now split up in several possibilities on assigning this image: We can assign
x% to be one of the existing cosets 1,.. ., k, or (if k < n) a new coset k + 1.

For each choice we take a copy of the coset table and make in this copy the
corresponding assignment. Next we run the deduction check, as in ordinary coset
enumeration. (According to remark I11.22, we only need to scan the relators in R}
at coset x and R¢_, at x¥, as well as relators for consequential deductions.) We enter
deductions in the table. However if a coincidence occurs, we know that we made
an invalid choice, and abandon this partial table, backtracking to the next (prior)
choice.

Otherwise we take this new partial table (which so far fulfills all relators as far
as possible and is standardized by the way we selected the next open definition)
and compute its further descendants.

More formally, this gives the following algorithm:

AvrcoriTHM II1.27: This is a basic version of the low index algorithm without
elimination of conjugates.
Input: G = (G |R), index n
Output: All subgroups of G of index up to n, given by coset tables.
begin
Initialize T as empty table for G.
L:=[];
return DESCENDANTS(T).
end

The DESCENDANTS routine performs the actual assignment and calls a
second routine TRY to verify validity and process deductions. We assume that
an image 0 indicates that the image is not yet defined.

DESCENDANTS(T)
begin
1: if T is complete then
2: Add T to L;
3: else
4. m=number of cosets defined in T
5. Let coset x under generator g be the first undefined (x¢ = 0) image.
6: for ye[l.m] do
7: if y¢ =0 then {otherwise we have an image clash}
8: Let S be a copy of T;
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9: In S set x¢ =y and y¢ = x;
10: TRY(Sx,8);
11: fi;
12: od;
13:  if m < n then {is one more coset possible?}
14: Let S be a copy of T
15: Add coset m+1to S;;
16: InSset x¢=m+1and (m+1)¢ =x;
17: TRY(S x,8);
18: fi;
19: fi;
end

The validity test is the last routine. It takes a partial coset table S in which
an assignment x€ has just been made and then performs dependencies and
continue search if no coincidences arise.

TRY(S, x, g)
begin
1: Empty the deduction stack;
Push x, g on the deduction stack;
Process deductions for S as in coset enumeration;
if no coincidence arose then
call DESCENDANTS(S);
fi;

AN A

end

Next we want to consider conjugacy. Using a standard approach to the con-
struction of objects up to a group action, we define a (somehow arbitrary) order
on coset tables which tests conveniently for partial coset tables, and then for each
(partial) table test whether it can be the smallest in its class (the group acting by
conjugation of subgroups in our case). If not we discard the candidate.

Such a test would be performed before line 5 of the function Try.

The ordering of coset tables we use is lexicographic, considering the table row
by row. Le. for two tables S, T of size n we have that T < S if for some1< x < n
and some generator g the following holds:

« Forall y < x and any generator h, we have that y” is the same in S and T.
« For all generators h before g we have that x" is the same in § and T.
o x%issmallerin T thanin S.

To determine the coset table for a conjugate, observe that a coset table yields
the conjugation action on the cosets of a subgroup. In this action the subgroup is
the stabilizer of the point 1, and every conjugate is the stabilizer of another point x.
If g € G is an element such that 1% = x, then g would conjugate the subgroup to the
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conjugate corresponding to x. Among coset tables, this conjugation would happen
as relabeling of points and permutation of cosets by g.

But (the permutation action is given by the coset table) we can determine such
an element g from the coset table.

As we have only a partial coset table this construction may not yet succeed (or
we may be lacking entries to compare yet), in any case it will eliminate groups that
are not first in their class. We also often can perform this pruning already for an
only partially constructed coset table.

PERFORMANCE II1.28: There are many variations and improvements. For example,
as long relators rarely yield a deduction but only are conditions to test, it can make
sense to only consider the shorter (whatever this means) relators for the determina-
tion of coset tables and simply test each table obtained afterwards for the remaining
relators.

Notk I11.29: There are variations to only obtain normal subgroups. However, given
the knowledge of all small groups up to order 2000, the following approach makes
more sense: If N < G has small index consider Q = G? = G/N.

Typically either Q is solvable or even nilpotent (and then N can be found via
powerful quotient algorithms) or Q has a faithful permutation representation on
the cosets of a subgroup U < Q of small index. (Here we use the knowledge of
groups of small order to obtain concrete bounds.)

Then the preimage of U under ¢ can be obtained by an ordinary low-index
calculation for such a small index.

An somewhat alternative view of this is to consider the low-index algorithm
as a version of the GQuotient algorithm IIL.15. Enumerating all possible columns
of the coset table is in effect like enumerating all m-tuples of elements in the sym-
metric group S, that fulfill the relations, replacing the “surjectivity” condition to
be just transitivity of the image. The main benefit of the low-index routine is that
it implicitly uses the defining relators to impose conditions on the permutations.
This can be of advantage, if the quotient group is large (which typically means: S,
orA,).

III.8 Subgroup Presentations

Any subgroup of finite index of a finitely presented group is finitely generated by
lemma L.16. In fact it also is finitely presented:

To state the theorem we need some definitions: Let F = (fi, ..., f,,) a free group
and R = {r1(f),...,rc(f)} afinite set of relators that defines the finitely presented

group G = ( gl R) as a quotient of F. We consider g as the elements of G that are
the images of the free generators f.

Suppose that S < G withn = [G:S ] < 00. We choose a transversal of coset repre-
sentatives for S: t; = 1, t5,. .., t[os} , and form the Schreier generators (lemma 1.16)
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S,‘)j = t,‘gj(ng)71 for S.

If the coset representative t; is defined as t; = t; - g«, the Schreier generator s; ,
is trivial by definition. We call the pair (j, x) “redundant” and let I c {1,...,n} x
{1,..., m} be the set of all index pairs that are not redundant, i.e. the set of Schreier
generators that are not trivial by definition is {s; ; | (i, j) € I'}. As there are n -1
coset representatives that are defined as image of a “smaller” coset representative
under a group generator, we have [I|=n-m—(n—-1)=n-(m-1) + 1

As G is a quotient of F, we have a subgroup U < F which is the full preimage
of § under the natural epimorphism F - G.

Now consider thatw( fi, ..., f) € Uisawordin f such that the corresponding
element w(gy,...,gm) € S. Then we can (as in the proof of Schreier’s theorem 1.16)
rewrite w(g1,...,gm) as a word in the Schreier generators s; ;. (For this we only
need to know the action of G on the cosets of S.)

We form a second free group E on a generating set {e; ; | (i,j) € I}. Let
p:U — E be the rewriting map, which for any such word w(f,..., fiy) € U re-
turns a word p(w) € E which represents the expression of w(g, ..., g ) as a word
in the nonredundant Schreier generators s; ;.

THEOREM II1.30 (REIDEMEISTER): Let G = ( gl R) a finitely presented group and
S < G with [G:S] < oo. Then § is finitely presented and

S = (e jfor (i,j) e I| p(tyryt;"),1<x <n, 1<y <k)

is a presentation for S on the Schreier generators. (We are slightly sloppy in the
notation here by interpreting the t, as representatives in F.)

Proof: If we evaluate ¢;'r,t, in the generators g of G, these relators all evaluate to
the identity. Therefore the rewritten relators must evaluate to the identity in S. This
shows that there is an epimorphism from the finitely presented group onto S.

We thus only need to show that any relation among the s; ; can be deduced from
the rewritten relators: Let w(e) be a word such that w(s) = 1in S. By replacing
ei; by (tifitif;)™" we can get this as a new word v(f), such that v(g) = 1in G.
Therefore v can be expressed as a product of conjugates of elements in R: v(f) =

I1 r,l:(i) where the u, denote words for the conjugating elements.

z
Now consider a single factor r”([). As the t, are representatives for the right
cosets of S, we can write u(f) = ;' - q(f) where q(g) € S and x is defined by

S- u(g)_1 = S -t,. Thus ru(i) = (ty-r- t;l)q(i). Rewriting this with p, we get
p(te - r-t51)P(@, which is a conjugate of a rewritten relator. o

We note an important consequence:

CoroLLARY II1.31 (NIELSEN, SCHREIER): Any subgroup of finite index » of a free
group of rank m is free of rank n- (m -1) + 1.
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Proof: Rewriting will produce no relators for the subgroup. ]

Notk II1.32: This theorem also holds without the “finite index” qualifier. It is usu-
ally proven in this general form using algebraic topology (coverings).

Notk III.33: Every generating set of a free group must contain at least as many
elements as its rank. (Proof: Consider the largest elementary abelian quotient that
isa2-group Q = F/F’F?. The images of a generating set generate Q as vector space,
the rank of F is the dimension of Q. Then use elementary linear algebra.) This
proves that the number of Schreier generators given by lemma L.16 in chapter I
cannot be improved on in general.

To perform this rewriting in practice, it is easiest to form an augmented coset
table by storing (for entries that are not definitions) in position for coset x and gen-
erator g also the appropriate Schreier generator s, such that t, - g = s - t,. We can
construct this from the permutation action on the cosets by a simple orbit algo-
rithm.

We then scan every relator at every coset and collect the occurring Schreier
generators.

NotgII1.34: In practice, Reidemeister rewriting often produces many trivial Schreier
generators and relators that are trivial or of length 1 or 2 (which immediately elim-
inate generators). Thus typically the resulting presentation is processed by Tietze
transformations to eliminate such trivialities.

ExampLE II1.35: Let us go back to example II1.20 where we enumerated cosets. Our
coset table was

a a' b b

th =1
11 1 2 3 . _ B
214 4 3 1 tz - b1
313 3.1 2 with representatives T

ty = ba
412 23 ¢ ts = bab
516 6 6 4 ts — bab!
6|5 5 4 5 ¢ -

This defines the following nontrivial Schreier generators and the augmented coset
table:

¢ = tati'=a a a' b b
d = tbt;'=b’ 1] 1 2 3
e = tat;'=b"lab 2| 4 f'4 43 1
f = tiat;' =baab™ and 3|e3 e'3 1 42
g = tsaty' =bababa b7 41 f2 2 5 6
h = tsbtg' = babbba'b™! 5|g6 i'6 h6 4
i = teat;' =bab'ab™'a b 6|i5 g'5 4 hl5
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Now we trace the relators at every coset and collect the Schreier generators on the
way:

a’ b’ (ab)’
1| d cgfde
2 d gfdec
3| e? d ecgfd
4| f h fdecg
5| gi h gfdec
6 | ig h (ih)?

Eliminating duplicates and cyclic permutations (which are just conjugates) we get
the presentation

S=(c.d,e.f.g.hi|*=d=e’=f=h=gi=ig=cgfde=(ih)’ =1)
We eliminate trivial and redundant (i = g™') generators and get
S=(ceg|?=e’=cge=(g")=1)
We now can eliminate g = ¢ 'e™! and get
S={ce|c?=e’=(ec)’ =1)

which is easily seen to be a dihedral group of order 10 (so the initial group G must
have had order 6 - 10 = 60).

Notk III1.36: The occurrence of cyclic conjugates of the relator cg fde is not really
surprising, but simply a consequence of the power relator (ab)’. One can incor-
porate this directly in the rewriting algorithm, similarly to a treatment (generator
elimination) for relators of length 1.

NoTeII1.37: A small variant of this rewriting process is the so-called Modified Todd-
Coxeter algorithm that produces a presentation for S in a given generator set. In
general it produces worse presentations than the presentation in Schreier genera-
tors obtained here.

As an application we describe a method often used to determine the order of
a finite finitely presented group: We enumerate the cosets of a cyclic subgroup (x)
(often x is itself chosen as a generator of the group). Then we rewrite the presenta-
tion to obtain a presentation for (x). Then |G| = [G: (x)]-|(x)|. Since the subgroup
is known to be cyclic, any resulting relator will in effect have the form x® = 1, thus
[(x}| = lcm;(e;) can be obtained easily.

PERFORMANCE I11.38: As the rewritten presentation is on n(m — 1) + 1 generators,
even Tietze transformations typically cannot rescue humongous presentations ob-
tained for subgroups of large index. Thus there is a natural limit (a few thousand)
on the subgroup index for which rewriting is feasible.
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II1.9 Abelian Quotients

We have seen already a method (the GQuotient algorithm, algorithm II1.15) which
for a finitely presented group G finds all quotient groups G/N isomorphic to a given
finitely presented group H.

In general, one would like to do this not only for a specific H, but for the “largest
possible H” within some class of groups. Such algorithms are called “quotient al-
gorithms”, we will encounter them again later in section IV.5.

Here we want to determine the largest abelian quotient. By the “quotient sub-
group” paradigm, this is equivalent to determining the derived subgroup G’ of a
finitely presented group G = ( g R>.

The principal idea is the following observation: Suppose that F is the free group
in which the presentation for G is given and ¢: F — G is the epimorphism. Let
N=F =(x"y"xy|x,y€F),. then N = G'. Thus F/N - Kern¢ = G/G'.

We thus get a description for G/G’ by simply abelianizing the presentation for
G, i.e. considering it as a presentation for an abelian group.

As the generators in an abelian group commute, we can describe the relators for
G/G’ by a matrix A: The columns correspond to the generators of G/G’ (images of
the generators of G), each row represents one relator, which we can assume to be
in the form g;" g5*---g&r, we simply store the exponent vector [e;, ..., e, ].

Now consider the effect of elementary transformations over Z on the rows and
columns of A (i.e. swap, adding a multiple of one to another and multiplication
by +1): Such transformations on the rows correspond to a change of the relator
set R, but (as they are invertible) these new relators will generate the same group.
Transformations of the columns correspond to a generator change for G/G’. Again
the invertibility of the transformation shows that the new elements still generate the
whole of G/G’.

We now recall, that we can use such transformations to compute the Smith Nor-
mal Form of A, i.e. we can transform A into a diagonal matrix S with divisibility
conditions among the diagonal entries?.

This new matrix S will describe a group isomorphic to G/G’. As S is diagonal,
this group is simply a direct product of cyclic groups of orders given by the diagonal
entries (using order oo for entry 0).

If we do not only compute the Smith Normal Form S of A, but also determine
matrices A = P-S-Q, the matrix Q describes the necessary change of the generating
system, thus Q! describes how to form a homomorphism G — C with C & G/G’
the abelian group given by the diagonal entries in S.

PERFORMANCE II1.39: The bottleneck of such a calculation is that — even if the en-
tries in S are small — the calculation of the Smith Normal Form can often produce
intermediate coefficient explosion. (It becomes even worse for the (non-unique!)
transformation matrices P and Q.) There is an extensive literature considering strate-
gies for such calculations (in particular on how to keep entries in P and Q small).

2In fact we only need diagonalization here (which is not a unique form).



86 CHAPTER III. FINITELY PRESENTED GROUPS

To indicate the difficulty, note that the standard approach of reduction modulo
a prime does not work, because we can always scale modulo a prime. One way
to rescue this is to use a theorem relating the diagonal entries of S to the gcd’s of
determinants of minors of A, and calculating these determinants modulo a prime.
This however does not yield transforming matrices.

Abelianized rewriting

We can combine the algorithms of this section and the previous one and ask for
the abelian invariants of a subgroup. Instead of performing one algorithm after the
other, rewriting relators and then abelianizing them, it is beneficial to immediately
abelianize relators while rewriting. This avoids maintaining long relators interme-
diately and leads to a much more nimble performance.

Determining the abelianization of a subgroup is one of a handful methods
known for determining the infinity of certain groups (there is no universal method):
Find a subgroup (of smallish index) whose abelian quotient is infinite.

ITII.10 Getting a Presentation for a permutation group

In some situations we have a group G already given as a permutation group, but
want to obtain a presentation for G. This occurs for example when computing com-
plements to a normal subgroup (see IV.4) or to test whether a map on generators
extends to a homomorphism.

In GAP such functionality is provided by the following commands:

IsomorphismFpGroup lets GAP choose the generating system in which the
presentation is written (typically yielding more generators but a nicer presenta-
tion). IsomorphismFpGroupByGenerators produces a presentation in a partic-
ular generating system.

Reverse Todd-Coxeter

A basic algorithm is due to [Can73], it might be considered easiest as a reversal of
coset enumeration:

Suppose we start a coset enumeration for G acting on the cosets of the trivial
subgroup, starting without relators. We write ¢, to denote the representative for
coset x as given by the coset table.

At some point we will define a new coset y which is in fact equal to an already
existing coset x. Thus ¢, t;l must be trivial in G and thus must be a relator. We add
this as a relator to the enumeration process (and fill in the corresponding relator
table as far as possible). We continue with this until we get and up with a complete
table.

Clearly we only added valid relators for G. On the other hand these relators
define a group which (as we can see by performing a coset enumeration by the



II1.10. GETTING A PRESENTATION FOR A PERMUTATION GROUP 87

trivial subgroup) has the same order as G, thus the relators yield a presentation for
G.

In a variation, suppose that § < G and that we know already a presentation of S.
We now form a presentation on the generators for S together with the generators for
G. As relators we start with the known relators for S as well as relators that express
the generators for S as words in the generators for G. Then start a coset enumeration
for the cosets of S in G. If two cosets x and y seem different we know that ¢, t;l €S,
thus we can express it as a word in the generators of S. The corresponding relator
would have enforced equality of x and y and thus is added to the set of relators.

By the same argument as before, the result will be a presentation for G. We can
use Tietze-transformations to eliminate the generators of S and obtain a presenta-
tion purely in the generators of G though typically of longer total relator length.

We can iterate this process over a chain of subgroups. In particular we can do
this for the subgroups in a stabilizer chain and get a presentation in a strong gen-
erating set.

An application of this is a test whether a map from a permutation group to
another group, given by generator images, extends in fact to a homomorphism.
Construct a stabilizer chain for the prospective homomorphism. Then proceed as
if constructing a presentation. Instead of adding relators, check whether the rela-
tors evaluate trivially in the generator images. This is in fact an alternate view of
problem 12 in chapter II.

NoTk II1.40: We can use this method as well, if we want to verify a stabilizer chain
that has been obtained with random methods, and might indicate the group being
too small: Using this chain, we compute a presentation and then check that the
group generators fulfill this presentation. If the chain was too small they will not.
This yields the so-called “Todd-Coxeter-Schreier-Sims” algorithm mentioned in
section IL1.

Despite the fact that the Todd-Coxeter method has no bounds on the run-
time whatsoever, this produces a respectable performance in practice. (See also
section IIL11.

Using the extension structure

The presentations obtained with this method often are rather messy. It therefore
often makes sense to use more information about the composition structure of G
and to build a presentation for G from presentations for its composition factors.
The cost of this is that we get a presentation in a new generating set. In most
applications this is of little concern.
The heart of this method is the following easy lemma:

LemMA I11.41: Let N = (n) <« Gand G = (N,g). Suppose that N = (m | R;) is a

presentation for N and that G/N = (h | R,) is a presentation for G/N such that
h; = Ng;. For an element x € N let p(x) be the expression of x as a word in m.
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Then the following is a presentation for G:

<hUm|R1UR3UR4>

where Ry = {r(h)/p(r(g)) | r € R} and Ry = {m’ [p(n{’) | i, j}.

Proof: It is easily seen that the relations all hold in G. To show that the presenta-
tion does not define a larger group, observe that the relations in Ry (h;1m;h; =
word in m implies m;h; = h; - word in m) permit us to write every element in the
presented group as a word in h with a word in m. The relations in R; show that (up
to changes in m) every word in h can be transformed to one of |G/N]| possibilities.
The relations in R, similarly reduce the words in m to |N| classes. Thus the presen-
tation defines a group of order < |G|. ]

Using this lemma and a composition series of G, we can form a presentation
for G based on presentations of the composition factors (see the next section for
these).

PERFORMANCE II1.42: In practice one often gets a nicer presentation and faster per-
formance by using a chief series of G and using the (obvious) presentations for
direct products of simple groups.

Pc presentations

It is worth noticing a special case of this which occurs when G is solvable. Then
the composition series consists of cyclic factors of prime order and we trivially get
a presentation < glgp = 1) for these cyclic factors. We therefore get a presentation of
the following form:

« Assuming the composition series is G = Gy > G; > ... > G, = (1), we have
generators g, . .., g, with G;_; = (G;, g;)-

o We get power relations for Rs: If [GH:G,»] = pi, we have that gfi can be
expressed as a word in the generators g;,; and following

« For R, we get conjugacy relations: If i < j we have that gf" can be expressed
as a word in g;4; and following. (In fact one can do better if the group is
supersolvable and even better if it is nilpotent.)

DEFINITION I11.43: Such a presentation is called a PC-presentation (with “PC” stand-

» «

ing alternatively for “polycyclic’, “power-conjugate” or “power-commutator”.)

We observe that the relations in R4 permit us to order generators, the power rela-
tions in Rj restrict exponents. Thus every element of G can be written (uniquely)
as a product g/'g5? - -+ go» with 0 < ¢; < p;.

We can thus represent group elements by an exponent vector [e;, .. ., e, | which
is a very compact form of storage. Section IV.3 will describe how one can perform
arithmetic operations on such exponent vectors.
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In GAP one can convert a (solvable) permutation group into such a form using
the command IsomorphismPcGroup.

The simple case

While we could easily write down a presentation for a cyclic factor, in general one
will still need presentations for the simple composition factors.

One way (which is currently used in GAP) is to use the method of section ITL.10.
For small composition factors this produces reasonable presentations (albeit noth-
ing to boast about).

A much better approach is — mirroring how one would prove theorems — to
use the vast amount of theoretical information that has been obtained (for example
in the course of the classification of finite simple groups) about simple groups.

If we go through the classes of nonabelian finite simple groups, the following
information is found in the literature:

Alternating Group It is a not too hard exercise to show that for odd n, A, is gen-
erated by the elements g1 = (1,2,1), g2 = (1,3,n), ..., go—2 = (Ln -1,n)
and that

(15 o gna | Visj>i:gl = (gig)* =1)

is a presentation.

Groups of Lie Type This class includes the groups coming from matrix groups,
such as PSL,(q). The unified way to construct these groups also offers a
“generic” way to write down a presentation (“Steinberg-presentation”).

Sporadic Groups Finally there are 26 so-called “sporadic” groups that do not fit
in the previous classes (they include for example the Mathieu groups). For
these ad-hoc presentations are known.

An excellent source for such information is the ATLAS of simple groups [CCN*85].
Given a simple composition factor A, we construct an isomorphism (for exam-
ple by a variant of algorithm III.15) to an isomorphic group B in “nice” form, for
which we can just write down the presentation. This lets us transfer the presentation
to A.
We will see more efficient ways of constructing such isomorphisms later in sec-
tion VIL3.
Alas very little of this approach is actually implemented.

III.11 Upgrading Permutation group algorithms to Las Vegas

We have seen before in section II.1 that fast algorithms for permutation groups
rely on randomized computation of a stabilizer chain and therefore may return a
wrong result. To rectify this one would like to have a subsequent step that will verify
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that the chain is correct. If not, we then can simply continue with further random
elements until a renewed test verifies correctly.

Such an algorithm is sometimes called a “Las Vegas” algorithm (in analogy to
“Monte Carlo” algorithms): We have a randomized computation of a result that
may be wrong, but can do a subsequent verification. (The runtime of such an algo-
rithm thus is good in average, but can be unbounded in the worst case of repeated
verification failure.)

The basic approach is the following (again much of the later steps is not imple-
mented):

1. Compute a randomized stabilizer chain for G.

2. Using this chain compute a composition series. (As part of this we get for
each factor G; > G, in this series an epimorphism G; — G;/Gj4;.)

3. Using constructive recognition of the simple factors (see VIL.3), write down
a presentation for each simple factor F.

4. Use the method of lemma III.41, construct a presentation for G. If the initial
chain was too small this is in fact a presentation for a smaller group.

5. Verify that the elements of G actually fulfill the presentation.

To obtain a good runtime complexity for permutation group algorithms in gen-
eral, we want these steps all to be “fast” (in terms of the degree of the initial permu-
tation group G). This means in particular: We need to be able to construct isomor-
phisms for the simple factors “quickly” (which in fact has been proven) and need
to obtain “short” presentations for the simple factors (basically of relator length
log” |F)).

The Steinberg presentations mentioned in the last section do not fulfill this, but
for almost all cases short variants are known [BGK*97, HS01]. Only the so-called
Ree-groups (Lie Type 2G,) are missing so far.

Problems

EXERCISE 39: Show that G = (x, y | x%, y?) is infinite.
Hint: Find a group (e.g. in GL(2, Q)) that must be a quotient but contains elements
of infinite order. 0

EXERCISE 40: A word w = a;---a,, is called cyclically reduced if a, # a,,'. For a given
word w, we denote by o(w) the cyclically reduced word obtained by deleting a
prefix and postfix if the word is not cyclically reduced. Show that two elements u, v
of a free group F are conjugate in F if and only if there are words wy, w, such that
o(u) =wywy and o(v) = wowy. |

EXERCISE 41: a) Determine a presentation for S on the generators a = (1,2,3) and
b=1(2,3).
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b) Determine a presentation for S on the generators a = (1,2,3), b = (2,3) and
c=(1,2).

c) Determine a presentation for S; on the generators ¢ = (1,2) and b = (2,3).

d) Using that S; = C? % S, determine a presentation for Sy. |

EXERCISE 42: Select generators for Ss and find sufficiently many identities amongst
the generators to create a presentation for Ss. You may use GAP to verify that the
group given by your presentation has order 120. 0

EXERCISE 43: Let G = (a,b, ¢ | a> = b = ¢* = (ab)? = (ac)? = (bc)® =1, [c?2,b]).
(Note: [x, y] = x"1y " 1xy is called the commutator od x and y.)

Let § = (a,¢) < G. By enumerating the cosets of S in G, determine permutations
for the action of G on the cosets of S. 0

EXERCISE 44: Let G = (a,b,c | b* = b%,c" = ¢?,a° = a*) and S = (a, b“). Perform
by hand a coset enumeration for S as a subgroup of G. Use the result to conclude
that G must be trivial. 0

EXERCISE 45: Let G = (a, b | a® = b® = 1). Show that G’ is a free group. O

EXERCISE 46: Show that every finitely generated group G has only finitely many
subgroups of index # for any given n.

Hint: Every subgroup of index # gives rise to a homomorphism G — §,,, described
completely by the generator images. Show that there are just finitely many possi-
bilities for generator images.

Can you find a counterexample of an infinitely generated G? O

EXERCISE 47: Let G = (a,b | aba~2bab™", (b~'a*b™'a)2a). Using the Low-Index
algorithm as implemented in GAP, find a subgroup S < G such that [S : §'] is
infinite (and thus G is infinite). O

EXERCISE48: Let G = (a,b,c,d,e, f |ab=c,bc=d,cd =e,de = f,ef =a, fa=1D).
a) Determine the structure of G/G’.

b) Considering G/G' as a direct product of cyclic groups of prime-power order,
determine the images of the generators of G in this group. (Le.: Construct a homo-
morphism G - G/G’.) O

EXERCISE 49: Let G be a finitely presented group given by a presentation with fewer
relators than generators. Show that G is infinite. (Hint: Consider G/G’) 0

ExERcISE 50: (J. P. SERRE, [MSWZ93]) Let F be the free group on 26 generators a,
b,.... We create relations I = r if ] and r are English words that sound the same
but are spelled differently (assume “news reader” English) (for example see = sea).
What can you tell about the structure of the finitely presented group given by these
relations? O

ExEeRrcISE 51: Using a composition series, compute a presentation for GL(2,3). (You
may use GAP for calculations short of having it compute a presentation.) 0

ExEercIst 52: Consider the following two finitely presented groups. Using GAP,
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what can you tell about these groups (such as: quotients or finiteness):

G,
G,

<a, b,c|a*=b>=c = (ababababab*ab®)* = (ac)* = (bc)* = 1])
(a,b,c|a’=b’ = ¢ = (ababababab®ab®)* = (ac)* = (bc)* =1])



CHAPTER

Rewriting

Rewriting is the formal context in which we use a presentation to bring elements
into normal form. To make this deterministic we will consider relations instead of
relators and consider them as rules from—to.

Much of the material in this chapter is from [Sim94]

If you know the basic theory behind Grobner bases, much of this will look
familiar.

IV1 Monoids and Rewriting Systems

DEFINITION IV.1: A monoid is a set with an associative binary operation and an
identity element. (In other words: we drop the condition on inverses.)

If {x1,...,x,} isan alphabet, we consider the set of words (including the empty
word) over this alphabet. With concatenation as operation they form a monoid.

We define finitely presented monoids analogous to finitely presented groups.
Note however that due to the lack of inverses we have to write in general relations
instead of relators.

LEmMMA IV.2: Every group is a monoid and every finitely presented group is a finitely
presented monoid.

Proof: Finitely presented is the only thing that needs showing: If G = ( gl R> we

form a monoid generating set m = {g;, g;', ...} (with g;' understood as a formal
symbol). Then a monoid presentation is

(m|{r=1]reR}u{gg’ =Lg g =1]1<i<m))

93
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PERFORMANCE IV.3: For finite groups one can often do better, as relations of the
form a™ =1imply the existence of inverses.

‘We now suppose that we have free monoid F consisting of words in the alphabet
f.
~ We also assume to have a total ordering < defined on F, which fulfills the fol-
lowing conditions:

i) <isawell-ordering: Every nonempty set has a least element. This means that
there are no infinite descending sequences.

ii) < is translation invariant: If a, b, c,d € F and a < b then cad < cbd. This
implies that the empty word is the smallest element of F.

We call such an ordering a reduction ordering

ExaMPLE IV.4: Suppose that the elements of the alphabet f are totally ordered.
Then the “length-plus-lexicographic” ordering on F (i.e. first compare words by
length and then lexicographically) is a reduction ordering.

DEFINITION IV.5: A rewriting system R on F is a collection of rules of the form
a—>bwitha,be Fandb < a.

If we consider the rules of the rewriting system simply as relations, a rewriting
system defines a monoid presentation. Similarly every monoid presentation yields
a rewriting system in an obvious way. We will also talk about rewriting systems for
groups, meaning the isomorphic monoid.

Given a rewriting system, we consider its rules as methods to “simplify” ele-
ments of F.

DEFINITION IV.6: If u, v € F we write u — v (with respect to R) if there is a rule
a — b in R such that u contains a as a substring (i.e. u = xay with x, y € F and
v = xby is obtained by replacing a in u by b.

We write u—v if there is a sequence of words ug = u, Uy, Us, ..., Uy_1, Uy = V
such that u; — u;,1.

Because the ordering is translation invariant we have that v < u in this case
which justifies the idea of “simplification”.

DEerINTTION IV.7: We consider u, v € F to be equivalent with respect to R, written
u ~ v, if there is a sequence of words ug = u,uy,uy,...,U,_1, U, = v such that
ui_*)qu or ui+1_*’ui-

It is not hard to see that ~ is in fact the finest equivalence on F defined by R,

thus the equivalence classes correspond to the elements of the finitely presented
monoid defined by R.

DEeFINITION IV.8: A word v € F is called reduced if there is no w € F such that
v — w (with respect to R).
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We need the fact that < is a well-ordering to ensure that for # we can compute

a reduced element v with u->v in finitely many steps.

ALGORITHM IV.9: Given a rewriting system R, and a word u, find a reduced
word v such that u->v.
begin

1: ok :=true;

2: while ok do

3:  ok:= false;

4: for Rules ] - rin R do
5: if [ occurs in u then
6: Replace u = alb by arb;
7: ok := true;
8: fi;
9: od;
10: od;
end

Note that in general there are multiple ways to apply rules to a word. Thus in
general reduced words are not automatically normal forms and u ~ v does not

imply that u—>w and v>w for a unique element w € F. Our aim is to rectify this.

IV.2 Confluence

We consider three slightly different properties which a rewriting system could have:

DEeFINITION IV.10: A rewriting system R on F

i) has the Church-Rosser property if u ~ v implies that there is g € F such that u->q
and viq.

ii) is confluent if w=>u and w—v imply that there is g such that u=g and v>q.

iii) is locally confluent if w — u and w — v imply that there is g such that u->qand
vq.
LEmMMA IV.11: Suppose R has the Church-Rosser Property. Then every ~ class con-
tains a unique reduced element, the canonical representative for this class.

In particular, if we have u>v with v reduced, then v is uniquely determined by
R and u.
Proof: Suppose that u ~ v are both reduced. Then by the Church-Rosser prop-

erty there exists g with u->q and v->q. But as u and v are reduced we must have
u=q=v. ]



96 CHAPTER IV. REWRITING

CoroLLARY IV12: Let M be a monoid given by the rewriting system R. If R has
the Church-Rosser property, then the word problem in this monoid can be solved.

Proof: An element is trivial if its canonical representative is the empty word. O

Testing for the Church-Rosser property seems to be hard. However we will see
now that it is in fact equivalent to local confluence, which is much easier to test.

THEOREM IV.13: For any rewriting system R with a reduction ordering the Church-
Rosser property, confluence and local confluence are equivalent.

Proof: i)= ii): Suppose that R has the Church-Rosser property and that w, u,v € F
such that w-—>u and w->v. Then u ~ w ~ v and thus there exists q such that u—iq
and v=>q.

ii)= i): Assume that R is confluent and that u ~ v. We want to find a g such that
u>q and v>q.
By definition IV.7 we have a sequence of words

U =U, U, Uys oo s Uy, Uy =V

such that u,'—*>ui+1 or u,'+1—*>ui.
We now proceed by induction on n. If n = O we canset g = u = v. If n = 1 we
set q to be the smaller of u and v.

Thus assume #n > 2. Then u; ~ v and by induction there is a such that ul—ia
and v=>a. If ug>u,, we simply set g = a.
If instead u;—>uq, by confluence there is g such that u % g and a>q. But then

*
v—¢, as we wanted to show.
ii)= iii): Obvious as local confluence is a special case of confluence.

iii)= ii): Suppose that R is locally confluent but not confluent. Let W be the set
of all words w, for which confluence fails. Because < is a well-ordering, there is a
smallest element w € W.

Suppose that w—u and w->v. We want to show that there is g such that u—gq
and v, contradicting the failure of confluence.

Without loss of generality, we can assume that u # w # v (otherwise we could
set g = u or q = v). Consider the first rewriting step of both deductions. We get
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. * *
w — a and w — b with a—u and b—v.

u
Vd N
a d
b N b N
w c q
N A
b A
N
Vv

Because we assume local confluence, we know that there is ¢ with a>cand b>c.
As w was chosen minimal in W, and a < w, we know that confluence cannot
fail at a. Thus there is d such that u->d and c->d. Therefore also b—d.
By the same argument as before, confluence does not fail at b. Thus there is g

such that d>q and v->q. But then u->g, which we wanted to show. O

IV.3  The Knuth-Bendix algorithm

As confluent rewriting systems solve the word problem, we would like to obtain
such rewriting systems. In this section we will see a method that can be used to
modify an existing rewriting system to become confluent. (If you know Grébner
bases, you will find this approach familiar.)

Theorem IV.13 tells us that for confluence we only need to ensure local conflu-
ence. Suppose that this does not hold, i.e. we have a word w with two reductions
w — u and w — v but we cannot further rewrite both u and v to the same word gq.

We want to consider “minimal” failure situations

LEmMMA IV.14: Suppose thatlocal confluence fails at w but not at any proper subword
of w. Then one of the following holds:

a) w is the left hand side of a rule in R and contains the left hand side of another
rule as subword (probably the whole of w).
b) w = abc with nonempty a, b, ¢ and ab and bc both are left hand sides of rules in

R.

Proof: Suppose the two reduction are d - e and f - g. If d and f occur in w
without overlap, we can still apply both reductions in either order and obtain the



98 CHAPTER IV. REWRITING

same result g:

T
v=a d b g ¢
T
w= a d b f ¢
!
u= a e b f ¢
!
q= a e b g ¢

Thus there needs to be an overlap of d and f. This overlap can either have one
left hand side completely include the other — that is case a). Otherwise the sides
overlap in the form abc with ab = d and bc = f. This is case b).

If there is a prefix or suffix to abc in w then w is not minimal. O

CoroLLARY IV.15: If local confluence fails at a minimal w, then w = abcd such that
b is not empty;, either ¢ or d is empty and abc and bd are left hand sides of rules.

The basic idea of the method now is that we inspect all such overlaps. If we have

a failure of local confluence, i.e. we have wSu and wv with u, v both reduced and
u # v we add a new rewriting rule u - v (orv > u if u < v).

This rule will not change the equivalence relation ~, but it will remove this over-
lap problem.

When continuing on other overlaps, we need of course to consider also overlaps
with this new rule. Thus this process may never terminate.

If it terminates (and one can show that it will terminate if there is a finite conflu-
ent rewriting system induced by R), we have a confluent rewriting system, which
allows us to calculate a normal form for the monoid presented by R.

ALGORITHM IV.16: This method is called (after its proposers) the Knuth-Bendix!
algorithm.

Input: A list L of rules of a rewriting system R.
Output: L gets extended by deduced rules so that the rewriting system is
confluent.
begin
1: pairs:=[];
2: for pe L do
3: for qelL do
4: Add (p,q) and (g, p) to pairs.
5.
6

. od;
: Od;

'Donald Knuth is also the author of “The Art of Computer Programming” and the creator of TEX.
Peter Bendix was a graduate student.
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7: while |pairs| > 0 do
8:  remove a pair (p,q) from pairs.
9:  for all overlaps w = xabc with left(p) = ab and left(q) = xbc and (x = @

or a=g) do
10: Let w, = x - right(p) - ¢ and w, = a - right(q).
11: Using L, reduce w, to a reduced form z, and w, to z,.
12: if z, # z, then
13: if z, <z, then
14: Let r be a new rule z;, — z,.
15: else
16: Let r be a new rule z, —» z,.
17: fi;
18: Add r to L.
19: for peL do
20: Add (p,r) and (r, p) to pairs.
21: od;
22: fi;
23:  od;
24: od;
end
Proof: We are testing explicitly the conditions of lemma IV.14 for all pairs. O

Notk IV.17: Analogous to Grobner bases, one can define a “reduced” confluent
rewriting system in which no left hand side can be reduced by the remaining rules.

Analogous to theorem II1.24 we remark

THEOREM IV.18: If R is a rewriting system describing the finite group G, then the
Knuth-Bendix algorithm will terminate after finite time with a confluent rewriting
system.

Arithmetic: Collection

Once we have a confluent rewriting system for a group, we can compute the nor-
mal form for any word, and thus compare elements. Typically one would simply
assume that all words are reduced. Multiplication of elements then consists of con-
catenation and subsequent reduction.

In GAP, one can enforce such a reduction for a given finitely presented group
with the command SetReducedMultiplication(G);

DErFINITION IV.19: This process of reduction to normal form is called collection?.

2The name stems from the special case of polycyclic presentations for p-groups, for which this
process has been studied in a purely theoretical context in [Hal33]
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PERFORMANCE IV.20: While confluence implies that the order of applying reduc-
tions does not have an impact on the final reduced (normal) form, it can have a
substantial impact on the runtime. This question has been studied primarily for
the case of pc presentations (see below).

IV.4 Rewriting Systems for Extensions

Similar to the situation for presentations (section III.10), we want to construct a
rewriting system for a group from rewriting systems for a normal subgroup and
for its factor group.

The key to this is to combine two orderings on two alphabets to the so-called
wreath product ordering on the union of alphabets:

DErINITION IV.21: Suppose that <4 is an ordering on an alphabet A and < and
ordering on an alphabet B. We consider the disjoint union A u B. On this set we
define the wreath product ordering <4 2 <p as follows:

We can write a word in A U B as a product of words in A and in B: Let v =
aobiaibyay...a,1bpa, and w = codicidacy ... cp1d,c, with aj,c; € A* and
only a; or a, permitted to be the empty word (and ditto for ¢) and b;,d; € B or
empty. Then v <A<BpW ifb]bz . bm <B dldz . d,,, or ifblbz . bm = dldz . d,,
and [ag, a1, ..., an] is smaller than [¢¢, ¢y, . .., ¢, ] in a lexicographic comparison,
based on <4.

LEMMA IV.22: If <4 and < B are reduction orderings, then <4 : < B is.

Nortk IV.23: A rule ab — ba’ with a,a’ € A* and b € B is reducing with respect
to <4 ¢ <. Thus (A representing a normal subgroup and B representing a factor
group) wreath product orderings permit to combine rewriting systems of a group
from a rewriting system for a factor group and its normal subgroup.

Complements

If N < G we define as complement to N a subgroup C < G such that N n C = (1)
and G = NC. (In other words: G = N x C).

Given G and N < G we want to find whether such a complement exists (and
later want to consider complements up to conjugacy). Here we will consider the
case of N = F)! elementary abelian. The case of a solvable N then can be dealt with
by lifting methods as described in chapter VI.

Suppose that G/N = (Ngj, ... Ngi) and that C is a complement to N. Then
we can find elements ¢; € C such that C = {c},...cx) and Ng; = Nc¢;. The map
G/N - C, Ng; ~ ¢; is a homomorphism.

Vice versa every homomorphism ¢: G/N — G, such that (N ,G/N q’) = G must
be (as |G/N| = |G/N|*) a monomorphism and define a complement G/N¥ to N in
G.



IV.4. REWRITING SYSTEMS FOR EXTENSIONS 101

The task of finding a complement therefore is equivalent to the task of finding
elements ¢; € G such that the map G/N — G, Ng; — ¢; is a homomorphism and
that g;/c; =n; € N.

We do this by considering the #n; € N as variables. We want to come up with a
system of equations, whose solutions correspond to complements (and unsolvabil-
ity implies that no complements exist).

For this, suppose that we have a presentation for G/N in the elements Ng;,

say ( flr(f)=1Lre R>. (In practice one would calculate a presentation and then
choose the generators accordingly.) We therefore want that

1=r(gin,...,gkNk). (IV.24)

We now rewriting these relators with rules reflecting the extension structure:
ng = gn’ with n,n’ € N. As n’ = 18 this can be described by the action of G/N on
N. We also have that nén” = n"nf because N is abelian.

With these rules we can collect the terms g; to the left in the same order as in
the original relator. Equation (IV.24) thus becomes

w(g)
1=1r(gng0--8) [In; =

where the w(g) is a word in the group algebra F,G/N.
For example, if r = f, f3 f> f3, we rewrite as

1
L= gigs8285 " n§ ' ns'gs = gigsgags - mi 5 n g g
In this expression we can explicitly evaluate r(g1,...,g,) € N (which will give

the (inverse of) the right hand side of linear equations. If we consider each n; =

w(g)
(11> ..»ni,m)asacolumn vector with variable entries, the remaining part [T n, 4

yields linear equations in the variables n; ;.
Considering all relators thus gives an inhomogeneous system of equations, whose
solutions describe complements.

ExampLE IV.25: Consider G = S4 = (a=(1,2,3,4),b=(1,2)) and the normal
subgroup N = ((1,2)(3,4),(1,3)(2,4)) <« G. Thena ~ (1,3),b » (1,2) isa
homomorphism with kernel N. The action of G on N is described by the matrices

1 1 1 0
a»—>(0 1)andb»—>(1 1

The factor group G/N = S; has (in these images) the presentation

(o y[x?=y" = (xp)’ =1).
We now want to find elements of the form an, bm (with n,m € N) which fulfill
these relations. We get the following equations:
2 (an)? - 2 = ant!
¥ (bm)? =b2mPm = b2m®*!

(xy)3 . (anbm)3 — (ab)3nbubahmabubnbabmubnbm — (ab)3nbabub+bab+bmabab+ab+l
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We now assume N as a 2-dimensional vector space over I, with basis as given. Thus
n = [ny, ny] and m = [my, m,]. We also evaluate the expressions a* = (1,3)(2,4) =
[0,1], b* = () = [0,0], (ab)*® = () = [0,0]. The equations thus become in vector
form:

—a* = [0,1] = nt = [n1,ny] - ( 8 (1) ) = [0, ]
b2 =[0,0] = m"*=[m,m,]- ( ' o ) =L 0]
—(ab)3 _ [0 0] _ nhubub+bah+bmabub+ub+l

- [nl,nz]-(g g)+[m1,m2].((0) 8)2[0,0]

which yields the following system of (nontrivial) equations:
n = 1
mp; = 0
whose solutions correspond to complements. For example the solution n; = m; =1,
n, = my = 0 corresponds to the generators
(1,2,3,4)-(1,2)(3,4) = (2,4)  and  (1,2)-(1,2)(3,4) = (3,4).

Notk IV.26: As classes of complements are parameterized by the 1-Cohomology
group this process can also be considered as a way of calculating 1-Cohomology
groups.

Polycyclic Presentations

Let us now return to the pc presentations for solvable groups, which we studied in
section III.10:
We have power relations gf "= v;(gi+1>--->8gn). We consider the conjugation

rules (for j > i) of the formgf’ = w;,j(gjs--.>gn)asrewritingrules g;g; = giwi ;(gj» - - -

with respect to an (iterated) wreath product ordering.
The confluence condition IV.14 yields the following easy consequence

COROLLARY IV.27 ([Wam74]*): A presentation of a form as given in section I11.10
with 2 < p; < oo for every i yields a confluent rewriting system, if the following
conditions hold:

Overlap Reduction 1 Reduction2
g,’»”'“ = 8ivi = Vigil
p pi- .
g 8= vigi = g &wi;  (i<])
oPi = . = o pi-l .
88 = gvi = gwijg (<))
8k8jgi = giwikgi = g&wij  (i<j<k)

3Originally proven directly for nilpotent groups without recuse to rewriting systems

)gi’l)
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(There are generalizations for infinite polycyclic groups.)

Proof: These are all possible overlaps. o

PERFORMANCE IV.28: One can show that a subset of such conditions suffices.

This test makes it possible to use a polycyclic presentation to define a solvable
group on the computer. (Such groups are called PcGroups in GAP.)

We can keep elements as (normal form) words g;" - ---g5" with 0 < e; < p; for
every i. Thus we only need to store the exponent vector [ey, €3, ..., ¢€,]-

Arithmetic for such groups is done by concatenation, followed by collection to
normal form.

Such groups have a couple of algorithmically interesting properties:

o The storage of elements is very space efficient.

o The natural homomorphism for the factor groups related to the composition
series is easily evaluated (trimming exponent vectors)

« For chief factors of the form C’; in the series, the corresponding part of the
exponent vector yields a vector space representation. This is the principal
idea behind many efficient algorithms (see chapter VI).

For this reason we might want to have the possibility to compute exponent
vectors also for solvable groups which are not represented by words. In this
case we call the set of generators gi, ..., g» a polycyclic generating set (short
PCGS) and assume an underlying data structure — for example based on a
stabilizer chain — which provides a means for computing exponents.

In general, there are multiple conditions one would like the corresponding pc-
series to fulfill. For example one might want it to refine a chief series. A partic-
ular nice situation is that of so-called “special pc-groups” (defined by a series of
rather technical conditions [CELGO04]), which not only provide particularly good
algorithms, but also often a very “sparse” presentation which makes the collection
process go fast.

Sometimes it is possible to immediately write down the pc presentation for a
group of interest (for example, it is not hard to construct the pc-presentation for a
semidirect product from pc-presentations for the factors).

If we have a solvable group given already as group of permutations or matrices,
we could obtain a pc-presentation as in section IIL10. There is however a more
efficient algorithm [Sim90].

A third main source is as the results of certain quotient algorithms which we
will study below.
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Induced pc systems

Suppose that G is a pc group and S < G. Suppose we have some generating set
s={s1,...,sx} for S. Consider the exponent vectors for the s; as rows in a matrix.

Suppose that s; corresponds to an exponent vector [4,...]. Then a power s}
will have exponent vector [1,...] (as gcd(a, p) = 1for p being the relative order in
the first component).

Similarly, if s; has coefficient vector [b,...], then s; /sib/ “ has exponent vector
It is easily seen that these transformations do not change the group generated.
We can therefore transform s to a new generating set § such that the matrix of
exponent vectors is in row echelon form. Such a generating set § is called an induced
generating set (or IGS) for S. If we assume reduced row echelon form, we can even
obtain a unique generating set for S, called a canonical generating set (or CGS).

If we have an induced generating set for S and g € G arbitrary, we can attempt to
divide generators of the IGS off g to transform the exponent vector for g in the zero
vector. This will succeed if and only if ¢ € S. The remainder will be a “canonical”
(with respect to the chosen IGS) coset representative for the left coset gS. (We have
to divide off from the right to avoid commutators with remaining higher terms
causing problems.)

[0,

IV.5  Quotient Algorithms

As an application of pc presentations we consider again the problem of finding
quotients of a finitely presented group.

DEFINITION IV.29: A variety of groups is a class of groups that is closed under sub-
groups, factor groups and direct products

Examples of varieties are solvable groups, nilpotent groups, p-groups or abelian
groups. Furthermore one could impose for example conditions on the length of
certain “natural” normal series.

LEmMMA IV.30: Let G be a group. For every variety ) there is a smallest normal
subgroup Ny, < G such that G/Ny isin V.

Proof: If N, M < G both have the property, then G/(N n M) is a subdirect product
of G/N with G/M. o

The quotient algorithms we will study aim to construct for a finitely presented
group G the largest quotient group F = G/N in a certain variety, possibly subject to
conditions of order or length of a composition series. (The lemma shows that this
is a sensible aim to have.)

Notk IV.31: We could apply such an algorithm in particular to free groups. This
gives an - initially crude — way of constructing all groups of a given order in a



IV.5. QUOTIENT ALGORITHMS 105

particular variety. The difficulty however is the elimination of isomorphic groups.

This approach has been refined for particular cases, incorporating a reason-
ably efficient rejection of isomorphic duplicates. The resulting algorithms are the
p-group generation algorithm [O’B90] and the “Frattini extension” algorithm to
construct all solvable groups of a given order [BE99].

The idea behind the quotient algorithms is as follows:

Assume that we know already a homomorphism ¢: G — H which represents a
smaller quotient (often the largest quotient in which the length of a normal series
is bounded by one less, than we want to acceive).

We now want to find a larger quotient A:G — E such that KernA < Kern¢
and M = Kern ¢/ Kern A is elementary abelian. (Iteration then allows to deal with
arbitrary solvable M. Similar to the lifting paradigm V1.1, a solvable M really is the
relevant case.) We thus have that E must be an extension of M by H. We temporarily
ignore the (obvious) question of what M actually is, but assume that we already
have M - we will study this specifically for the different algorithms.

To describe E we want to use a rewriting system. We assume that we have al-
ready a (confluent) rewriting system for H (as M is elementary abelian, we also
know a rewriting system for it) and build a rewriting system for E using the wreath
product ordering.

In this new rewriting system every rule [ — r for H now becomes | — r - m,
with m € M in E = M.H. We call m a tail for the rule. Because we don’t know the
correct values for m, we consider these tails as variables. We also need rules that
describe the action of H on M.

Since we assumed the rewriting system for H to be confluent, any overlap of left
hand sides of rules in H reduces uniquely. If we consider the same overlap of the
corresponding (extended) rules in E, we get potentially two reductions, products
of the form hm; and hm,, and thus the condition that m; = m,. (The confluence
in H implies that the H-part in both reductions must be the same.) Here both m;
and m; are products of conjugates of tails. The confluence condition for E thus
yields (linear) equations in the tails, very similar to the situation of complements
in section IV.4.

These equations need to be satisfied for E to be a proper group. A second set
of equations comes from the fact that E should be a quotient of G. The homo-
morphism ¢ gives us the images of the generators of G in E. The images of these
generators in E must have the same H-part (but again might have to be modified
with a variable M-tail). We now evaluate the relators of G in these images. Again,
because ¢ is a homomorphism, we get equations involving only the tails.

We will now use these equations not only to describe the proper extension, but
also to actually determine the largest possible M. The details of this differ, depend-
ing on the kind of quotients we are searching for.
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p-Quotient

Let us first consider the case of the quotients being p-groups (finite nilpotent groups,
being the direct product of p-groups are essentially equivalent).
We need a bit of theory about generating systems of p-groups:

DEerINITION 1V.32: Let H be a finite group. The Frattini-subgroup ®(H) < H is the
intersection of all maximal subgroups of H.

Lemma [V.33: ©(H) consists of those elements that are redundant in every gener-
ating set of H.

Proof: Homework. m]

THEOREM V.34 (BURNSIDE basis theorem): Let H be a finite p-group. Then ®(H) =
H'HP. If [H:(D(H)] = p’, every set of generators of H has a subset of r elements,
which also generates H.

Proof: Suppose M < H maximal. Then (as p-groups are nilpotent Ny (M) is strictly
larger than M) we have that M <« H and [H:M] = p and thus H'H? < M.

On the other hand H/H'H? is elementary abelian, and thus ®(H/H'H?) = (1).
But this implies that ®(H) < H'H?.

Finallylet h = {h, ..., h,} be a generating set for H. Then {®(H)h; }}, must
generate H/®(H), which is an r-dimensional vector space. Thus we can find a sub-
setB={h;,...,h; } c hsuchthat {®(H)h;,...,O(H)h; }isabasisof H/®(H).
But then H = (B, ®(H)) = (B). ]

We note, that H'H? = ®(H) is the first step of the lower p-elementary central
series of H. (This series is defined by L; = [H, L,-_l]Lf_l and has the property that
L;i_1/L; is p-elementary abelian and central in H/L;.)

Our aim in constructing p-group quotients of a finitely presented group G now
will be to construct these quotients in steps along this series. the first step there-
fore will be G/G’G?. (We can determine this subgroup using the abelian quotient,
section IIL.9, by simply imposing further relations x? = 1 on all generators x.) By
rearranging the generators of G, and by choosing the basis for G/G’G? suitably, we
will assume that the images of g, . . ., gx form a basis for G/G'G?.

All further steps now fit the general scheme described in the previous section.
We assume the existence of ahomomorphism ¢: G - H onto a p-group H such that
Kern ¢ < G'GP. We want to find a larger quotient A: G — E with M := (Kern ¢)* <
E being p-elementary abelian. Because of the choice of series to construct we can
assume that

e M is central in E - i.e. the relations for the action of H on M are trivial.

o M < ®(E), i.e. we do not need to consider any extra generators for M. M is
simply generated by all the tails, and the solution space to the equations in
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the tails is the largest possible M.

We also assume that we have a pc presentation for H = (gesyh) in the gener-
ating set b = {hy,..., h,}. We shall assume that (hy,y,...,h,) = ©(H), i.e. the
(images of) the generators h;, ..., hy generate H/Phi(H) and (by theorem IV.34)
thus H = (hy,..., hi). As a consequence of this, we can write for i > k every h;
as a product of hy, .. ., hg. This product expression is implicitly maintained by the
assumption that for every i > k there is a relation in the pc presentation for H in
which h; occurs only once and with exponent one, and all other occuring genera-
tors have index < i. We call this relation the definition of h;.

This condition is trivial in the first step, it will be maintained for all new gener-
ators introduced in the process described here.

We also assume that ¢ is given by the images g? for the generators of G in H.
By the choice of basis for G/G’G? we can assume that g¥ = h; for i < k (basically
this is the definition of h; for i < k). The further generator images are expressed as
words g¥ = v;(h) in the generators of H.

We now want to construct the larger group C which is an extension of M by
H by forming a rewriting system for C as described. (Eventually we shall want a
quotient E of G, this group E will be obtained as a quotient of the group C which
we shall construct first.)

Since elements of H become cosets in C there is potentially a choice which
representatives for elements of H to choose in C. We settle this choce with the
convention that we maintain the definitions of the previous level, i.e. for i < k we
have that h; shall be the image of g;, and that for i > k the generator representing
h; shall be defined as a word in h;, ..., h;_; using the definition relation for h; in
H.

This convention implies, that a relation [;(h) — r;(h) of H which is a definition
simply is maintained in C, if it is not a definition, it gets modified to I;(h) — r;(h)-
m , where the m ; are variables, representing the elements of M.

We also (implicitly, by incorporating this in the collection process) add rela-
tions mf = 1and - reflecting the planned centrality of M - relations mh; = h;m;.

Next we check the confluence relations IV.27, using the fact that the rewriting
system for H is in fact a pc presentation, for all relations obtained from H in this
way. Since the relations for H are confluent this yields (linear, homogeneous) equa-
tions in the m;. We now let M be the solution space for this system of equations.
It will have a basis consisting of some of the m;, while other m; are expressed as
products.

Because the elements of this M fulfill the equations, the modified relations de-
scribe an extension C = M.H of M by H. It is the largest extension of this type
such that M is elementary abelian, central and contained in ®(C). This group C is
called the p-covering group of H.
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Each of the m; surviving in a basis of M arose as tail in a modified relation. This
new relation for C is considered as the definition of m; in the next iteration. If m;
was not chosen as basis element the relation [;(h) — r;(h) - m; is not a definition,
and m; is replaced by the appropriate product of the basis elements.

The construction so far only involved H. In a second step we now want to go
from the covering group C to a — possibly smaller — quotient E, which also is a
quotient of G, together with the map A: G — E. To do this, we need to determine
the images of the generators of G under A and evaluate the relations for G in these
images.

We shall assume still that g? =h; fori < k. (As C = (hy, ..., hy) this automat-
ically guarantees that A is surjective.) For all further generators of g we know that
g7 = w;(h) for some word w;. This relation holds in H, but in the larger group E
might need to be modified by an element of M. We thus set g* = w;(h) - I; with
I; € M another variable (which will be solved for).

Then for each relator r(g) of G, we evaluate r({g} }). These evaluations yield
elements of M (as the relations hold in C/M = H), expressed as words in the m;
and the [;. We use these equations to determine values for the /; in terms of the m;,
also they define further relations amongst the ;. If we consider the subgroup M;
generated by these relations, the factor M/M; is the largest central step consistent
with alift A, thus E := C/ M, is the quotient we were looking for. (This will eliminate
some variables m; from a basis, the corresponding relations are not considered
definitions any more.)

We finally notice that we now have a larger quotient E, an epimorphism A: G —
E and a designation of relations as definitions as needed for the next iteration. The
process stops if either at some step M/M; is trivial (and thus E = H), or a pre-set
maximal length or order of the quotient is reached.

An Example

To illustrate this process, consider the (infinite) group G = <x, Y = y? = (xy)® = 1),
we are searching for 3-quotients.

The largest abelian quotient is easily seen to be (a, bla*=b>=1ba= ab) with
an epimorphism x — a, y = b.

For the first lifting step (no relation is a definition so far), we introduce variables
c,d, e as tails, and get relations a* — ¢, b> — d, ba — abe. (We will implicitly
assume that (c, d, e) is central of exponent 3.) According to IV.27, we now need to
consider the following overlaps, none of which are new:

Overlap Reduction 1 Reduction 2 Equation
a-a*-a ca ac ca=ac

b-b*-b db bd db =bd
b-a-a*> abea’ > a’be® > bce®  be e’ =1

b>-b-a da- ad blabe » ab’e® —» ade® €3 =1
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We get the 3-covering group

(a,b,c,dye | a® —c,b® > d,ba— abe,c’,d>, e,
[a,c].[a,d], [a, €], [b,c]. [b,d],[b, e]. [c, d], [c,e], [d, e])

of order 3° = 243.

Now we impose the condition to be a quotient of G. With the inherited setting
x = a, y = b (as G has only two generators, no variables /; have to be introduced),
the relators become

Relator Evaluation
x° l1=a®>>¢
y? 1=b>—>d
(xy)> 1=(ab)’ > a*bebab - a’b’e® - cde’

from which we conclude that ¢ = d = 1and e® = 1. At the end of this step, the
quotient is

(a,b,e |a® - 1,b° - 1,ba —» abe, e, ea — ae,eb — be>

which is the nonabelian group of order 27 and exponent 3. The relation ba — abe
is the definition of e.

In the next iteration, we append tails to all non-definition relations and get the
relations

a’ - ¢,b’ » d,ba —» abe,e’ — f,ea — aeg, eb — beh,

together with the implicit condition that (c,d, f, g, h) is central of exponent 3.
(Here we introduced tails ¢ and d anew, as above, hoever the relations for G will
impose that both must be trivial. We therefore simplify already at this point to ¢ = 1
and d = 1 to reduce the example size.) Note that ba — abe was a definition, and
therefore got no tail.

Since we set ¢ = d = 1 the overlaps of a®> and b* with itself are not of interest.
The overlap b - a - a* now yields

b=b-a-a* - abea® > abaega —» aba’eg® — a*beaeg’ —~ a’be’g> — bf

and thus f = 1. (Similarly, it also follows from the overlap b*- b - a.)
With this reduction, all other overlaps yield no new relations:

Overlap Reduction 1 Reduction 2 Equation
e-b-a beha > baegh — abe’gh eabe — aebeg — abe’gh

e-e’-e e e

e-a-a’> aega®—a’eg’ > eg’ e g =
e-b-b> behb® - eh’ e k=1

e’ a e’aeg > eae’g* >ag’ g =

e-a
e2-e-b b e’beh — ebe’*h? — bh? =1
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Evaluating the relators, the only interesting image is the image of (xy)* which
yields

1= (ab)’ - a*beabeb — a*baegb*eh — a’b*e*begh’® — b’e’gh* — gh?

which — together with the relation #*> = 1 implies that ¢ = h. The next quotient
thus is the following group of order 3* = 8:

(a,b,e,g|a’ > 1,b> > 1,ba — abe,e’,ea > aeg, eb — beg,[g,al, [g, b], [g. €])

where ea — aeg is the definition of g.

Solvable Quotient: Lifting by a module

We now want to generalize this process to a larger class of quotients. However, as
soon as we wantto consider not only p-groups (or finite nilpotent groups), a couple
of problems arise:

o Which primes do we need to consider for M?

« M is not any longer central, we need to consider an action of H on M. How
do we represent conjugates?

« We cannot assume any longer that M < ®(E) - so M might not be gener-
ated solely by the tails of rules, nor is a lift of the previous homomorphism
automatically surjective.

For solvable groups, these problems have been addressed by two different ap-
proaches, producing “Solvable Quotient” algorithms:

The approach of [Ple87] constructs for the relevant primes p all irreducible H
modules over the field with p elements. This construction is done using the com-
position structure of H. For each module M (i.e. for a defined action of H), the
algorithm then constructs all extensions M.H and tests, whether the given homo-
morphisms ¢ can be lifted to any of these extensions.

The second approach instead tries to determine M from relations. To deal with
the issue of conjugation, it introduces not ony tail variables m;, but also H-conjugates
m". Rewriting thus does not any longer produce a system of linear equations, but a
module presentation for M. A process, similar to Coset enumeration, called module
enumeration [Lin91] then is used to determine a basis for M as well as matrices for
the action of H on M.

Hybrid Quotients

Current work of the author attempts a generalization to find nonsolvable quotients.
Again we assume knowledge of a quotient H and want to extend to a quotient M.H.
A confluent rewriting system is used to represent H.
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The representation of such quotients H- essentially a rewriting system which
is some confluent rewriting system for H/H® together with a pc-presentation for
H*®® can be used to represent very large groups and should permit generalizations
of the “lifting”-type algorithms described in the next section. Currently very little
is available.

Problems

ExERCISE 53: Give an example of a finite monoid that is not a group. O

EXERCISE 54: If you define a finitely presented group in GAP, you can enforce re-
duction of elements to normal form by calling SetReducedMultiplication(G) ;
Why do you think this is not turned on by default? 0

EXERCISE 55: Let
G={(a,b,c,d | =1 =d,=d,d*=1,b"=c,c" =be,c’ = cd,
d*=d,d"=d,d"=d).

Use these relations to write the word dbcdab in normal form (i.e. letters in alpha-
betical order and exponents bounded by the relative orders). O

EXERCISE 56: Let M be the monoid with the presentation

(x,y|x3:1,y3:1,(xy)3:1).

a) Determine (by hand) a confluent rewriting system for M with respect to length
+ lexicographic ordering.

b) Using the rules determined in a), construct an infinite set of words in normal
form, thus proving that M is infinite. 0

EXERCISE 57: a) Why is a pure lexicographic ordering not a reduction ordering?
Give a (counter)example.

b) Prove that the wreath product ordering of reduction orderings is again a reduc-
tion ordering. 0

EXERCISE 58: Let G = ((1,3)(2,8)(4,6)(5,7),(1,6)(2,7,3,5,8,4)) and N = () «
G.Then |G| = 24and N = C3. Using the method described in the lecture, determine
a linear system of equations that describes the complements of N in G. (You may
use GAP for calculations, such as obtaining a presentation for G/N.) 0

EXERCISE 59: Let G be a group and M < G an elementary abelian normal subgroup.
We choose a set of representatives for F := G/M, let 7: F — G be this representative
map. We call

Z\(F,M) = {y:F > M| (fg)! = (f)¢' g’V f. g € F}
the group of 1-cocyles and

B'(F, M) := {ym =(fr m_frm):F—>M|meM}



112 CHAPTER IV. REWRITING

the group of 1-coboundaries. Show:

a) Z! is a group (under pointwise multiplication of functions) and B! < Z!. We call
H' = 7'/ B! the 1-cohomology group.

b) Suppose that Ax = b is the system of linear equations used to determine com-
plements to M in G. Show that Z' corresponds to the solutions of the associated
homogeneous system Ax = 0.

¢) Assuming that there is a complement C to M in G and that the representative
map 7:F — C is in fact an isomorphism (in this situation the system of equa-
tions to determine complements is homogeneous), show that there is a bijection
between Z' and the set of complements to M in G. d) Show that two complements
are conjugate under G if and only if they are conjugate under M if and only if the
corresponding cocycles (using the bijection found in ¢) y, § fulfill that y and & are
in the same coset of B'. a

ExERcISE 60: What is “wrong” with the following polycyclic presentation for a ?
(How large is the group?)
(a,b]a*=b"=1,b" = b?)

O

EXERCISE 61: Let G be a finite group. The Frattini subgroup ®(G) is defined as the
intersection of all maximal subgroups of G. Show that elements in ®(G) can be
left out of any generating set of G. 0

EXERCISE 62: Show that for every prime p > 2 there are exactly two nonisomorphic
nonabelian groups of order p*, namely the group
<x,y |xP = yP =1,x = xP”)
(which has a cyclic normal subgroup of order p*) and
(x,y,z|xP =yP =2F =1, y* = yz,2* =27 =1).
Hint: You know from abstract algebra courses (G/Z(G) cyclic implies G abelian)
that |Z(G)| = pand G/Z(G) = C;. ]

ExERCISE 63: Using the p-Quotient algorithm in GAP (EpimorphismPGroup),
construct all groups of order 16 by computing quotients of suitable free groups.-
O



CHAPTER

Representation Theory

Representation theory studies homomorphisms from a group into a group of ma-
trices. Such homomorphisms arise naturally, if a group has a chief factor M < N «
G such that N/M is elementary abelian. In this situation G acts by conjugation on
this chief factor, this action can be represented by matrices if we choose a basis for
N/M as a vector space.

In this chapter we will study representation theory only as far as needed for
other group theoretic algorithms. Representation theory by itself is large and inter-
esting area, the reader is pointed to dedicate textbooks, such as [Isa76, JLO1].

V.1 Modules

If Fisafield and G is a group and ¢: G - GL,,(F), we call for the row space V = F"
a G-module and define an action of G on V by v8 :=v-(g?) forv e Vand g € G,
the product being matrix multiplication. It is easily checked that this is an action
of G by linear transformations. In our applications F will typically be a finite field,
though the theory works for arbitrary fields. It also is often convenient to consider
F to be algebraically closed.

A subspace W < V is called a submodule, if it is invariant (as a set) under
the action of G, i.e. if w8 € W for every w € W and g € G. This is an obvious
generalization of the concept of invariant subspaces” from linear algebra, indeed
one can consider the theory of matrix normal forms as representation theory for
cyclic groups.

The trivial subspace (0) and V itself are obvious submodules. If these are the
only submodules the module V is called irreducible or simple (and otherwise re-
ducible). If V is reducible, we can choose a basis for V which exhibits an invariant
subspace W < V as span of the first basis vectors. When writing matrices with
respect to this new basis, all matrices g¢ simultaneously have a block structure

13
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If W < V is a submodule, W and the factor space V/W both become G-
modules themselves (V//W then is called the factor module) by the induced action.
The matrix blocks A and C correspond to these two actions.

A principal task of computational representation theory is the determination of
submodules and their inclusion relation, respectively the indication that a module
is irreducible.

For this purpose, it turns out to be useful to consider not only the group G, but
the Group Algebra

FG:{Zag-gMgeF}
geG
which consists of (formal) F-linear combinations of elements of G. The represen-
tation ¢ extends by linearity to FG — F"*", clearly any G-module (or submodule,
factor module) also is an FG-module.

V.2 The MeatAxe

The toolset for these tasks generally goes under the name of "MeatAxe”, the name
alluding to the splitting of a module into submodule and factor module.

The toolset for these tasks generally goes under the name of "MeatAxe”, the
name alluding to the splitting of a module into submodule and factor module. Orig-
inally, as developed by RICHARD PARKER [Par84], it consisted of a routine which
found a proper submodule, and - by recursion submodule and factor module - a
composition series for a module. In the same way that more elaborate linear algebra
can be built upon gaussian elimination for matrices, it begat higher level routines
that can find all submodules, or module homomorphisms. Today all of these rou-
tines typically go under the moniker of MeatAxe.

To understand the test for submodules, we need to understand two concepts:
The first is the submodule generated by a vector. If v € V, we define the submodule
(v); generated by v to be the smallest submodule of V which contains v. For a
given vector v the following algorithm, called Spinning Algorithm can be used to
obtain a basis of (v) . Essentially it is a linear version of the orbit algorithm which
we encountered in section I.4.

The fundamental idea behind the algorithm is that it is sufficient to test G-
invariance on a basis, as the action is linear — we have that

4
(Z Cih,‘) = Zcibig

We therefore perform an orbit algorithm on basis vectors, but add images to the

orbit only if they are not in the span of the vectors so far.

ArGoriTHM V.1: The spinning algorithm

Input: A group G, given by a generating set g = {g1,...,gn}, acting via the
homomorphism ¢:G — F"*". Also an initial (nonzero) vector v € F".
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Output: A basis of (v),.
begin
1. bas:=[v];
2: for w € bas do
3: forie{l,...,m} do
ximw gl
if x ¢ (bas) then
Append x to bas;
fi;
od,;
9: od;
10: return bas;
end

o Nk

Dual Modules

The second concept is that of a dual module. Regrettably, the concept of a dual
space is not standard in Linear Algebra courses and we therefore need to digress:
If V is a vector space over F, the dual space V* is defined as the space of linear
transformations from V' to F. In the finite dimensional case, choosing a basis, if V'
consists of row vectors, V* consists of column vectors. For a subspace W < V, the
annihilator is
Ann(W) ={T e V" |wT =0Vwe W}

We have that dim W+dim Ann( W) = dim V. By the XXX theorem, we can identify
V* with V via the inner product, setting vT := (v, T). The annihilator then just
corresponds to the orthogonal complement.

If V is a G-module, we can define an action of G on V* by defining T*¢ via

vTS :=v8T

respectively, in the inner product case, (v, T¥) = (v4,T). Contrary to what we
claimed in section 1.4, this is inherently a left action. A corresponding right action
(which clearly the same submodules) would be vT¢ := Ve T, the inverse is needed
to deal with the product order.

If W < V is a submodule, its annihilator is a submodule of V*. This induces an
inclusion reversing correspondence between submodules of V and submodules of
V. In particular, the existence of a proper submodule of V* renders V reducible.

Norton’s irreducibility criterion

To show that a module is reducible it is clearly sufficient to find a vector in a prop-
er submodule, the spanning algorithm then will find a proper submodule from
this vector. However testing all vectors is clearly infeasible, in particular if the field
or the dimension gets larger. The following criterion, due to SiMON NORTON gets
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around this by utilizing the dual space, and describes a smaller set of vectors which
are sufficient for testing.

THEOREM V.2 (NoRTON's irreducibility criterion): Let V be an FG-module via ¢
and b € FG. Then one (or more) of the following holds:

1. Kern(b?) = {0}.

2. V isirreducible.

3. There exists v € Kern(b?) such that (v); is a proper submodule of V.
4. There exists w € Kern((b%)7) such that (w), = V*.

We note that this theorem provides a constructive (over finite fields) test for
irreducibility: Choose b € FG such that Kern(b?) # {0} (such elements always
exist, e.g. b = 0). Then determine (v), for all v € Kern(b?), and (w) for all w €
Kern((b?)7). Either this produces a submodule of V or V* (and by dualization
one of V), or, by the theorem, V must be irreducible.

Proof: Assume that 2. is false, i.e. that V has a proper submodule. By choosing a
suitable basis of V, we can assume that all matrices for G¥ have the form

so we can assume that

with C, D, and E suitable blocks. If we also assume that 1. is false, then 0 = det(A) =
det(C) - det(E), which implies that det(C) = 0 or det(E) = 0.

Case 1: det(C) = 0: 'Then there exists a nonzero vector u such that u - C = 0. Set
v:=(u,0,...,0). Thenv- A =0, ie. v € Kern(b?). On the other hand, because of
the common shape of matrices for G?, it is clear that every vector x € (v) has the
form x = (%,0,...,0), so (v) is a proper submodule of V.

Case 2: det(E) = 0: I this case we have the transposed situation with column
vectors, and w = (0,...,0,u)7, the same argument holds. O

As all elements of G are invertible, b genuinely has to be in the group algebra
FG outside G. The standard approach has been to try random linear combinations
of group elements, the group elements being themselves random products of the
generator matrices. The original paper [Par84] actually proposes a sequence of 10
“random” expressions to be tried for a group generated by two elements, these can-
didates work surprisingly well.
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Notk V.3: Clearly we need to consider the vectors v, w only up to scalar multiples.
In particular, if A has nullspace dimension’ 1, only one vector needs to be tested for
v. Because of this a few candidates for b (and thus A) are tried in an attempt to find
an element with small positive nullspace dimension.

NoTE V.4: Alas, over finite fields it is possible to construct situations in which every
singular element has nullity > 2. The worst offender in this are cyclic groups, rep-
resented by matrices which diagonalize over extensions of F with conjugate roots
of unity on the diagonal. For example HOMEWORK. This problem can be avoided
by considering the characteristic polynomial of M, see XXX

The original MeatAxe now takes as input a G-module, given by matrices. It tests
the module for irreducibility and, if reducible recurses to submodule and factor
module. The result is a sequence of matrix representations (images of the original
generators) that represent the actions on the composition factors of the module.
All that needs to be stored are matrices for the group generators, therefore this ap-
proach works even for rather large groups (and indeed was instrumental in study-
ing the sporadic simple groups).

By keeping track of submodule generators one can also get bases for a compo-
sition series of the original module.

Isomorphism

If V4, V, are both G-modules via homomorphisms ¢y, ¢,, a module isomorphism is
a bijective linear map y: Vi — V; such that for all v € V; and all g € G we have that

(V.g‘Pl)V/ :Vllf,gfpz'

This implies that with a choice of compatible bases (i.e. basis vectors are images
under y) for both modules, the matrices for the action of G on V; equal the matrices
for the action on V5.

If a module V is simple, one can obtain a basis for V from a single nonzero
vector via the spinning algorithm. Suppose v € V; is such a vector and 5 the re-
sulting basis. The same spinning algorithm will create a basis C for V, when seeded
with v¥, consisting of the images of B under y. These two bases therefore will be
compatible.

An isomorphism of simple modules therefore can be defined by prescribing the
image of a single nonzero vector. Or - formulated as a test — the modules V; and V,
are isomorphic if - for a nonzero v € Vj, we can find a prospective image v¥, such
that (v), = Vi and (v¥) = V3, and with respect to the created bases for V; and V,
all elements (or generators) of G are represented by the same matrices on V; and
Va.

To find such an image v¥, let b € FG be an element with nonzero nullity and
select v € Kern(b). Then v¥ € Kern(bY).

Loften called nullity in this context
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To find such an image v¥, let b € FG be an element with nonzero nullity and
select v € Kern(b). Then v¥ € Kern(b5). This reduces the search space, in partic-
ular, as v¥ only needs to be determined up to scalars, reduces it to one choice if b
has nullity 1.

Notk V.5: If a module V is not simple, isomorphism test (or determination of all
automorphisms — due to Schur’s lemma this is typically not very interesting for
simple modules) is notably harder. A naive approach is to simply consider y given
by a matrix M and solve the (linear) matrix equations

g -M=M-g" VGenerators g for G.

but the number of equations quickly becomes problematic.
A much better approach is described in [Smi94, ChapterXXX].

Problems
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Lifting

VI.1 The Lifting Paradigm

Lifting is the stepwise approximation of a result in subsequently larger factor groups.
As we can reach the full group is a finite number of steps, the end result will be cor-
rect. Furthermore approximation is a homomorphism which eliminates the round-
ing problems that plague numerical analysis.

We will assume that we have an elementary abelian normal subgroup N < G
and that the result is known in G/N. We then want to “lift” this result to G. This
means that we will have to modify elements by further factors from N. The aim
then is to reduce the problem of finding these factors to a calculation in N which
— N being elementary abelian - can be done using linear algebra.

By induction we can lift in several steps via a series of normal subgroups G
N; > N > - > (1) with N; < G and N;/N;,; elementary abelian, thus effectively
lifting from G/L to G if L < G is solvable.

In most cases, the algorithms have been initially proposed for p-groups. In this
case one can assume (using a central series) that M is central, which means that we
can ignore the module action.

Next, these ideas have been extended to solvable groups. Essentially this means
incorporation of the group action.

In these two cases we can assume that the initial factor group is trivial, so only
the lifting step has to be considered.

More recently (since about 1995) the algorithms have been generalized once
more to the case of nonsolvable groups. In this situation the initial factor is G/ Oo (G).
This group is “Fitting-free’, i.e. it has no elementary abelian normal subgroup. Such
a group is the subdirect product of groups of the form T" < G < Aut(T) : S,
for simple groups T, where the T;"' are the socle factors. Often easy reductions to
groups G < Aut(T) 2 S,, are possible. For groups of this type then the following

119
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approaches are used:

« Older algorithms. As G/O4(G) is smaller than G and has a more simple
structure these (or just some ad-hoc approach) frequently succeed.

« Pretabulation of results for “small” Fitting-free groups. (Up to size 10° there
are at most a few hundered such groups and pretabulation is not that bad.
The main issue is tracing errors, if mistakes are made in the pretabulated
data.)

 Reductions to the simple case and special methods for these using theory.
(For example we can enumerate conjugacy classes of PSL, (q) using normal
forms of matrices.)

Factor groups

To make this approach feasible, we will have to represent the factor groups G/N on
the computer.

The easiest approach is to consider the factor group as consisting of cosets and
to work with elements of G as representatives and full preimages of subgroups
(U < G represents U/N < G/N). As we reduce the calculations typically to the
elementary abelian factor groups themselves (which we can represent as column
vector spaces) this is sufficient in many cases.

If G/N is solvable we can compute a pcgs for G/N and represent this group as
a pc group (for example, by using the methods from [Sim90]). If furthermore N
(and thus G) is solvable this can be done easiest by computing an induced pc system
(see IV.4) for N and by working with “canonical” representatives for the cosets gN.

If G;_1/G; is a composition factor in the pc series of G, we have that either
G;_1 < N (in which case we can assume that the i-th exponent of a coset represen-
tative of N is zero) or we have that (assuming G;_; = (G;, g;)) that g¢ and g? for
a # b (mod p;) are in different cosets.

This shows that we can represent G/N by working with a subset of exponents.

A similar approach works if N < M <« G with N < G. In this case we compute
an IGS of M and with respect to this an IGS for N, thus representing the subfactor
M/N. This in particular offers an easy way to desctibe the matrix actionb of a group
on an abelian chief factor.

In the nonsolvable case we can still try to compute a faithful permutation rep-
resentation for G/N, for example by searching ad-hoc for subgroups containing N
on whose cosets we operate. While there is no guarantee to obtain a small degree,
this works reasonably well in practice.

For the particularly relevant case of G/ O (G), we note that Oo, (G) is in prac-
tice obtained as kernel of a homomorphism, this homomorphism can be used to
build a representation of the factor group. (If G is a permutation group, it has been
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shown in particular that G/O.,(G) can be reopresented by permutations of the
same, or smaller, degree.

VI.2 Conjugacy Classes

One of the earliest and easiest understandable algorithms is the computation of
(representatives) of conjugacy classes of G. As we calculate centralizers at the same
time the same approach can be used in general for the computation of centralizers.

Let us consider first the lifting step, following [MN89]: We assume that G >
N = C}' is elementary abelian and that we know class representatives (and their
centralizers) in G/N.

Clearly for every h € G there exists a representative Ng € G/N such that
NhN* = N, for some Nx € G/N.If g is a class representative in G we can therefore
assume that Nh = Ng for some class representative g of G/N. This assumption
implies that we are looking for elements in Ng up to the action of the subgroup C,
defined as C/N = Cg/y(Ng).

Now consider this action for a fixed g. For n € N, and ¢ € C we have that
g¢ =n.gwith n. = g°/¢g € N depending only on g and ¢, as Ng = Ng°. Thus

(ng)*=n‘g"=n"-n.g
If we consider N as a C-module, we therefore get an affine action: n — n® + n. We
can represent this action in matrix form (by acting on augmented vectors with 1in
their last component) and compute orbits and stabilizers this way.

Furthermore we notice that N < C, thus the orbits of N form blocks. We want
to see that we can in fact describe the action on these blocks easily: If m € N we
have that n™ = n, thus (ng)"™ = n-n,,-g with n,,, = g /g is a pure translation. If we
act by m;m, we translate by n,,, n,,,, thus the translating vectors lie in a subspace
M = (n,, | meN) < N. The N-orbits therefore correspond to the factor space
N/M and we can consider the induced affine action of C on this factor space first.
(If N is central this factor space is all we need to consider.)

The top step

In the first step, if G is solvable we have a trivial or an abelian group. Conjugacy
classes are trivial for such groups.

If G is not solvable, the following approach [Hul00] can be used to compute the
classes of F := G/Ow (G):

By a reduction to subdirect product factors we can assume without loss of gen-
erality that T < F < Aut(T) 2 S,,. First consider the subgroup S := F n Aut(T)™.
Elements of this subgroup are m-tuples of elements of Aut(T'). Clearly we can con-
jugate (using T™) in each component independently to make each entry a fixed rep-
resentative of its T-class. (In fact one can relatively easily consider S-representatives
of S-classes, using that [Aut( T):T] is small.)
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Next one can consider the impact of component permutation on these S-classes.
We can assume that a class tuple for an F-class representative in S is minimal under
this action. (There also is the issue of a potential further fusion of T-classes, but this
does not change the basic idea.)

We can therefore essentially enumerate the F-classes within S by enumerating
minimal class tuples.

The classes of F outside S are relatively few, but might be small, which makes
a pure random search unfeasible. Instead we can compute first the F/S classes, for
each representative S f then compute C-classes on S for C = Cg(f) and finally fuse
under the action of F.

VI.3 Complements

We have seen already in section IV.4 how to compute complements to an elemen-
tary abelian normal subgroup N < G. Here we want to consider the case of a solv-
able N < G.

First we choose a chief series through N. (For example by intersecting an ex-
isting chief series with N and eliminating trivial factors.) Its factors within N will
be elementary abelian, thus we need to consider a single step lifting from G/M to
G with M < G elementary abelian.

The following theorem contains the main argument:

TaEOREM VL1 ([(CNW90]): Suppose that M <« N < G and that B, C < G are com-
plements to N in G. Then:

a) MB/M and MC/M are complements to N/M in G/ M.

b) B is a complement to M in MB.

¢) Ng(B) = B- Ny(B) and Ny(B) = Cy(B).

d) If B is conjugate to C in G then MB is conjugate to MC.

e) If MB = MC and B is conjugate to C in G the groups are conjugate under D
where D/M = Cyp(MB/M).

Proof: a), b) follow easily from the isomorphism theorem.

c) As G = N - B every element of Ng(B) can be written as a product of an ele-
ment b € B and an element n € N. As b clearly normalizes B, n must normalizer
B as well, thus Ng(B) = B - Ny(B). To show that Ny(B) = Cy(B) consider the

semidirect product N x B. We want an element (#,1) such that b” = b’ € B. As
b" =n~'bn = n"'n’" b this implies that 1 = n'n?", respectively n = n”.
—_———
eN

d) is trivial
e) If MB = MC the conjugating element will normalize M B. Then use c) for a de-
scription of N/ (MB/M). ]

Thus assume we know the complements to N/M in G/M up to conjugacy. For
each complement X/M we calculate complements to M in X and then fuse the
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Figure V1.1: Lifting and conjugacy of complements over two steps

complements under D where D/M = Cy/y(X/M). Because D centralizes X/M
this fusion can be described by an action on the cohomology group describing the
complements. As this action is by translation we can simply take representatives
for the factor space of H'.

VI.4 Subgroups

The lifting step for subgroups uses the same idea by observing that subgroups ei-
ther arise “within” the factors of a chief series, or as complements [Hul99, CCHO1]:
Assume that M < G is elementary abelian and that we know the subgroups of
G/M (up to conjugacy). These subgroups of G/M correspond to subgroups of G
containing M.

Now suppose that we have a subgroup S such that M £ S. We set A = (M, S)
and B=Sn M. Then B < S, B < M (as M is abelian) and thus B < A. Thus S is a
complement to M/B in A/B.

As M/B is elementary abelian we can calculate such complements in the same
way as in section IV.4.

Next consider the action of G by conjugacy: To normalize S we clearly need to
normalize A and B. Thus let N = Ng(A) n Ng(B).

Now suppose that S and T are two complements with SN M = Tn M = B and
(S, M) = (T, M) = A. If there is an element g € G which maps S to T this element
must be in N.

We therefore need to consider complements to M /B in A/B up to N-conjugacy.
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Note that in general N > Aand N/M # Cg,(A/M). Therefore the action on the
complements is more complicated as in the previous section.

In practice one could first consider the factor space of H' corresponding to
classes under the action of D with D/M = Cg/p(A/M) and then have N act on
these classes.

The algorithm for lifting then runs through all subgroups A containing M, for
each such subgroup classifies the A-submodules B of M up to Ng(A) conjugacy
and then classifies complements up to Ng(A) n Ng(B) conjugacy.

The cyclic extension algorithm

To deal with the Fitting-free factor F we use an older algorithm, called “cyclic ex-
tension” [Neu60]. Its basic idea is that a subgroup S < F is either perfect or (using
that §’ < S) there exists a subgroup T < S with §/T cyclic.

Assuming that we would know T, we could find S by considering elements in
x € Np(T) and forming the extension (T, x). Clearly it suffices to consider on-
ly elements x of prime-power order (otherwise we can construct in several steps)
and to consider x only up to cyclic subgroups. To this end we start the compu-
tation by determining all cyclic subgroups of prime-power order (“Zuppos” from
the German term' for these) and for every subgroup T and its normalizer Np(T)
determine the zuppos contained therein. Then the extending elements x can be
chosen from among generators for the zuppos in Ng(T) but not in N. (There is
the issue of equal subgroups and conjugacy which we resolve by comparisons and
explicit computation of conjugates of all subgroups.)

Using this approach we can construct all subgroups with the perfect subgroups
(including the trivial subgroup) as seed.

To obtain the perfect subgroups let F*° be the terminal subgroup in the derived
series of F, i.e. F/F is the largest solvable factor group.

LEMMA VI.2: Let S < F be a perfect subgroup. Then S < F*°.

Proof: Consider N = SnF*.Then §/N is isomorphic to a subgroup of F/F* which
is solvable. As S is perfect we have that N = S and thus S < F* as claimed. O

We now can proceed in the following way to determine all perfect subgroups of
F: First determine F®°. Then, using a data base of perfect groups (such as [HP89],
created essentially by ideas similar to those of quotient algorithms) and a variant
of the GQuotients algorithm III.15 - enforcing injectivity and not surjectivity — we
determine the perfect subgroups of F* up to conjugacy. We also test for further
conjugacy under F.

We now start the construction of subgroups, starting with the perfect sub-
groups (at least the trivial subgroup) up to F-conjugacy. In each iteration we consid-
er the subgroups not yet processed. For every such subgroup T we form extensions

1Zyklische Untergruppen of Primzahlpotenzordnung



VL5. MAXIMAL SUBGROUPS 125

S := (T, x) with x taken from the zuppos in N (T) with x? € T for a prime p. We
also need to consider the elements x only up to N (T) conjugacy.

We test the groups S obtained this way for duplicates and conjugates and then
add them to the pool of groups to be processed on the next level. If F is large, a

successful approach is to compute the subgroups for all maximal subgroups of F
first (see section VI.5) and to then fuse under conjugation by F.

If F is in fact a subdirect product of smaller groups, one can also first compute
the subgroups of each factor separately and then use the ideas of section II.4 to
construct all subgroups from these.

Normal subgroups

For normal subgroups [Hul98] we have a similar situation, however we are looking
only for normal complements. This implies that we must have a central normal
subgroup and there is no B'. We also must check whether the complements found
are indeed invariant under the whole group.

(A potentially hard case is if A turns out to be elementary abelian, as there will
be many complements. In such a case one can calculate submodules instead.)

To find normal subgroups of the radical factor we can use a similar approach
and step along a chief series, eventually we just need to be able to find normal
complements to nonabelian simple normal subgroups. These complements in fact
must be centralizing, and the “dihedral group trick” (homework) can be used to
find them.

VI.5 Maximal Subgroups

To find maximal subgroups we use that if S < G is maximal, the action ¢ of G on the
cosets of S is primitive [EHO1, CHO4]. Let C = NS¢ = Coreg(S) = Kerng < G
be the kernel of this action. Our aim now is to find homomorphisms ¢ defined on
G (by suitable actions), such that C will be amongst the kernels of these homomor-
phisms. (It is possible that G has a large number of normal subgroups, thus we do
not want to construct all. Furthermore, getting homomorphisms allows us to work
in the factor group G/C easily.) We will find these homomorphisms by acting on
suitable chief factors of G.

DErINITION VI.3: Let G be a group and ¢: G — H and y: G - K be two epimor-
phisms. We that that ¢ is isomorphic to y is there is an isomorphism & H — K
such that g?¢ = gV for every g € G.

Now suppose (figure V1.2) that we have a given chief series of G in which N
is the largest normal subgroup such that N < C. Suppose that M is the subgroup
before N in the series, i.e. M /N is minimal normal in G/N and M/N is elementary.
Then N < Cn M < G is a normal subgroup (strictly, by choice of N) contained in
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Figure VI.2: Interplay of a maximal subgroup and a chief factor M/N

M, thus C n M = N. On the other hand we have that S < MS (we have that M £ S
by choice of N), the maximality of S thus implies that G = MS.

Therefore M/N is isomorphic to the (thus minimal) normal subgroup CM/C
of G? and the action of G? on this normal subgroup is isomorphic to the action of
G on M/N. We therefore get the following

LemMMA VI.4: Let S < G be a maximal subgroup and G = Ny > Ny > -+~ > (1) be a
fixed chief series. Let ¢ be the action of G on the cosets of S. Then ¢ is isomorphic
to either:

a) The action of G on one chief factor N;_1/N; or
b) The action of G on two isomorphic chief factors N;_;/N; and Nj_;/N;.

Proof: The action on the cosets of S is primitive. Thus the action (by conjugation if
the socle is nonabelian, affine if the socle is abelian) of G? on Soc(G?) is faithful
or we can find a normal subgroups C = Kern¢ < X < G such that X? = Soc(G)
and thus ¢ is isomorphic to the action of G on X/C.

By lemma I1.61 we know that Soc(G)? is either a) minimally normal or b) the
direct product of two isomorphic minimally normal subgroups. In case a) we there-
fore know that Soc(G?) 2 CM/C and thus the action of G on CM/C is isomorphic
to the action on the chief factor M/N in the given series.

If G* has two minimal normal subgroups they must be isomorphic. The action
on M/N provides one minimal normnal subgroup. By Jordan-Hélder (the action
on) the other minimal normal subgroup must be isomorphic to (the action on) an-
other chief factor. O
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We can therefore step through a chief series and for each chief factor M/N
consider:

o The action ¢ of G on M/N

o If M/N is nonabelian and there is a prior chief factor A/B = M/N the action
¢ of G on both chief factors simultaneously.

PERFORMANCE VL5: If M/ N is abelian thishomomorphism ¢ is described easily by
matrices. If M/N is nonabelian we find a small degree permutation representation
for the automorphism group of its simple constituent and then (as in lemma I1.66)
embed G¥ in a suitable wreath product.

In the second stage, we test for each image group G? whether it can have faith-
ful primitive actions and determine the corresponding point stabilizers. These give
rise to all maximal subgroups of G. For this task we use the the O’Nan-Scott clas-
sification I1.72.

For example if Soc(G?) is abelian we know that maximal subgroups must be a
complement to the socle. (In fact is is not hard to see that in this case S/N must be
a complement to M/N in G/N, thus rendering the action ¢ unnecessary.)

For the primitive actions with a non-regular normal subgroup we construct the
point stabilizer S? by first describing Stabg,(e)(1) (which by theorem I1.72 has
a very “easy” structure) and consider S as its normalizer in G?. Then the corre-
sponding maximal subgroup of G can be obtained as pre-image.

Some of the primitive actions are derived from permutation actions of the sim-
ple socle factor. These essentially need to be obtained from a data base, using con-
structive recognition (section VIL3) to connect the group to this data base (or be
computed the very hard way by computing the full subgroup lattice of the simple
group, which is OK if this group is comparatively small).

V1.6 Intersection and Normalizer

(A section that would be here if not for time reasons.) These have been studied
mainly for the case of solvable groups [GS90], a more general lifting approach for
the normalizer is given in [LM02].

Problems

EXERCISE 64: Let M < G be elementary abelianand g € G. Supposethat M < C< G
such that C/M = Cg/p(Mg). Decribe a method to determine Cg(g) from this
information. O

EXERCISE 65: a) Let G be agroup and Sy, . . ., S < G. Show: The (simultaneous, in-
transitive) action of G on the cosets of the S; is faithful if and only if N; coreg (S;) =

(1).



128 CHAPTER VI. LIFTING

b) Using the characterization in a), write a program in GAP which determines for
a group G the smallest degree of a faithful permutation representation. (You may
use the function ConjugacyClassesSubgroups to determine the subgroups of
G.)

c) Using the library of small groups in GAP, find an example of a group G and
N < G such that the smallest degree of a faithful permutation representation of G
is smaller than that of G/N. ]



CHAPTER

Group Recognition and
Matrix groups

We have seen already one way of working with matrix groups by considering them
as permutation groups on a set of vectors. While this approach works for smaller
groups, it can yield permutations of an exceedingly large degree and thus is not
feasible for larger examples.

Instead, when given a matrix group G < GL,(q), the idea is to go immediate-
ly to a composition series and to describe basic functions, such as element tests, in
terms of this composition series and its simple factors. Indeed, the methods for sta-
bilizer chains only require the ability to enumerate and identify cosets (in the case
of stabilizer chains this is done by the images of base points). A general framework,
unifying the use of subgroup series, has been proposed in [NS06].

Considering the higher level algorithms from the previous chapter, it is on-
ly necessary to consider a composition series that refines a chief series through
O (G) - by acting on suitable chief factors it is possible to massage an existing
series into such a format.

(I should mention that much of this chapter is still subject of current research
and therefore comparatively little is available in implementations.)

VII.1 Towards a Composition Series

The basic idea for finding a composition series is to mimic the approach for per-
mutation groups II.6:

Given a matrix group G, prove that G is simple, or find a homomor-
phism (which we can evaluate) ¢: G — H such that H is a matrix group
of degree not larger than G and that N := Kern ¢ > (1).

For permutation groups the crucial step towards this was the reduction to prim-
itive groups and the O’Nan-Scott theorem describing the structure of primitive
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groups. For matrix groups we will use reducibility of the natural module and As-
chbacher’s theorem (section VII.2).

There is the additional difficulty of how to obtain the kernel N of a homomor-
phism. For permutation groups we were able do this using a stabilizer chain which
does not have an analogue here.

Instead we will first process G/N to the point where we have determined a
composition series, and from this series determine a presentation for G/N. We
then evaluate the relators for G/N in preimages of the generators. This will yield
normal subgroup generators for N. N is generated (as subgroup) by all conjugates
of these.

We will then assume temporary that N is generated by “a few” of these G-
conjugates, including all normal subgroup generators, and process the subgroup
M < G generated by these. To finally verify correctness, we then test normality of
M in G, using an element test for M building on the data structure obtained.

The resulting recursive process produces a homomorphisms and kernel gener-
ators for the group and recursively for images and kernels of the homomorphisms.
It is often called a composition tree, as illustrated in the diagram:

G withe
' N
N=Kernp <G F = Image(¢)
with with y
I'e N 4 N
Kerny <N Image(y) Kerny<F Image(x)

Similar to the idea of randomization in the case of permutation groups, many
of the algorithms we use will be (Monte Carlo) randomized, and thus might return
a wrong result. In the same way as with permutation groups we therefore use the
composition series obtained to determine a presentation, and finally verify relators.

When recursing to factor structures, we will be working in a homomorphic
image, the homomorphism being defined via some action. If the image group is a
large matrix group itself, it is not necessarily clear how to take pre-images of ele-
ments under the homomorphism, as we don’t have an easy way of decomposing
into generators. We therefore keep track of all element operations done in the ho-
momorphic image and shadow the resulting elements with an expression of these
elements as words in generators. To obtain the pre-image of an element x under
the homomorphism, we then simply evaluate this shadowing word in the original
group’s generators.

PERFORMANCE VILI: De facto we will not store words, but “straight line programs”
which have smaller storage and faster evaluation. This means that we store an ex-
pression such as b((ab)* * b)? * (ab)? not as word babababab?abababab*abab
but as “expression tree”, storing ¢ = ab, d = (ab)? = ¢?, e = (ab)* = d* f = eb and
then express the word as b f2d.
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As with permutation groups there has been much interest in complexity aspects
of these algorithms: Eventually we want a low-degree polynomial complexity in n
andlog(gq). One potential difficulty with this is the case of large order cyclic factors.
To test membership in such a group we need to solve a discrete logarithm problem,
which is a known hard problem.

Nortk VIL.2: For uses in further algorithms, we often want the composition tree to
be compatible with particular subgroups, in particular the solvable radical. Once
one tree has been established it is possible to modity it to satisfy such requests.

VII.2 Aschbacher’s theorem

When determining the composition series for a permutation group, the key point
was to produce actions with nontrivial kernel. The O’Nan-Scott theorem I1.72 then
certified that the only groups for which we could not get actions were almost simple.

The situation for matrix groups follows a similar track, but is overall more
complicated since there are more ways to (de)compose matrix actions. The ana-
log of the O’Nan-Scott theorem in this case is Aschbacher’s theorem. In its original
form [Asc84] it is a description of maximal subgroups of a matrix group.

In the following description of the theorem we will assume that G < GL,(q) is
a matrix group and M = F its natural module. The theorem now defines a series
of classes Cy, ..., Cs of groups, each corresponding to a reduction of the natural
module, or a way to represent (a factor group of) G in a smaller (dimension, field
size) way.

The (very technical) proof of the theorem then shows that if G is not in any of
the classes C; to Cg, it must be in the class (called Cy) of almost simple groups — an
analogous statement to that of the O’Nan-Scott theorem.

The classes are roughly' defined as follows:

Ci M is reducible.

C, M is the direct sum of isomorphic subspaces M = @y, V and the action of
G permutes these subspaces.

C4 M is the tensor product of two nonisomorphic submodules.

C; M is the tensor product of isomorphic spaces M = @y, V which are per-
muted under the action of G.

Cs Up to scalars, we can write G in smaller dimension over a larger field.
Cs Up to scalars, we can do a base change to write G over a smaller field.

Cs The group G is normalizing a p-group of type p.p* (called an extraspecial
group.

P'm leaving out various technical conditions
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Cs The group G is stabilizing a bilinear or quadratic form.

Note that most of the classes yield an obvious factor group (and suitable action for
obtaining an epimorphism onto this factor). Class Cg helps with identifying almost
simple groups of a geometric persuasion.

For each of these classes, there exist algorithms that, with selectable arbitrary
high probability, will recognize whether a given matrix group is in this class, and
construct a corresponding homomorphism.

In the case of class Cy, for example, the MeatAxe (section V.2) provides a test
which will identify a proper subspace. By changing the basis of M to be com-
patible with this subspace the matrices for G will be in upper triangular block
form, the diagonal blocks representing the homomorphic images given by action
on the quotient module, respectively the submodule. Variations and extensions of
the MeatAxe can be used for many of the other classes. For class C; a homomor-
phism is given by the action on a tensor factor. For classes C, and C7, the permu-
tation of the isomorphic subspaces gives G the structure of a subgroup of a wreath
product, the permutation of the factors yields a nontrivial homomorphism.

If the reduction attempts do not recognize any class, we assume that G is almost
simple and then try to process it as an almost simple group.

VIL.3 Constructive Recognition

The leaves of the composition tree are almost simple groups. We process these
groups in a series of steps. (Again, the algorithms initially are Monte Carlo with
chosable error probability. The final test, or internal inconsistencies, will spot er-
rors in which case we start anew.)

We assume that we have a group G - a leaf in the composition tree — given by
generators of which we believe that it is almost simple. Our aim now is to deter-
mine the isomorphism type of G (thus in particular the order of G) and produce
a presentation for G, as this is needed for the verification of the compositon tree
obtained. We do so in a sequence of steps:

Recognition

The first step is to determine (with high probability) the isomorphism type of G as
a simple group. (Note that we do not know |G|, and thus cannot simply use theo-
rem I1.82!) We can do this in practice (using heavy theory about simple groups) by
sampling the distribution of element orders for (pseudo-)random elements [LO07,
KS09]. From this point on, we will assume that G is isomorphic to a particular fi-
nite simple group, if inconsistencies arise later we need to return to this recognition
step.
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Constructive Recognition

Finite simple groups typically have a “natural” representation, for example A, is a
group of permutations on n points and PSL,(q) a group of n x n matrices up to
scalars. Many questions about a group are answered easily in this representation,
either because of the special shape of elements, or by referring to known infor-
mation (from the literature). This natural representation also often comes with a
natural generating set in which we can decompose efficiently.

From the (assumed) isomorphism type of G we now create such an isomorphic
group H in the natural representation as a new object. (Sometimes H is called the
“gold-plated” copy of G.)

To use H, we need to construct an effective (i.e. we need methods to compute
images and pre-images of elements) isomorphism from G to H.

The crucial step of such methods is to recreate the underlying geometry or com-
binatorics of the group (in the case of (P) GL the vector space) based on properties
of group elements.

Typically this is done by determining a particular generating set, whose ele-
ments are determined uniquely up to isomorphism, can be identified by proper-
ties that only require equality test of elements (thus e.g. element order, though one
might (e.g. in the case of matrix groups) also use properties of the exiting repre-
sentation), but still are likely to be found by random search.

ExampLE VIL.3: For a toy example (the actual algorithm [BP00] has much better
probabilities), if G 2 A, such a generating set couldbe {(1,2, n), (1,3, 1), ..., (1, n—
1,n)}. We thus need generators which are 3-cycles, such that any two generators
share two points. (Which points these are is really irrelevant, as we can relabel!) A
3-cycle can be identified from order 3 and XXX.

Once we have one 3-cycle, we can get all others as random conjugates. The prob-
ability of them sharing at least one point (in which case they generate a subgroup
< As, in which an element sharing two points is easily found) is at least

(') 1

5)

Thus after a polynomial number of tests (n*) one would expect to have found a
second such elements.

The sharing of points also can be determined using element orders: Assume
that a and b are two 3-cycles in A, (such that b ¢ (a)). If a and b share no points,
we have that ab = ba. If they share one point, then |ab| = 5. If they share two points,
then |ab| = 2 or |a2b| = 2. If ¢ is a further 3-cycle, sharing two points each with a
and b, then it either shares the same two points with both, or (because ¢ must use
two points of a and a different point of b) ¢ € (a,b) = Ay.

1-

In the case that the group naturally is a matrix groups, one often uses as gener-
ators elements A such that A — A has exactly one nonzero entry. Such elements are
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called “transvections” in the geometric context. If G itself is a matrix group (even
if it is in another representation) it is often possible to use the matrices themselves
as an aid in recognizing such elements.

In the “gold-plated copy H, decomposition into the generators is typically easy,
which lets us evaluate the inverse isomorphism H — G. To evaluate the homomor-
phism itself, we need to find a way to decompose into generators whih only uses
basic properties such as element orders.

ExampLE VII.4 (Continued): In the case of the alternating group with generators
{a; = (,i,n) |2<i<n-1},acydex = (p,q,...,r) (with p > 1land r < n)
involves i if and only if the order of a;x differs from |x|.

Verification of the homomorphism

What we have done so far is to find elements of G, which seem to correspond to
the chosen generating set of H. We will assume that theory has given us a presen-
tation for H in exactly there generators. (If it is in fact in other generators, we need
to rewrite, e.g. using suitable Tietze transformations.) By evaluating the relators
for H in the corresponding elements of G, we can verify that the inverse map is a
homomorphism. (If we assume that H is simple, we get the trivial kernel for free,
otherwise it is an easy extra test.) What remains is to show that we have defined a
homomorphism on G (and not just on a subgroup of G). We verify this my map-
ping the generators of G to H, and map these images in H back to G (i.e.we express
the original generators as words in the new generators), verifying that we got the
same elements.

Pull back the presentation

Using this expression of old generators as words in the new generators, we trans-
form the presentation for H into one for G inthe original generators. Pulling this
back to the parent group from which G descended lets us ultimately build a pre-
sentation for the whole group. If any probabilistic step actually was wrong, this
will in fact be a wrong presentation. Evaluating this presentation therefore does
a final verification of the composition tree structure.

VII.4 Use of known information about simple groups

Using the treasure of knowledge built up in theory, we now would like to assume

that all information (such as classes, subgroups, character table, &c.) about H is

known, and then use the isomorphism to translate the information back to G.
Doing so will often serve as initial step in lifting algorithms.

Even if such information is fully known in theory, it often is a nontrivial task
to construct this explicitly. (Theoretical descriptions are for example notoriously
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vague on issues such as nonconjugate subgroups that become conjugates under a
larger group.) Two easy examples are described here.

ExampLE VIL5: For example, suppose we want to describe conjugacy classes and
centralizers in A,,. In S, this problem is easy: Conjugacy classes are parameterized
by the partitions of n, centralizers can be described easily (see problem 17). A,
however, does not contain all elements, and S,,-classes may split up and centralizers
will be smaller. Since [S,,:A,,] = 2, we can describe this completely in the following
lemma.

LEMMA VIL6: Let g € S, and C = Cg, (g). Then exactly one of the following three
statements is true with respect to elements of A, in the same S,-class and D =
Ca (G)=CnAy:

1) g¢ A,
2) C£A, and g* = g

3) C =D < A, and the S,-class of g splits up into two A,-classes with repre-
sentatives g and g(?). (Of course C4, (g("?) = C(12) as well.)

Proof: Assuming that g € A, suppose first that C £ A,,. Then (isomorphism the-

orem, and 2 being a prime) [C:C ﬂAn] = 2 and thus [Sn:C] = [An:D]. Thus
Sy _ Ay

g§"=8"

Otherwise —i.e.if D = C < A, — the S,-class of g has twice the cardinality of
the A, -class. Let h = g(l’z). Then there is no x € A, such that ¢g* = h (as otherwise
x-(1,2) e C< A,),s0 gand h are in two different A ,-class. As A,, < G, conjugation
by (1,2) is an automorphism, thus | gl = ’hA" , and the S, class simply splits into
two A, -classes. m]

In other, normal, non-prime, subgroup situations similar methods are possible.

ExampLE VIL7: In the case of G = GL,(g), normal form theory (the rational nor-
mal form, which exists over every field) describes the conjugacy classes of G. (Cen-
tralizers must have a corresponding block form and are determined by linear equa-
tions). To construct all conjugacy classes, we need all irreducible polynomials over
GE(q) of degree < n, these can be obtained from factoring x9" — x, which can be
done by factoring suitable cyclotomic polynomials.

A transition to a factor by a central subgroup Z < Z(G) (such as GL - PGL) is
easier: For g, h € G the classes of Zg and Zh are equal, if and only if g is conjugate
to zh with z € Z, i.e. a fusion of classes happens only amongst classes obtained by
multiplying the representative with a central element.

For subgroups or maximal subgroups, descriptions become far more compli-
cated, though theoretical descriptions exist at least for some cases, e.g. [KL90].
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Problems

EXERCISE 66: Determine the conjugacy classes of GL3(2) and of GL,(3). |
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