
Math 318 Exam #1
Due 3:00 pm Friday, February 18.

Name:

You may refer to your notes, your text, your homework, or the homework
solutions. Do not discuss the questions with anyone except me.

There is no time limit, and the exam is due at 3:00 pm on Friday, Febru-
ary 18. If you plan to ask me questions about course content, please do not
look at the problems until after you do so.

Please do not sign the following until the examination is completed.
I accept full responsibility under the Haverford Honor Code for my con-

duct on this examination.

Signed:



1. (a) Suppose (fn) and (gn) are two sequences of functions that con-
verge uniformly on a subset A ⊂ R. Is it true that the sequence
(fngn) converges uniformly on A? Prove or give a counterexam-
ple.

(b) If your answer to (a) was “yes”, does the result still hold if one
of the sequences does not converge uniformly? If your answer to
(a) was “no”, what additional assumptions on (fn) and (gn) will
yield uniform convergence of (fngn)?

2. (a) Let (fn) be a sequence of continuous functions. Suppose fn → f
uniformly on A ⊆ R. Prove that

lim
n→∞

fn(xn) = f(x)

for all x ∈ A and all sequences (xn) in A converging to x.

(b) Is the converse true?

3. Let fn be a monotone increasing, continuous function on [0, 1] for each
n ∈ N. Suppose f(x) =

∑∞
n=0 fn(x) converges for every x ∈ [0, 1].

Show that the function f is continuous on [0, 1].

4. Consider a series
∑∞

n=1 an. Let Sn =
∑n

k=1 ak be the nth partial sum
and define

σn =
∑n

k=1 Sk

n
.

We say that the series
∑∞

n=1 an is Cesaro summable to L if lim σn = L.
A consequence of HW 4 Problem #5 from last semester is that if∑

an = L, then the series is Cesaro summable to L.

(a) Show that the series
∑∞

n=1(−1)n+1 is Cesaro summable to 1
2 .

(You showed on HW 3 Problem #5 that this is also the Abel
sum of the series.)

(b) Does there exist a series
∑∞

n=1 an that is Abel summable but not
Cesaro summable?

5. Let
∑∞

n=0 anxn be a power series with each an ≥ 0. Suppose that the
radius of convergence is 1, so that the power series defines a function
f(x) =

∑∞
n=0 anxn at least on (−1, 1).

Prove that the power series converges at x = 1 (meaning f(1) makes
sense) if and only if f is bounded on [0, 1).


