
Symplectic Geometry of Moduli Spaces and Applications To
Random Walks and Polymers (Math 676)

Fall 2016

Technicalities

Instructor: Dr. Clayton Shonkwiler (clay@shonkwiler.org)
Office: Weber 216
Course web page: http://www.math.colostate.edu/∼clayton/teaching/m676f16/
Time/Location: 12:00–12:50 MWF, Engineering E204.
Office Hours: Wednesday 1:00–3:00, Thursday 1:00–2:00, and by appointment.

Summary of the Course

A foundational model in the study of polymers is the random walk model, in which a polymer is
modeled by a collection of unit-length steps in space whose directions are chosen independently and
uniformly on the sphere. While this model is not particularly physically realistic (real polymers
have thickness, stiffness, charge, solvent interactions, etc.), it is a surprisingly decent approximation
for open polymer chains, and serves as the foundation of all more advanced models.

The mathematics of random walks with independent steps has been well-understood for at least
a century. However, many biologically interesting polymers (including bacterial DNA) form closed
loops rather than open chains, and the mathematics of random walks which are conditioned to
return exactly to their starting points is considerably more challenging. Applied mathematicians
and polymer physicists have been simulating such closed random walks (a.k.a. random polygons)
and doing numerical experiments for almost 50 years, but without rigorous justification for their
algorithms.

Very recently, fast and provably correct algorithms for simulating random polygons – as well as
very precise theorems about their geometry and topology – have been developed using the theory
of symplectic geometry. Specifically, the moduli space of n-edge random polygons arises as the
symplectic reduction of the product of n copies of the 2-sphere by the diagonal action of SO(3),
and turns out to be a toric symplectic (almost) manifold.

The first major goal of this course is to understand the previous paragraph, developing and
building on the basic concepts of symplectic geometry, Hamiltonian group actions, moment maps,
and symplectic reduction.

Symplectic reduction is the natural quotient operation in symplectic geometry. A fact which is
either surprising or obvious, depending on your perspective, is that there is a natural correspon-
dence between symplectic reduction and the natural quotient operation for projective varieties: the
Geometric Invariant Theorey (GIT) quotient. Consequently, the moduli space of random poly-
gons also has an interpretation as a projective variety, and turns out to be a particular choice of
compactification of the moduli space of pointed curves of genus 0.

The second major goal of this course, in conjunction with Renzo Cavalieri’s section of MATH
676, is to understand the previous paragraph and its consequences for polymer models and to
explore whether other moduli spaces from algebraic geometry have interesting applications.

Since the first connections between the random walks/polymers world and the algebraic/symplectic
geometry world are just beginning to be established, this is an exciting time to get involved, and
this course is a unique opportunity to do so.
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Prior familiarity with topology and advanced linear algebra will be very helpful, but the course
will be reasonably self-contained and should not require too much specialized knowledge.

There is no official text for the course, but the following books and papers will be useful
resources:

• Introduction to Symplectic Topology, by Dusa McDuff and Dietmar Salamon
• Lectures on Symplectic Geometry, by Ana Cannas da Silva

(available online at http://dx.doi.org/10.1007/978-3-540-45330-7)
• Cohomology of Quotients in Symplectic and Algebraic Geometry, by Frances Kirwan
• Kapovich, M., & Millson, J. J. (1996). The symplectic geometry of polygons in Euclidean

space. Journal of Differential Geometry, 44(3), 479–513.
http://projecteuclid.org/euclid.jdg/1214459218

• Hausmann, J.-C., & Knutson, A. (1997). Polygon spaces and Grassmannians. L’Enseignement
Mathématique, 43, 173–198.
http://doi.org/10.5169/seals-63276

• Cantarella, J., & Shonkwiler, C. (2016). The symplectic geometry of closed equilateral ran-
dom walks in 3-space. The Annals of Applied Probability, 26(1), 549596.
http://doi.org/10.1214/15-AAP1100

1 Grading

The goal of this course is for all of us to explore these new connections between symplectic and
algebraic geometry and random walks and hopefully to learn some things that none of us knows
yet. Therefore, the most important thing you can do is to actively participate in this project. Of
course that means regular participation in our in-class discussions, and will also sometimes mean
doing homework problems to develop concepts that require deeper reflection. I am required to
assign you a grade, which will be based on:

Homework: 50%
Participation: 50%

2 Disclaimer

The course syllabus is a general plan for the course; deviations announced in class may be necessary.

3 Anticipated Schedule

Topic Weeks

Manifolds, Differential Forms, Group Actions 2
Basic Symplectic Geometry 2
Hamiltonian Mechanics, Moment(um) Maps, Symplectic Reduction 3
Toric Symplectic Manifolds, Duistermaat–Heckman Theorems 2
Geometric Probability, Random Polygons, Polymers 5
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