
Math 517 Final Exam Practice Problems

1. For each of the following statements, say whether it is true or false. If the statement is true,
explain why; if it is false, give a counterexample. Your counterexamples should be as explicit
as possible, but if you can’t give an explicit counterexample, at least explain how one might
go about constructing an explicit counterexample.

(a) If f : Rn → Rn is differentiable and f ′(~p) is invertible for some ~p ∈ Rn, then f is
invertible.

(b) If A is an equicontinuous collection of functions on a metric space X, then each element
of A is uniformly continuous.

(c) Suppose E ⊆ R2 is bounded. If {pn} is a sequence of points in E, then {pn} has a
subsequence that converges to a point in E.

(d) Any continuous function f : [0, 1]→ [0, 1] has a fixed point.

(e) If f : R2 → R is twice-differentiable, then D12f = D21f .

(f) If U ⊆ Rn is open and f : U → Rm is differentiable with f ′(~p) = 0 for all ~p ∈ U , then f
is constant.

2. Give examples of each of the following, or explain why no such example exists.

(a) A power series
∑

cnx
n which is not differentiable on any interval.

(b) A continuous function f : [0, 1]→ R which cannot be well-approximated by polynomials.

(c) A sequence {fn} of differentiable functions so that fn → f , but {f ′n} does not converge
to f ′.

(d) A sequence {fn} of real-valued functions on [0, 1] which converges pointwise but not
uniformly.

(e) A continuous function f : X → R, where X is some metric space, so that f−1((0, 1)) is
closed in X.

3. Let X be a metric space and let E ⊆ X. Let E′ be the set of limit points of E. Show that
E′ is closed in X.

4. Let {fn} be a sequence of real-valued continuous functions on a metric space X. Suppose
{fn} converges uniformly to f on X. If {xn} is a sequence in X converging to x ∈ X, prove
that

lim
n→∞

fn(xn) = f(x).

5. Give a geometric interpretation of the Inverse Function Theorem when applied to differen-
tiable functions f : R→ R.

6. Suppose f : (a, b) → R is differentiable with |f ′(x)| ≤ K for all x ∈ (a, b). Show that
|f(x) − f(y)| ≤ K|x − y| for all x, y ∈ (a, b) (in other words, f is Lipschitz continuous with
Lipschitz constant K).
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