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Abstract. Frames in finite-dimensional vector spaces are spanning sets of vectors which provide redundant
representations of signals. The Parseval frames are particularly useful and important, since they provide
a simple reconstruction scheme and are maximally robust against certain types of noise. In this paper we
describe a theory of frames on arbitrary vector bundles—this is the natural setting for signals which are
realized as parameterized families of vectors rather than as single vectors—and discuss the existence of
Parseval frames in this setting. Our approach is phrased in the language of G-bundles, which allows us
to use many tools from classical algebraic topology. In particular, we show that orientable vector bundles
always admit Parseval frames of sufficiently large size and provide an upper bound on the necessary size.
We also give sufficient conditions for the existence of Parseval frames of smaller size for tangent bundles of
several families of manifolds, and provide some numerical evidence that Parseval frames on vector bundles
share the desirable reconstruction properties of classical Parseval frames.

1. Introduction

A frame for a (real or complex) Hilbert space V is a sequence of vectors (fj)j∈J for which there are real
constants a, b > 0 satisfying the bounds

(1) a‖v‖2 ≤
∑
j∈J
|〈v, fj〉|2 ≤ b‖v‖2

for all v ∈ V . A frame is called tight if one can take a = b and Parseval (or normalized) if one can take
a = b = 1. An orthonormal basis for V is a Parseval frame, due to Parseval’s identity (the source of the
nomenclature), but one generally considers frames which are overcomplete or redundant, in the sense that
the collection {fj}j∈J is linearly dependent (although a frame must always be spanning, due to the lower
bound in (1)). Frames appear in signal processing applications, where the Hilbert space represents a space
of signals and the sequence of inner products (〈v, fj〉)j∈J represents an encoding of the signal v with respect
to the frame. This encoding scheme is preferred in many applications over encoding with respect to an
orthonormal basis due to its robustness properties: overcomplete Parseval frames are more resilient to both
additive measurement noise (e.g., [3,26]) and information loss due to transmission errors (e.g., [4,10]), where
resilience is quantified via bounds on the error incurred when reconstructing the signal from its corrupted
measurements.

Due to computational concerns, one typically deals in practice with a finite-dimensional approximation
of the signal space. As a result, frame theory in the setting of finite-dimensional Hilbert spaces has been
intensely studied in the past few decades—see the survey monographs [19, 40] and the references therein.
In the finite setting, one typically considers a frame to be a finite sequence of vectors, and the existence of
constants satisfying (1) is equivalent to the statement that the sequence gives a spanning set of V . Due to this
simplified interpretation of the basic definition, there is particular emphasis on studying finite frames with
more interesting prescribed properties, such as that of being Parseval. Much is known about the collection
of all Parseval frames consisting of a fixed number of vectors in a fixed finite-dimensional Hilbert space; for
example, it is non-empty and is equivalent to a well-known algebraic variety (a Stiefel manifold) [38].

In this paper, we study existence properties of smoothly-varying families of frames. That is, we consider
a rank-k (real or complex) vector bundle E → M over a smooth manifold M equipped with a smoothly
varying family of (Hermitian, in the complex case) inner products. In this context, given an integer n ≥ k,
we say that a collection (σj)nj=1 of sections σj : M → E is a (Parseval) frame of size n for E → M if for
each p ∈M , (σj(p))nj=1 is a (Parseval) frame for the fiber Ep. In this paper we address the following.
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Main Question: What conditions on the bundle E →M guarantee the existence of Parseval frame of size
n on E?
This question has already been considered in [14, 15, 20] (prior work is discussed more thoroughly below
in Section 1.1). This paper takes a somewhat more general perspective than these earlier works, and was
inspired by the observation that the Main Question should be susceptible to methods from classical algebraic
topology, such as obstruction theory [35]. We make partial progress on the Main Question from several fronts,
as we outline below in Section 1.2.

While the primary motivation for this work is theoretical, we also believe that there are applications-
oriented reasons for one to consider frames on vector bundles. On the theoretical side, we find it natural to
explore the extent to which results from the classical theory of frames for a single finite-dimensional vector
space can be generalized to frames on vector bundles, or collections of frames on parametric families of vector
spaces. Our results show that the topic is likely to be rather subtle, and offers many directions for future
work. On the practical side, it is not hard to imagine situations in which the signal of interest is not just a
single vector in a fixed vector space, but rather a collection of vectors which are smoothly parameterized by
some manifold—that is, the signal is a smooth section of a vector bundle. For example, such smooth sections
are useful in geometric deep learning as a way to give local coordinates for feature spaces sitting over each
point in an underlying data manifold [6, 24]. A frame for the vector bundle provides a method to encode
these smooth sections. Recovery of a signal in this setting involves inverting a certain linear operator (the
frame operator, see Section 2 for details) for the frame at each point of the manifold, a task which is both
computationally taxing and potentially numerically unstable. This computational burden is removed under
the condition that the frame is Parseval at each point, in which case the reconstruction process is much more
straightforward. Beyond this basic computational benefit, we expect that Parseval frames on vector bundles
will enjoy enhanced robustness to noise over general frames, in analogy with the results from classical frame
theory. We provide some initial evidence for this conjecture in a numerical experiment; see Section 3.4. A
rigorous study of these practical considerations is beyond the scope of this paper, but is planned to be the
subject of future work.

1.1. Previous work. Parseval frames on vector bundles have been studied previously in the literature; we
now briefly survey some prior results. To our knowledge, the earliest results on the topic appear in [20] in the
context of mathematical physics. The interest is in the existence of a Parseval frame for a certain analytic
vector bundle over a torus and an upper bound on the required number of frame vectors is derived. This
work is continued in [2, 21], where the bound on the number of required vectors is improved. These results
are described in more detail below in Section 1.2. Parseval frames on arbitrary vector bundles are considered
in [15]. Here, analogues of the Naimark–Han–Larson Dilation Theorem [16]—that any Parseval frame can
be realized as the image of an orthonormal basis for some higher-dimensional space under an orthogonal
projection—are established in the vector bundle setting. In [14], the question of the existence of unit norm
tight frames (that is, tight frames whose frame vectors are unit vectors) on n-spheres is considered. There it
is shown that every odd-dimensional sphere admits a unit norm tight frame, in contrast to the well-known
topological result that the spheres which admit global orthonormal frames are only those of dimension 1, 3,
or 7. However, unit norm tight frames are still rather uncommon since the sections comprising a unit norm
tight frame are each nowhere-vanishing. Thus, these types of frames can only exist for vector bundles with
trivial Euler class.

There have been several other papers which illustrate or exploit connections between geometry/topology
and frame theory. These works have some overlap in terminology, but generally deal with quite different
aspects of the subject than this paper. For example, [1] considers bundle-theoretic aspects of frame theory,
but considers bundle structures on spaces of frames, rather than frames defined for bundles. The recent
paper [5] treats Parseval frames for Riemannian manifolds, but the existence questions considered in the
present paper are not pertinent there. There has been much work on the geometry and topology of moduli
spaces of Parseval frames on a fixed Hilbert space—see, for example, [7, 12,38] or prior work of the last two
authors of this paper [25,27–30]. None of these papers consider frames on vector bundles, and the extent to
which their results generalize will be the subject of future work.

1.2. Main results. We now describe our main contributions. Our first main results concern the existence
of Parseval frames on both real and complex vector bundles. Roughly speaking, these results show that
for a vector bundle E → M (satisfying mild hypotheses) equipped with a smoothly varying fiberwise inner
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product (resp. Hermitian form), which we refer to as a Riemannian structure (resp. Hermitian structure),
there is a natural number n so that E → M admits Parseval frames of size n. Moreover, the value n is
explicit, depends only on the rank k of the vector bundle and the dimension d of the base manifold, and
grows linearly with respect to both k and d.

Theorem (Theorem 4.1). Let E → M be a rank-k orientable real vector bundle over a d-dimensional
smooth manifold. Suppose further that E → M is equipped with a Riemannian structure. Then there exists
a Parseval frame of size d+ k for E →M .

There is also a version of this result for complex vector bundles. In this case we find the bounds are even
lower.

Theorem (Theorem 4.2). Let E → M be a rank-k complex vector bundle over a d-dimensional smooth
(real) manifold. Suppose further that E → M is equipped with a Hermitian structure. Then there exists a
Parseval frame of size bd/2c+ k for E →M .

Note that no orientability hypothesis is needed here since complex vector bundles are automatically ori-
entable. We also show that, while one might expect that the conditions for existence of a Parseval frame on
a (real or complex) vector bundle are more restrictive than those for existence of a general frame, this is not
the case.

Theorem (Theorem 3.7 and Corollary 3.8). Let E → M be an orientable real vector bundle endowed with
a Riemannian structure. There is a size-n Parseval frame for E →M if and only if there is a size-n frame.

The key idea here is that the space of all frames of a fixed size on a Hilbert space deformation retracts onto
the space of all Parseval frames of that size. Moreover, the retraction preserves the underlying fiber bundle
structures.

As mentioned in the previous section, in [2,20,21] the authors provide bounds for the dimensions in which
Parseval frames exist for certain rank-k complex vector bundles (so called Bloch bundles) E → T d over a
d-dimensional torus. In this context, it is shown in [20] that there exist a Parseval frame for E → T d of
size at most 2dk. This bound grows exponentially in d, and so one sees that the bound in Theorem 4.2 is
considerably sharper. Subsequently, in [2], the authors are able to improve the above bound in the cases
where d = 3 and d = 4. Specifically, they are able to show that when d = 3 and E → T 3 is a rank-k Bloch
bundle there exists a Parseval frame of size k + 1, and when d = 4 and E → T 4 is a rank-k Bloch bundle
there exists a Parseval frame of size k+2. Note that in both of these cases, the results agree with the bounds
coming from Theorem 4.2 (i.e. b3/2c = 1 and b4/2c = 2).

Once it is known that Parseval frames exist for arbitrary (orientable) vector bundles, it is natural to ask
how small such a frame can be. If E → M is a rank-k vector bundle then the smallest possible size of a
Parseval frame is k. Furthermore, it is not difficult to see that a Parseval frame of size k provides a global
trivialization of E, and so such a Parseval frame can exist if and only if E is a trivial bundle. Thus, given
a non-trivial rank-k vector bundle, the best one can hope for is a Parseval frame of size k + 1. With this in
mind, we restrict our attention to tangent bundles over d-manifolds and give the following characterization
of the existence of a size-(d+ 1) Parseval frame, in terms of stable parallelizability, a well-studied concept in
classical geometric and algebraic topology.

Theorem (Theorem 4.7). IfM is a stably parallelizable orientable Riemannian d-manifold, then TM admits
a Parseval frame of size d+ 1. Moreover, if H1(M,Z/2Z) = 0 then the converse is also true.

This result immediately yields many examples of d-manifolds whose tangent bundle admits size-(d + 1)
Parseval frames: orientable surfaces, 4-manifolds with additional restrictions on their characteristic classes,
certain lens spaces (of arbitrarily high dimension), and homology spheres. On the other hand, we use
Theorem 4.7 to give examples of d-manifolds which do not admit Parseval frames of size d+ 1 for all d > 3
(Theorem 4.12).

A frame (fj)nj=1 in a real (resp. complex) Hilbert space V can alternatively be thought of as a surjective
linear map from Rn (resp. Cn) to V . To such a map, one can associate its singular values, which form a
collection of positive real numbers. The condition that the frame is Parseval is equivalent to all singular
values being equal to 1. At the other extreme is the case where the singular values of the frame are pairwise
distinct. We call such frames generic (see Section 5 for a precise definition)—this is warranted, since an
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open dense subset of frames have this property. For a vector bundle E →M , we correspondingly say that a
frame is generic if it is generic at each point of M , although this turns out to be somewhat of a misnomer.
That is, while one might naively expect that most collections of sections will form a generic frame, we show
that the topology of M and E can provide obstructions to finding such generic frames.

Theorem (Theorem 5.6). Let E → M be an oriented rank-k vector bundle over a connected d-manifold,
endowed with a smoothly-varying family of fiberwise inner products. Suppose that E → M has non-trivial
Euler class and that H1(M,Z/2Z) = 0. Then E does not admit sections of generic frames.

In fact, the full statement of Theorem 5.6 demonstrates the non-existence of sections with a weaker
notion of genericity. In particular, we are able to show that simply connected 4-manifolds never admit
generic frames, in this weak sense (Corollary 5.7).

1.3. Outline of the paper. The main technique of this paper is to reformulate the existence of Parseval
frames of size n for E →M as a question about the existence of sections of a certain bundle Pn(E)→M that
we call the n-Parseval bundle of E. Once this is accomplished, techniques from classical obstruction theory
can be used to ascertain when such sections exist. More precisely, sections of Pn(E) are obstructed by certain
cohomology classes onM with values in the homotopy groups of the fibers of Pn(E). In Section 2 we describe
the space of all Parseval frames of fixed size in a (finite-dimensional) Hilbert space. Here we observe the well
known fact that the space of Parseval frames is diffeomorphic to a Stiefel manifold (see, e.g., [38]). This is
a useful perspective to take with a view toward generalizing to vector bundles; indeed, this Stiefel manifold
will end up being the fiber of the Parseval bundle mentioned above. Its low-dimensional homotopy groups
are well known, and this knowledge is crucial for us as we attempt to analyze the obstructions mentioned
above. In Section 3 we describe the construction of the Parseval bundle in detail. In Section 4 we prove our
general existence theorems by showing that the relevant obstructions to finding sections all vanish, and then
study the tangent bundle case in more detail through the lens of stable parallelizability. Finally, in Section 5
we define the notion of spectral covers and use them to show that in certain situations it is not possible to
find generic frames.

Acknowledgements. The authors would like to thank Eric Klassen for suggesting the proof of Proposi-
tion 2.9 and Ettore Aldrovandi for several useful discussions regarding Whitehead towers and obstructions.
This research was partially supported by the National Science Foundation (DMS–2107808, Tom Needham;
DMS–2107700, Clayton Shonkwiler).

2. Frames in vector spaces

Before discussing frames on vector bundles, we begin with a treatment of frames in vector spaces. In
anticipation of migrating these spaces to the setting of vector bundles, we focus on describing spaces of
frames as homogeneous spaces of various Lie groups.

2.1. The space of frames. Let V be a k-dimensional real vector space.

Definition 2.1 (Frame). For n ≥ k, an n-frame in V is a surjective linear map A ∈ Hom(Rn, V ). The
space of all n-frames in V will be denoted Fn(V ).

Remark 2.2. The image of the standard basis of Rn under a frame A then provides a spanning set for V .
Moreover, any spanning sequence of n vectors can be realized in this manner, so we see that this definition
of a frame is equivalent to the one given in the introduction. We also observe there that if n = k, then a
frame is equivalent to a choice of basis for V .

Let us describe the basic topological structure of Fn(V ). The standard topology on Hom(Rn, V ) is
homeomorphic to the Euclidean topology on the vector space of k×n matrices; Fn(V ) is a dense open subset
of Hom(Rn, V ), and we endow it with the induced smooth structure. Moreover, Fn(V ) is diffeomorphic to a
familiar space: let Stnc

k (Rn) denote the non-compact Stiefel manifold, consisting of all sets of k linearly
independent vectors in Rn.

Proposition 2.3. The space of n-frames Fn(V ) is diffeomorphic to the non-compact Stiefel manifold
Stnc
k (Rn).
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Proof. Fix an inner product 〈·, ·〉 on V . For A ∈ Fn(V ), let AT ∈ Hom(V,Rn) be the transpose of A with
respect to 〈·, ·〉 and the standard inner product on Rn. Since rank(A) = rank(AT ), the map AT is injective.
Fixing a choice of basis for V , the image of this basis under AT gives an element of Stnc

k (Rn), and any element
can be realized in this way. We can therefore identify elements of Stnc

k (Rn) with linear maps AT , and the
map Fn(V )→ Stnc

k (Rn) defined by A 7→ AT gives the desired diffeomorphism. �

Let GL(W ) denote the Lie group of invertible linear transformations of a vector space W . When W = Rn,
we write GL(n) = GL(Rn), and we identify GL(k) ∼= GL(V ) for the k-dimensional vector space V by pick-
ing bases. We now realize Fn(V ) as a homogeneous space in a somewhat non-standard way. The group
Ĝ := GL(k)× GL(n) acts on Fn(V ) via (M,N) · A = MAN−1. The existence of the Smith normal form
shows that Ĝ acts transitively on Fn(V ) and gives a preferred representative of the orbit as the linear map
which can be written with respect to some choice of bases as the block matrix
(2) E =

(
Ik 0k,n−k

)
,

where Ik and 0k,n−k are identity and zero matrices of the corresponding sizes, respectively. The stabilizer
of the linear map associated to E is Ĥ = GL(k)× GL(n− k). We have proved the following.

Proposition 2.4. With the notation above, Fn(V ) ∼= Ĝ/Ĥ = (GL(k)× GL(n))/(GL(k)× GL(n− k)).

Remark 2.5. It is well-known that Stnc
k (Rn) can be realized as the homogeneous space GL(n)/GL(n−k), and

Proposition 2.3 implies that Fn(V ) ∼= GL(n)/GL(n− k) as well. However, it will be useful for us to consider
the alternative homogeneous space structure of Proposition 2.4, which is apparently somewhat redundant.
This perspective will prove to be convenient when we transition to the vector bundle setting. The basic idea
is that the group Ĝ is the structure group of a vector bundle with fibers of the form Hom(Rn, V ), so the
realization of Fn(V ) via the action of Ĝ becomes relevant when constructing a certain associated bundle; see
Section 3.1 below for details.

2.2. The space of Parseval frames. Next, suppose that V has been endowed with an inner product. We
will abuse notation and use 〈·, ·〉 for both the inner product on V and the standard inner product on Rn. By
taking the composition of A and its transpose, we define the frame operator of A, AAT ∈ End(V ), where
End(V ) is the space of linear maps from V to itself. If A is a frame then the frame operator is invertible, so
AAT ∈ GL(V ). For reasons described in the introduction, a case of particular interest is when AAT = IV ,
the identity operator on V .

Definition 2.6 (Parseval frames). A frame A ∈ Fn(V ) with frame operator AAT equal to the identity is
called a Parseval frame. More generally, if AAT = cIV for some c > 0 then we say that A is a tight
frame. We will will denote the space of n-Parseval frames as Pn(V ).

Similar to Proposition 2.3, the space of Parseval frames can be identified with a familiar space: let Stk(Rn)
denote the (compact) Stiefel manifold, consisting of all sets of k pairwise orthogonal unit vectors in Rn.
The following fact is familiar to the frame theory community (see, e.g., [27, 38]), and is proved by the same
method as Proposition 2.3; that is, via the transpose map.

Proposition 2.7. The space of Parseval frames Pn(V ) is diffeomorphic to the Stiefel manifold Stk(Rn).

Remark 2.8. A simple observation is that if n = k, then Parseval frames are equivalent to orthonormal
bases, since Stk(Rk) is, by definition, the space of orthonormal bases for Rk ∼= V .

Let ι : Pn(V ) ↪→ Fn(V ) denote the inclusion map.

Proposition 2.9. The inclusion ι : Pn(V ) ↪→ Fn(V ) is a homotopy equivalence

Proof. In light of Propositions 2.3 and 2.7, this is equivalent to the well-known fact that the inclusion
Stk(Rn) ↪→ Stnc

k (Rn) is a homotopy equivalence. In particular, this can be proved using the Gram–Schmidt
orthonormalization algorithm. For the convenience of the reader, we give details of the proof, working
directly in the spaces of frames.

The idea behind the proof is an application of the polar decomposition from linear algebra, but we
include the details for completeness. Let A ∈ Fn(V ), so that the frame operator AAT is symmetric and
positive-definite.
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Let P be the unique positive-definite symmetric square root of AAT , and let B = P−1A ∈ Fn(V ).
Computing, we find that

BBT = P−1AAT (P−1)T = P−1AATP−1 = I,

where the last equality follows since AAT = P 2. Thus B ∈ Pn(V ) and we can write A = PB, so each
frame can be decomposed as the product of a positive-definite symmetric operator and a Parseval frame.
Furthermore, if A = P ′B′ is a different such decomposition, then AAT = P ′B′(B′)TP ′ = (P ′)2, and so P ′
is a positive-definite square root of AAT . By uniqueness of such square roots we see that P = P ′ and hence
B = B′ and this decomposition is unique.

Next, define f : Fn(V ) → Pn(V ) by f(A) = f(PB) = B. It is easy to see that f is a left inverse of ι.
Furthermore, the space of positive-definite symmetric matrices is a convex subset of the vector space End(V ),
so taking the straight-line homotopy to the identity endomorphism exhibits a homotopy from ι ◦ f to the
identity map on Fn(V ). Thus f is a homotopy inverse of ι. �

2.3. Geometric structure of Pn(V ). Next, we provide an alternative and more geometric description
of Parseval frames. Let A ∈ Fn(V ) and consider the map AT : V → Rn. For all v, w ∈ V , we have〈
AT v,ATw

〉
=
〈
AAT v, w

〉
, and it follows easily that A is Parseval if and only if AT is an isometric embed-

ding. Slightly more generally, we have the following proposition (which is well known—see, e.g., [40, Sec-
tion 2.1]).

Proposition 2.10. A frame A ∈ Fn(V ) is tight if and only if AT : V → Rn is an isometric embedding
followed by a homothety. Moreover, the frame is Parseval if and only if the homothety is trivial.

As an application of Proposition 2.10, we will show that Parseval frames can be realized as a homogeneous
space. Let O(W ) denote the Lie group of orthogonal linear transformations of an inner product space W .
If W = Rn with its standard inner product, we write O(n) = O(Rn). Moreover, for our k-dimensional
inner product space V , we identify O(k) ∼= O(V ) by choosing bases. In light of Proposition 2.10, the group
G := O(k) × O(n) acts on Pn(V ) by (M,N) · A = MAN−1 = MANT (i.e., the restriction of the action
of Ĝ on Fn(V )), and it is straightforward to show that this action is transitive with stabilizer subgroup
isomorphic to H := O(k)× O(n− k). This proves the following.

Proposition 2.11. With the notation above, Pn(V ) ∼= G/H = (O(k)× O(n))/(O(k)× O(n− k)).

Remark 2.12. This remark parallels Remark 2.5. It is well known that the Stiefel manifold Stk(Rn) is
diffeomorphic to the homogeneous space O(n)/O(n− k), where O(n) denotes the Lie group of orthogonal
linear transformations. In light of the above discussion, we have Pn(V ) ∼= O(n)/O(n − k) as well. Similar
to the situation with Fn(V ), the homogeneous space structure described in Proposition 2.11 gives a useful
perspective when constructing an associated bundle with fiber Pn(V ).

2.4. Complex frame spaces. Much of the above discussion applies equally well to the case where V is a
finite-dimensional complex vector space. In this section we summarize the analogous results in this setting.
Suppose that V has complex dimension k. Then we define an n-frame on V to be a surjective element of
Hom(Cn, V ) and we continue to denote the space of n-frames by Fn(V ). If we let Ĝ = GL(Ck)×GL(Cn), then
we find that once again Ĝ acts transitively on Fn(V ) and that Fn(V ) ∼= Ĝ/Ĥ, where Ĥ = GL(Ck)×GL(Cn−k)
is the subgroup of Ĝ that stabilizes E, as defined in (2).

Next, suppose that V is equipped with a positive-definite Hermitian form, which we again denote by
〈·, ·〉. If we equip Cn with the standard Hermitian form, then for A ∈ Hom(Cn, V ) we denote the conjugate
transpose with respect to these Hermitian forms as A∗ ∈ Hom(V,Cn). As before, we define the frame
operator of A to be AA∗ ∈ End(V ) and we say that a frame is Parseval if the frame operator is the
identity and tight if its frame operator is a scalar multiple of the identity. We again let Pn(V ) denote the
space of all Parseval frames of size n on V .

As before, the map A 7→ A∗ gives a diffeomorphism between Pn(V ) and the space of linear maps V → Cn
which preserve the corresponding Hermitian forms. Furthermore, if we let Stk(Cn) be the space of orthonor-
mal subsets of k unit vectors in Cn, then there is a diffeomorphism between Pn(V ) and Stk(Cn). As a
homogeneous space, we have Stk(Cn) ∼= U(n)/U(n− k), where U(n) is the group of unitary operators on Cn.
However, we instead consider Pn(V ) as the homogeneous space (U(k)× U(n))/(U(k)× U(n− k)).
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3. Frames on vector bundles

We will now generalize the notion of frames and Parseval frames from vector spaces to vector bundles.
Throughout this section we let M be a d-dimensional manifold and E →M a rank-k orientable real vector
bundle over M (the complex case is treated in Section 3.3). The fiber of the bundle over p ∈ M will be
denoted Ep. We define an n-frame for E to be a collection of sections σi : M → E, 1 ≤ i ≤ n, so that for
each p ∈ M the collection {σi(p)}ni=1 spans Ep. There is an equivalent, but more conceptually convenient,
definition of an n-frame for E as a section of an associated fiber bundle, which we now describe.

3.1. The frame and Parseval bundles. Choosing n sections of E is equivalent to choosing a single section
of the vector bundle Hom(Rn, E) := Hom(M × Rn, E)—that is, the bundle whose fiber over p ∈ M is the
space of linear maps Rn → Ep. In general, Hom(Rn, E) is a (GL(k) × GL(n))-bundle; however, since we
have assumed E is orientable, we can reduce the structure group to SL(k)× SL(n), where SL(n) denotes the
special linear group of operators on Rn. One advantage of this reduction is that the structure group will
be connected and allows us to avoid certain technicalities arising from disconnected structure groups. The
group SL(k) × SL(n) acts faithfully on Fn(Rk) (see Proposition 2.4 and the surrounding discussion), so we
can form the associated bundle to Hom(Rn, E) with fiber Fn(Rk).
Definition 3.1 (Frame bundle). The bundle associated to Hom(Rn, E) with fiber Fn(Rk) is called the n-
frame bundle of E, and is denoted Fn(E). A section σ : M → Fn(E) is called an n-frame on E.
Remark 3.2. By the above discussion, a section of Fn(E) corresponds to a choice of n sections of E that
pointwise span the fibers. Notice that Fn(E) is no longer a vector bundle, so there is no guarantee that
sections exist.
Remark 3.3. In classical differential topology, the frame bundle of an orientable rank-k vector bundle
E →M is the associated principal SL(k)-bundle. The fiber of the frame bundle over p ∈M is the collection
of bases for the vector space Ep. In our terminology, this is equivalent to the k-frame bundle Fk(E) (see
Remark 2.2).

Next, assume that E has been endowed with a choice of inner product on each fiber Ep which varies
smoothly in p. We will refer to such a vector bundle as a Riemannian vector bundle and the choice of
fiberwise inner products as a Riemannian structure on E. A Riemannian structure on E corresponds
uniquely to a reduction of the structure group of E from SL(k) to the special orthogonal group SO(k). The
trivial bundle M × Rn admits a canonical inner product on fibers and so in this context we can reduce the
structure group on Hom(Rn, E) to SO(k)×SO(n). Similar to the situation above, we have that SO(k)×SO(n)
acts faithfully on Pn(Rk) (see Proposition 2.11), so we can form the associated bundle to Hom(Rn, E) with
fiber Pn(Rk).
Definition 3.4 (Parseval bundle). The bundle associated to Hom(Rn, E) with fiber Pn(Rk) is called the
n-Parseval bundle of E, and is denoted Pn(E). A section σ : M → Pn(E) is called an n-Parseval
frame on E.
Remark 3.5. A section of Pn(E) corresponds to a choice of n sections of E that pointwise form n-Parseval
frames of the fibers of E, so that this definition agrees with the one we gave in the introduction. Again, there
is no guarantee that sections of Pn(E) exist.
Remark 3.6. Classically, the orthonormal frame bundle of an orientable rank-k Riemannian vector
bundle E → M is the associated principal SO(k)-bundle; the fiber over p ∈ M is the space or orthonormal
bases for the inner product space Ep. In light of Remark 2.8, this is equivalent to the k-Parseval bundle
Pk(E).
3.2. Topology and geometry of Pn(V ). Using the deformation retraction from Proposition 2.9 we can
produce a similar deformation retraction between the Parseval and frame bundles.
Theorem 3.7. There is a fiber-preserving strong deformation retract Fn(E)→ Pn(E).
Proof. By the constructions described above, there is a natural inclusion ι : Pn(E) → Fn(E) given at the
fiber level by the inclusion ι : Pn(Rk)→ Fn(Rk) that Proposition 2.9 shows is a homotopy equivalence. At
the level of homotopy groups, we have the following commutative diagram whose rows come from the long
exact sequence of the fibrations of the frame and Parseval bundles, respectively.
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πi+1(M) πi(Pn(Rk)) πi(Pn(E)) πi(M) πi−1(Pn(Rk))

πi+1(M) πi(Fn(Rk)) πi(Fn(E)) πi(M) πi−1(Fn(Rk))

Id ι∗ ι∗ Id ι∗

With the exception of the map ι : πi(Pn(E)) → πi(Fn(E)), we know that the remaining maps are all
isomorphisms, so the five lemma implies that ι is also an isomorphism. This implies that Pn(E) and Fn(E)
are weakly homotopy equivalent, and by applying Whitehead’s theorem we obtain a homotopy equivalence
between Pn(E) and Fn(E) that commutes with the bundle projections and induces the above maps. By
a standard result in algebraic topology (see [23, Ch. 7, §5], for example) it then follows that the above
homotopy equivalence is a fiber homotopy equivalence, and the result follows. �

This theorem immediately implies the following corollary.

Corollary 3.8. A vector bundle E →M admits a Parseval frame of size n (i.e., a section of Pn(E)) if and
only if it admits a frame of size n (i.e., a section of Fn(E)).

Finally, we give alternative, and somewhat more concrete, descriptions of the bundles Fn(E) and Pn(E).
Let G = SL(k)×SL(n) and recall that Hom(Rn, E) is a G-bundle. We can thus form the associated principal
G-bundle G(E). The bundle G(E) admits a fiber-preserving right G-action by virtue of being a principal
bundle, so we get a left action of G on G(E)×Fn(Rk) by g · (A,B) = (A · g−1, g ·B). The quotient by this
action is denoted by G(E)×GF

n(Rk). Analogously, if we let G = SO(k)×SO(n), then using the Riemannian
structure on E we can form the principal G-bundle G(E) associated to Hom(Rn, E). The quotient of the
action of G on G(E) × Pn(Rk) is denoted G(E) ×G Pn(Rk). The following is a standard fact from bundle
theory.

Proposition 3.9. The spaces G(E)×G F
n(Rk) and Fn(E) are isomorphic as Fn(Rk)-bundles. Similarly,

the spaces G(E)×G Pn(Rk) and Pn(E) are isomorphic as Pn(Rk)-bundles.

3.3. Complex vector bundles. Here we explain how to extend these ideas to the setting of complex
vector bundles. Let E → M be a rank-k complex vector bundle. More precisely, with GL(Ck) ↪→ GL(R2k)
the standard embedding, E →M is a rank-2k real vector bundle along with a reduction of structure group
from GL(R2k) to GL(Ck). Since SL(Ck) is a deformation retract of GL(Ck) there is no loss of generality in
assuming that the structure group is SL(Ck). Suppose that E is equipped with a smoothly varying family
of positive-definite Hermitian products on each fiber. Such a vector bundle will be called Hermitian and
the choice of such a family of fiberwise Hermitian forms will be called a Hermitian structure on E. The
presence of a Hermitian structure on E allows the structure group to be further reduced to SU(k). If we let
GC = SU(k)×SU(n) and define Hom(Cn, E) := Hom(M×Cn, E), then Hom(Cn, E) is a vector bundle whose
structure group can be reduced to GC. As in the real case, we can define the n-Parseval bundle Pn(E) as the
associated bundle GC(E)×GC Pn(Ck), where GC(E) is the GC-principal bundle associated to Hom(Cn, E).

3.4. Evidence for the optimality of Parseval frames. Extrapolating from the case of frames on indi-
vidual vector spaces [3, 26], we expect that Parseval frames on vector bundles will be more robust to noise
than general frames. While proving this is beyond the scope of the present paper, we did the following
numerical experiment which seems to confirm this hypothesis in the case of frames of size 3 on the unit
sphere S2 ⊂ R3. Code for this experiment is available on Github [32].

As our Parseval frame on S2, we take the projections of the standard basis vectors to the tangent space
at each point; that is, for each p ∈ S2, σi(p) is the orthogonal projection of the ith standard basis vector
to TpS2 (this is guaranteed to produce a Parseval frame at each point—see Lemma 4.4 below). Here and
in what follows, for computational purposes we do not consider all points on the sphere, but rather work
at the points of Sloane’s putatively optimal packing of 1592 points on the sphere [33]. So in practice we
are representing our Parseval frame by 1592 triples of vectors, where the vectors in the ith triple lie in the
tangent space to the ith point from Sloane’s list.

We generated 1000 random frames on S2 as follows. We first generated three smooth vector fields in R3

using simplex noise [34] and, at each of the 1592 points on the sphere, normalized each of the three vectors
at that point to be a unit vector (since these are not yet tangent to the sphere, this does not imply the
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Figure 1. Left: plots of the empirical CDFs of the MSE distributions for the Parseval
frame (dark blue) and the random frames (light orange). Right: histograms of the MSE
distributions for the Parseval frame (dark blue) and for the best of the random frames
(lighter orange).

existence of a nowhere-vanishing vector field on the sphere). Finally, then, to get a frame at that point we
orthogonally project each of the three unit vectors to the tangent space at that point. We also generated
1000 smooth vector fields on S2 by generating smooth vector fields on R3 using simplex noise and projecting
them to the tangent space at each point on the sphere.

For each of our 1001 frames (the Parseval frame and the 1000 random frames), we attempted to reconstruct
each of the 1000 vector fields from noisy data. Specifically, at each p ∈ S2 (again, p is one of Sloane’s 1592
points), the vector field determines v(p) ∈ TpS2, the frame gives σ1(p), σ2(p), σ3(p) ∈ TpS2, and we computed
the dot products of v(p) with the σi(p); the resulting triple of numbers is our data at the point. If σ(p) is
the 2× 3 matrix whose columns are the coordinates of the σi(p) with respect to some orthonormal basis for
TpS

2 and we write v(p) as a 2-dimensional vector whose entries are the coordinates of v(p) with respect to
the same basis, then the data is σ(p)T v(p).

We added Gaussian white noise with covariance matrix 0.01I3 to the data σ(p)T v(p), then attempted to
reconstruct the original vector by applying the reconstruction operator (σ(p)σ(p)T )−1σ(p), which provides
a perfect reconstruction in the absence of noise. Computing the squared error in this reconstruction gives a
non-negative number at each of our 1592 points for each vector field, and the mean of these numbers gives
a mean squared error (MSE) for the reconstruction of the vector field from the noise-corrupted data.

Therefore, each of our 1001 frames has an associated distribution of 1000 MSEs: one MSE for each of
the 1000 random smooth vector fields. Overall, the Parseval frame has significantly smaller MSEs than the
random frames: the MSEs of the Parseval frame all lie in the interval (0.0018, 0.0022), whereas the 1 million
MSEs for the random frames (1000 MSEs for each of 1000 random frames) were in the interval (0.0038, 51.31).
We visualize the MSE distributions in Figure 1, which shows empirical cumulative distribution functions
(CDFs) of the MSE distributions on the left and the histograms of MSE distributions for the Parseval frame
and the best of the random frames on the right.

4. Existence and Obstructions for Parseval frames

In this section, we prove the existence of Parseval frames of sufficiently large size for general vector
bundles. The proofs are very short and appeal to results from [35] in a rather blackbox fashion. The basic
ideas rely on the obstruction theory for sections of bundles. We then give improved existence results for
tangent bundles for various families of manifolds, and provide a short discussion of the existence question
from the perspective of classifying spaces.

4.1. Existence of Parseval frames. Roughly speaking, the existence of sections of a bundle is obstructed
by a sequence of cohomology classes with coefficients in the homotopy groups of the fiber. In our case, we
know that the fiber of Pn(E) → M is diffeomorphic to a Stiefel manifold (Proposition 2.7), and using the
fact that such Stiefel manifolds have many trivial homotopy groups, we can get a bound on the number of
vectors necessary to form a frame on M .

Theorem 4.1. Let M be a compact d-dimensional manifold and let E → M be an orientable rank-k
Riemannian vector bundle. If n ≥ d+ k, then Pn(E) admits a section.
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Proof. First, choose a triangulation for M—that is, a homeomorphism with a simplicial complex (triangu-
lations of smooth manifolds always exist [8,41]). The n-Parseval bundle is a bundle over M whose fibers are
diffeomorphic to Pn(Rk) ∼= Stk(Rn) and the homotopy group πi(Stk(Rn)) is trivial if i < n − k [35, §25.6].
Given our hypothesis on n, this happens when i < d, in which case Corollary 29.3 of [35] implies that any
section defined on the zero skeleton of M—that is, the inverse image of the vertex set of the simplicial com-
plex under our triangulation—can be extended to the whole ofM . Since the zero skeleton is a discrete set, it
is trivial to choose a section on it, as this amounts to choosing a Parseval frame at each point independently.
In general, the section constructed in this fashion will only be continuous, but an approximation theorem
of Steenrod (see [35, §6.7] or [42]) ensures that a continuous section can always be replaced by a smooth
section.

�

Next, we discuss the analogue of Theorem 4.1 for complex vector bundles, which has a similar proof.

Theorem 4.2. Let M be a compact d-dimensional manifold and let E → M be a rank-k Hermitian vector
bundle. If n ≥ bd/2c+ k then Pn(E) admits a section.

Proof. Triangulate M as above. If i ≤ 2(n− k) then we have that the homotopy group of the fiber Stk(Cn)
is trivial [35, §25.7]. Our hypothesis on n implies that 2n ≥ d+ 2k, so i < 2(n− k) whenever i < d. Hence,
we can apply Corollary 29.3 of [35] to show that any section defined on the 0-skeleton of M can be extended
to all of M . As in the proof of Theorem 4.1, we can replace the a priori continuous section with a smooth
section. �

4.2. Parseval frames for tangent bundles. This subsection focuses on the special case where M is a
d-dimensional Riemannian manifold and the bundle under consideration is the tangent bundle TM → M .
The tangent bundle is rank-d, so Theorem 4.1 implies it admits a Parseval frame of size 2d. In fact, in the
tangent bundle setting, an argument involving the Whitney immersion theorem (cf. [15, §2]) together with
Theorem 3.7 proves the existence of a frame of size 2d − 1. This size is, however, not optimal in general,
and it is interesting to consider conditions on M which guarantee the existence of a Parseval frame of size
n, with d ≤ n < 2d − 1. In this range, the relevant homotopy groups of Std(Rn) can be non-trivial, hence
the proof strategy of Theorem 4.1 fails, and the existence of sections can be obstructed. By definition, a
d-dimensional Riemannian manifold M admits a Parseval frame of size d on its tangent bundle (i.e., an
orthonormal global frame) if and only if M is parallelizable. In this section we will prove several theorems
that provide conditions for a d-manifold to admit a Parseval frame of size d + 1. The first result in this
direction is a straightforward consequence of the fact that surfaces can be embedded in R3.

Proposition 4.3. Let Σ be a closed, orientable surface endowed with a Riemannian structure. Then TΣ
admits a Parseval frame of size 3.

Throughout this section, we make use of the following standard result from frame theory. This is a
finite-dimensional version of the Naimark–Han–Larson Dilation Theorem.

Lemma 4.4 (See, e.g., Theorem 2.2 of [40]). Let V be a k-dimensional real inner product space and let W
be an n-dimensional real inner product space, where n ≥ k. The image of an orthonormal basis for W under
an orthogonal projection W → V defines an n-Parseval frame for V . Moreover, any n-Parseval frame for
V can be realized in this way.

Proof of Proposition 4.3. Embed Σ in R3 and endow it with the Riemannian metric induced by the embed-
ding. At each point p ∈ Σ, we can take the orthogonal projection of the standard basis of TpR3 ∼= R3 to the
tangent space TpΣ. The resulting triple of vectors results in a Parseval frame of size 3, by Lemma 4.4. Since
Theorem 3.7 implies that the existence of a Parseval frame does not depend on the choice of Riemannian
structure, this completes the proof. �

Remark 4.5. We see from the proof of Proposition 4.3 that the particular Riemannian structure on Σ is not
relevant to the existence of a Parseval frame, due to Theorem 3.7. This is a general observation, so we will
sometimes suppress reference to a specific Riemannian structure below when discussing existence questions.

Before proceeding with additional examples, we need to describe some additional structure possessed by
Pd+1(TM) when M is a smooth Riemannian d-manifold. The Parseval bundle Pd+1(TM) is a bundle over
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M with fiber Pd+1(Rd). The space Pd+1(Rd) is diffeomorphic to the Stiefel manifold Std(Rd+1), which is
diffeomorphic to SO(d+1). The structure group of the Parseval bundle is G = SO(d)×SO(d+1) and the G-
action on the fiber Pd+1(Rd) ∼= SO(d+1) is given by (A,B) ·C = ι(A)CB−1, where ι : SO(d)→ SO(d+1) is
the standard embedding. As such, this action factors through the natural action of G̃ := SO(d+1)×SO(d+1)
on SO(d+ 1). Hence, we can regard the Parseval bundle as a G̃-bundle.

Geometrically, one can interpret the above construction as follows. Start with TM and replace it with its
so-called stable tangent bundle TM ⊕ R; here, we are abusing notation in that the second summand R
represents the trivial line bundle M ×R→M . The Parseval bundle Pd+1(TM ⊕R) is naturally a G̃-bundle.
Furthermore, the principal G̃-bundle associated to Pd+1(TM ⊕ R) is the same as the principal G̃-bundle
coming from the G̃-structure on Pd+1(TM ⊕ R) described above.

With this in mind we state the following definition (see [18] for more details).

Definition 4.6 (Stably parallelizable). A d-manifold M will be called stably parallelizable if TM ⊕R is
the trivial bundle.

The following theorem is the crucial tool for constructing the examples of this section and shows the
strong relationship between stable parallelizability and the existence of size d+ 1 Parseval frames.

Theorem 4.7. IfM is a stably parallelizable orientable Riemannian d-manifold, then TM admits a Parseval
frame of size d+ 1. Moreover, the converse is also true when H1(M,Z/2Z) = 0.

Proof. By our hypothesis, we have that TM⊕R is a trivial vector bundle. Define a Riemannian structure on
TM ⊕R by extending the structure from TM . Using triviality, we can choose a global orthonormal moving
basis for TM ⊕R. By Lemma 4.4, the image of this basis under the orthogonal projection to the subbundle
TM ⊂ TM ⊕ R defines a size-(d+ 1) Parseval frame for TM .

Using the G̃-bundle perspective, we can alternatively deduce the forward direction from the stronger
conclusion that the Parseval bundle Pd+1(TM) is trivial. By our hypothesis, we have that TM ⊕ R is a
trivial vector bundle and hence Hom(Rd+1, TM ⊕ R) is also trivial. This latter bundle is a G̃-bundle and
it follows that the corresponding principal G̃-bundle is trivial. Finally, since Pd+1(TM) is an associated
bundle of this principal G̃-bundle, it follows that Pd+1(TM) is also trivial.

For the other direction, we use the generalization of the Naimark–Han–Larson dilation theorem to Rie-
mannian vector bundles proved in [15, Thm 1.1]. By applying this result, we obtain a line bundle E → M
over M so that TM ⊕E is a trivial bundle. It is well known that equivalence classes of line bundles over M
are in one-to-one correspondence with H1(M,Z/2Z) (see [11, Theorem 4.14]) and so our triviality hypothesis
implies that E is the trivial bundle and hence M is stably parallelizable. �

We now describe several classes of d-manifolds which admit Parseval frames of size d+ 1. We already saw
in Proposition 4.3 that closed, orientable surfaces form such a class. Next, recall Stiefel’s theorem, which
says that closed, orientable 3-manifolds have trivial tangent bundles [37]; that is, they admit Parseval frames
of size d = 3. Therefore, 4-manifolds are the next interesting case to consider.

Corollary 4.8. Let M be a closed, orientable 4-manifold with vanishing second Stiefel–Whitney class and
vanishing first Pontryagin class. Then TM admits a Parseval frame of size 5.

Proof. By a result of Cappell and Shaneson [9], closed, orientable 4-manifolds whose second Stiefel–Whitney
class and first Pontryagin classes both vanish are stably parallelizable, so the result then follows by applying
Theorem 4.7. �

Let M be a smooth d-manifold. Recall that M is called a homology sphere if Hi(M,Z) ∼= Hi(Sd,Z) for
all i. By work of Kervaire [17, proof of Thm. 3] it follows that homology spheres are stably parallelizable.
This gives the following immediate corollary:

Corollary 4.9. If M is a d-dimensional homology sphere, then M admits a Parseval frame of size d+ 1.

Another class of manifolds for which stable parallelizability is well-understood are lens spaces, whose
definition we now recall. Let p be a prime and b = (b0 . . . bn) be a collection of integers such that 1 ≤ bi ≤ p−1.
Next, define a free Z/pZ action on Cn+1 generated by the map

(z0, . . . , zn) 7→ (λb0z0, . . . , λ
bnzn),
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where λ is a fixed primitive pth root of unity. This action preserves the standard (2n+1)-sphere S2n+1 ⊂ Cn+1

and the lens space L(p, b) is the (2n + 1)-dimensional manifold obtained as the quotient of S2n+1 by this
action. The following result shows that deciding whether or not a lens space is stably parallelizable is a
purely modular arithmetic problem.

Proposition 4.10 ([13]). For odd p, the lens space L(p, b) is stably parallelizable if and only if n < p and

b2j
0 + · · ·+ b2j

n = 0 (mod p)
for 1 ≤ j ≤ bn/2c

By applying Deligne’s solution to the Weil conjectures, the authors of [13] are able to show that there
are many examples of stably parallelizable lens spaces. In particular they show that for each n there are
infinitely many stably parallelizable (2n+ 1)-dimensional lens spaces (see [13, Cor. 2.2]). In our setting, this
implies the following.

Corollary 4.11. For each positive integer n, if p ≡ 1 (mod n + 1), then there is a lens space L(p, b) of
dimension 2n+ 1 which admits a Parseval frame of size 2n+ 2.

These results were subsequently generalized by Kwak [22], who showed a similar condition for stable paral-
lelizability of lens spaces obtained as quotients of smooth homotopy spheres.

In a complementary direction, we can also use Theorem 4.7 to give many examples of d-manifolds that
do not admit Parseval frames of size d+ 1. In particular:

Theorem 4.12. Let d be a natural number. Then there exists a closed orientable d-manifold that does not
admit a Parseval frame of size d+ 1 if and only if d > 3.

Proof. The only closed 1-manifold is S1, which is parallelizable and hence admits Parseval frames of any
size. By Proposition 4.3 we have that all closed orientable surfaces admit a Parseval frame of size 3. We
have also already seen that all closed orientable 3-manifolds are parallelizable (see [37]) and hence admit
Parseval frames of any size that is at least 3.

In the other direction, the proof breaks into two cases depending on whether d is even or odd. In the
odd case, write d = 2k + 1, and let b be the k + 1 tuple (1, . . . , 1). If k > 2, let p = 3 and if k = 2, let
p = 5 and consider the lens space L(p, b). This lens space is obtained via a free action by an order p group
on Sd, so the quotient map Sd → L(p, b) is a universal covering and we find that π1(L(p, b) ∼= Z/pZ. Since
p is odd, this implies that H1(L(p, b),Z/2Z) = 0. If k > 2 then no value of b allows L(p, b) to be stably
parallelizable and if k = 2 then the tuple b does not satisfy the appropriate modular equation, and it follows
from Proposition 4.10 that L(p, b) is never stably parallelizable, and hence Theorem 4.7 implies that no
Parseval frame of size d+ 1 exists.

When d is even, consider CPd/2. It is well known that CPd/2 is a simply connected d-manifold and hence
H1(CPd/2,Z/2Z) is trivial. From the main theorem of [39] we have that CPn is stably parallelizable iff n = 1.
Since d > 3 we have d/2 > 1 and so CPd/2 is not stably parallelizable, and hence by Theorem 4.7 CPd/2

does not admit a Parseval frame of size d+ 1.
�

4.3. A classifying space perspective. We now provide a short discussion of the existence of Parseval
frames from the perspective of classifying spaces. We begin with general constructions, so we temporarily
let G be an arbitrary group. There is a certain principal G-bundle, traditionally denoted as EG → BG,
that classifies all principal G-bundles over CW complexes. The base BG of this bundle is known as the
classifying space for G, EG is called the universal bundle for G, and the sense in which this structure
classifies principal G-bundles is as follows. Given a CW complex Y and a continuous map f : Y → BG, we
can form a principal G-bundle f∗(EG) → Y via the pullback construction. In this construction, we call f
the classifying map of the principal G-bundle f∗(EG). Some important properties of the universal bundle
are summarized below.

Proposition 4.13 (See, e.g., Sections 3.4 and 3.5 of [31]). For a Lie group G and CW complex Y :
• the universal bundle EG→ BG exists and is unique up to a natural notion of isomorphism;
• every principal G-bundle over Y arises as a pullback f∗(EG) for a classifying map f : Y → BG;
• two G-bundles are isomorphic if and only if their classifying maps are homotopic;
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• a principal G-bundle is trivial if the classifying map f : Y → BG can be lifted to f̃ : Y → EG.

We now specify to the setting of Parseval frames.

Proposition 4.14. Let E → M be an orientable rank-k Riemannian vector bundle. Let n > k, let
G = SO(k) × SO(n), and let G(E) be the principal G-bundle associated to the Parseval bundle Pn(E)
with corresponding classifying map f : M → BG. If f can be lifted to f̃ : M → EG, then Pn(E) is a trivial
bundle. Moreover, E admits a Parseval frame of size n.

Proof. If the classifying map can be lifted to f̃ : M → EG then we can define a section σ : M → G(E) ∼=
f∗(EG) via σ(m) = (m, f̃(m)). Since G(E) is a principal bundle, such a section provides a global trivializa-
tion of G(E). This implies that the structure group for G(E) can be reduced to the trivial group. Since the
transition functions for Pn(E) and G(E) are the same, this implies Pn(E) is also trivial. The last assertion
then follows trivially. �

5. Generic Sections and Spectral covers

In this section, we consider the question of the existence of sections of generic frames.

5.1. Frame spectra and genericity. Let V be a k-dimensional real vector space equipped with an inner
product. Let A ∈ Fn(V ) be a frame and let AAT ∈ End(V ) be the corresponding frame operator, which is
positive definite. If AAT has eigenvalues λi, we let Spec(A) := (λ1, . . . , λk), where we order the eigenvalues
such that λ1 ≥ λ2 ≥ · · · ≥ λk > 0. This spectral operator can be considered as a map Spec : Fn(V )→ Sk,
where Sk := {(x1, . . . , xk) ∈ Rk | x1 ≥ . . . ≥ xk > 0}. The interior of Sk is given by S◦k := {(x1, . . . , xk) ∈
Sk | xi > xi+1 ∀ i}.

Definition 5.1. A frame A ∈ Fn(V ) is called generic if Spec(A) ∈ S◦k .

Remark 5.2. The set Spec−1(S◦k) of generic frames is a dense open subset of Fn(V ), so that the terminology
is justified.

For x = (x1, . . . , xk) ∈ Sk we define the multiplicity of the ith entry as µi(x) = |{j | xi = xj}|. By
definition, a frame A is generic if and only if µi(Spec(A)) = 1 for all i. On the other hand, A is tight if and
only if µi(Spec(A)) = k for all i. In this sense, we can think of Parseval frames and generic frames as living
at opposite ends of the gamut of genericity.

Next, suppose that E → M is an orientable rank-k Riemannian vector bundle over a connected d-
dimensional manifold. Theorem 4.1 tells us that if n ≥ d + k then we will be able to find Parseval frames
(i.e. sections of Pn(E)→M). With this context in mind, it is natural to ask the same question at the other
extreme of genericity; that is, whether it is possible to find sections of Fn(M) that are everywhere generic.
We now set precise notation and terminology regarding this question.

Definition 5.3. Let σ : M → Fn(E) be a section of the frame bundle. The associated spectral operator
Specσ : M → Sk is defined by Specσ := Spec ◦ σ. The associated multiplicity functions µi,σ : M → N
are defined by µi,σ := µi ◦ Specσ. We say that σ is generic if Specσ(M) ⊂ S◦k and that σ is i-generic if
µi,σ(p) = 1 for all p ∈M .

Remark 5.4. For any section σ : M → Fn(E), Specσ is continuous and µi,σ is upper semicontinuous.

5.2. An obstruction to generic sections. Naively, one might expect that most sections of Fn(E) will
be generic. However, as we will see, the topology of both M and E can obstruct such global genericity of
sections. To see this, we introduce the notion of spectral covers. Let σ : M → Fn(E) be a section and
suppose that there is 1 ≤ i ≤ k such that σ is i-generic. The i-genericity condition means that the ith
singular value of the frame σ(p) has multiplicity 1 for each p ∈ M . This multiplicity-1 singular value gives
rise to a 1-dimensional eigenspace in each fiber of E, or in other words a rank-1 subbundle of E. Using
the Riemannian structure, we can pick out the two vectors of length 1 in each fiber. This gives rise to an
S0-bundle over M . Such an S0-bundle over M is nothing more than a (possibly disconnected) double cover
of M . With this construction in mind we make the following definition.

Definition 5.5. Let σ : M → Fn(E) be an i-generic section. The double cover of M constructed from the
induced rank-1 subbundle of M is called the ith spectral cover associated to σ.
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The next theorem shows how the topology of M and E can obstruct the existence of spectral covers and
hence of generic sections.
Theorem 5.6. Let E →M be an oriented rank-k Riemannian vector bundle over a connected d-manifold and
let σ : M → Fn(E) be a section. Suppose that E →M has non-trivial Euler class and that H1(M,Z/2Z) = 0.
Then σ is not i-generic for any 1 ≤ i ≤ k.
Proof. Suppose for contradiction that there is some i for which σ is i-generic. Let Mi → M be the ith
spectral cover associated to σ. First, we show that Mi must be connected. Otherwise, Mi is a disjoint union
of two copies of M and hence this cover admits a section. Since Mi embeds in E and is disjoint from the
zero section it follows that we can construct a nowhere zero section τ : M → E. However, this contradicts
our hypothesis that E has non-trivial Euler class, hence Mi is connected.

By the above reasoning, we may assume that Mi is a connected double cover. It is therefore regu-
lar and hence corresponds to the kernel of a non-trivial homomorphism φ : π1(M) → Z/2Z. However,
H1(M,Z/2Z) = 0 and so there is no such homomorphism and we arrive at a contradiction. �

The following corollary shows how Theorem 5.6 can be applied to simply connected 4-manifolds
Corollary 5.7. Let M be a simply connected Riemannian 4-manifold. For any frame σ ∈ Fn(TM), σ is
not i-generic for any 1 ≤ i ≤ 4.
Proof. Since M is simply connected we have H1(M,Z/2Z) = 0. Furthermore, if M were non-orientable
then it would have a connected orientation double cover. This would correspond to a non-trivial element of
H1(M,Z/2Z), and thus M and hence TM are both orientable.

For a tangent bundle, vanishing of the Euler class is the same as having zero Euler characteristic. Let
bi = dim(Hi(M,Q)) be the ith Betti number of M . The Euler characteristic can be computed as χ(M) =∑4
i=0(−1)ibi. Since M is simply connected, we have b1 = 0 and by Poincaré duality it follows that b3 = 0.

Since M is connected, we have b0 = 1, and therefore χ(M) > 0. The result then follows by Theorem 5.6. �

Remark 5.8. There are infinitely many simply connected 4-manifolds, including S4, S2×S2, CP2, rational
surfaces, elliptic surfaces, and various fiber sums, surgeries, blowups, and blowdowns thereon, to which
Corollary 5.7 can be applied (see [36] and the references therein for details).
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