M517: Hintsfor Problem Set 5

1. Usethedefinition of continuity involving a sequence.
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Provethereisa 6 >0 suchthat f(x)>o for a< x<b. If thisisnot true, then for every m
thereisan x,, suchthat 0< f(x,) <1/m. Get a contradiction.

What are the maximum and minimum values of these functionson R ?

fa(%) = £ (x) = (f,0¢) = F(x.))+(f(x) - f(x)

Explore the Lipschitz continuity properties.

For (a): to do this problem, show that the set L of all functions that are Lipschitz continuous
on [a,b] withconstant L ,i.e. L ={f :[a,b] > R:| f(x)— f(y)[<L|x-y], dl x,ye[a,b]}
is equicontinuous. Conclude the same for {fn} becauseit isasubset of L . For (b): You

should use the Arzela-Ascoli theorem 7.4.2. To do this, you must first find a closed subset of
C([a,b]) that isuniformly bounded and equicontinuous that contains the sequence { fn} .
Now given x e[a,b], define the space L to be

L={f:[ab]>R:]|f(2-f(y)kKL|z-y]| dlzye[ab]and | f(Xx) KM}
for some constant M. Show that L hasthe desired properties. To show that L isclosed,
show that it containsits limit points. This means: show that if f isalimit point of L then f
isin L ,i.e.isbounded by M at x and isLipschitz continuous with constant L . To prove
the second property, for example, if f isalimit point of L thereisasequence {gn} that

converges uniformly to f . Now f(xX)—f(y)=f(X)—9,(X)+9,(X)—9g,(y)+9,(y)— f(y)
which implies an estimate of theform | f (x)— f (y) K L |x—y|+2¢ for ¢ >0 arbitrarily

small. You aso need to use (a) (which iswhy | suggested doing (a) alittle differently than
stated in the problem. For (c): Use () and (b).

First use the expansion f(x)—f(y)=f(x)—f.(X)+ f.(X)—f (y)+ f,(y)— f(y) toshow
that f iscontinuous. For & >0 thereisa & >0 such that | f (x) - f,(y)| <& and
|f(x)— f(y)|<e for |[x—ylk S andal n.Choose amesh {x,,--,x,} with spacing

between nodes smaller than 6 . Demonstrate uniform convergence on thisfinite set of points.
For ageneral f and x, choose x closer than ¢ to x. Use the expansion

f, 00— (¥ = f,(3) = £,06) + £, (x) = T (x)+ £ (%) - F(x)



