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Motivation

Motivation

Management Decisions
When treating a disease, we'd like to know when it is most
e�ective to administer a drug or initiate a treatment program.

If we have amodel for the diseasethat includesparameters we can
control with a drug or treatment, then knowledge of when the
disease is mostsensitiveto these parameters is incredibly useful.

This can be generalized to management decisions for controlling
disease in a population, invasions of foreign species (plant or
animal), age or class structured populations, etc. . .
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Goal 1
Quantify the sensitivity of state variables w.r.t parameters

But do we really want that?
Often we are interested in a particular linear functional ofthe
solution (we call this ourquantity of interestor qo� for short)
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Motivation

Goals

Goal 1
Quantify the sensitivity of state variables w.r.t parameters

But do we really want that?
Often we are interested in a particular linear functional ofthe
solution (we call this ourquantity of interestor qo� for short)

Goal 2
Quantify the sensitivity of a particular qo� w.r.t parameters
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Malignant Tumors

In experiments [6] [5], radioactively marked tumor cells added to
blood stream of laboratory mice and levels of cancer cells
measured over time.

Proposed model has two compartments(accounts for fact that
rate of decay didnot follow a simple exponential decay model).
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Motivation

Malignant Tumors

In experiments [6] [5], radioactively marked tumor cells added to
blood stream of laboratory mice and levels of cancer cells
measured over time.

Proposed model has two compartments(accounts for fact that
rate of decay didnot follow a simple exponential decay model).

Let x1 and x2 denote number of cancer cells in capillaries and lung
tissue, respectively.

Loss of cancer cellsfrom capillaries by being dislodged and carried
away by the blood and transfer from capillaries to lung tissue
modelled by linear functions� � 1x1 and � � 2x1, respectively. Loss
of cancer cells in the lung tissue modelled by� � 3x2.
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Motivation

Malignant Tumors

LinearSystem of Di�erential Equations

�
_x1 = � (� 1 + � 2)x1

_x2 = � 2x1 � � 3x2

qo�
In experiments, state variables couldnot be measured individually,
but the total amount of radioactivity,x1 + x2 was measurable, so
the qo� in this case isqo� = x1 + x2.

We can analyze theoretical sensitivities ofx1 and x2 w.r.t
parameters, but can only experimentally verify sensitivity of qo�
w.r.t parameters.
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Motivation

Epidemics

Description of model [5]
This is the classicalSIR class-structured model. We let
K = S + I + R denote the total population.

I There is a constant birth rate/natural death rate� (all births
placed inS class)

I Infection rate is�
I Recovery rate is

I Fatality rate of disease is�
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Motivation

Epidemics

NonlinearSystem of Di�erential Equations

8
<

:

_S = � K � � SI � � S
_I = � SI � 
 I � � I � � I
_R = 
 I � � R

qo�
There aremanypossible qo�

Might only be possible to measureK , R, or I .

No matter the qo�, we can calculate the sensitivities
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Motivation

North Atlantic right whale population

Description of model [1]
This is astage-classi�ed(calf, immature, mature, reproducing
female, post-breeding female)matrix population modelthat uses a
�ve-stage life cycle with

I survival probabilities,� i

I maturation probability,
 2

I probability of giving birth,
 3

The model includes afertility term (the a13 entry of the matrixA)
that includes a factor for the sex ratio, and the survival probability
of stage 5 is the same as stage 3.
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Motivation

North Atlantic right whale population
LinearModel

n(t + 1) =

0

B
B
B
B
@

0 0 0:5� 3
 3
p

� 4 0 0
� 1 � 2(1 � 
 2) 0 0 0
0 � 2
 2 � 3(1 � 
 3) 0 � 3

0 0 � 3
 3 0 0
0 0 0 � 4 0

1

C
C
C
C
A

n(t )

qo�
This is an endangered population, and only a limited amount of
funds are available for managers to devise and track recovery plans

Possible qo� is number of juveniles (stage 2) (play longer
reproductive roles in the population)
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Motivation

Flour beetles

Description of model [1] [2]
In this nonlinear matrix population model, adults cannibalize eggs
and pupae while larvae only cannibalize eggs. These interactions
are captured in a three-stage (larvae, pupae, and adults) model
with parameters

I Clutch size,b
I Cannibalism rates,cea (eggs by adults),cel (eggs by larvae),

and cpa (pupae by adults)
I Mortality rates, � a (adult mortality) and � l (larvae mortality)
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Motivation

Flour beetles

NonlinearSystem of Equations

n(t + 1) =

0

@
0 0 b exp(� celn1 � cean3)

1 � � l 0 0
0 exp(� cpan3) 1 � � a

1

A n(t ):

qo�
The 
our beetle is apest and it's reasonable to assume the
damage it causes is related to its consumption, which can be
measured by themetabolic rate.

We will de�ne the metabolic population size as a linear functional
of the solution.
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Matrix Calculus Review

Basic De�nitions

De�nition
The derivative of the functionf : R ! R at x0 is

f 0(x0) = lim
h! 0

f (x0 + h) � f (x0)
h

; (2.1)

provided the limit exists.

De�nition
The partial derivative of the functionf : Rn ! R w.r.t the i th

variablexi is the function@i f whose value atx is

@i f = lim
h! 0

f (x1; x2; : : : ; xi � 1; xi + h; xi +1 ; : : : ; xn) � f (x)
h

; (2.2)

provided the limit exists.
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Matrix Calculus Review

Basic De�nitions

These de�nitions suggest how we mightapproximate the derivative
of a function we do not know (e.g., a function de�ned in a
subroutine of a code).

Given a subroutine that de�nes a function, we approximate its
derivatives by

I perturbing inputs systematically,
I calculating di�erences of perturbed outputs from unperturbed

output,
I checking ratios of these di�erences to size of perturbations,
I repeating until speci�ed criterion reached.



Lecture 1: Calculus Based Approach to Sensitivity Analysis

Matrix Calculus Review

Basic De�nitions

These de�nitions suggest how we mightapproximate the derivative
of a function we do not know (e.g., a function de�ned in a
subroutine of a code).

Given a subroutine that de�nes a function, we approximate its
derivatives by

I perturbing inputs systematically,
I calculating di�erences of perturbed outputs from unperturbed

output,
I checking ratios of these di�erences to size of perturbations,
I repeating until speci�ed criterion reached.

We will not have explore this further. I just thought you should
know.
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Matrix Calculus Review

Basic De�nitions

De�nition
The gradient of f at a point x0 is the vector
r f =

�
@1f @2f : : : @nf

� �
evaluated atx0.

De�nition
The derivative of the functionf : Rn ! Rm at x0 is the matrix

df
dx� =

0

B
B
B
@

@1f1 @2f1 : : : @nf1
@1f2 @2f2 : : : @nf2

...
...

. . .
...

@1fm @2fm : : : @nfm

1

C
C
C
A

(2.3)

evaluated atx0.
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Matrix Calculus Review

Basic De�nitions
De�nition
The vecoperator stacks the columns of a matrix into a column
vector.

Example

A =

0

@
1 4 7
2 5 8
3 6 9

1

A ) vec(A) =

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1
2
3
4
5
6
7
8
9

1

C
C
C
C
C
C
C
C
C
C
C
C
A

(2.4)
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Matrix Calculus Review

Basic De�nitions

The vec operator makes it easy to di�erentiate matrix-valued
functions whose arguments are scalars, vectors, or matrices
themselves.

De�nition
Let f : Rp� q ! Rm� n, then the derivative of them � n matrix f
w.r.t the p � q matrix X is the mn � pq derivative matrix of
vec(f ) w.r.t vec(X ). We denote this derivative by

dvec(f )
d(vec(X )) � (2.5)
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Matrix Calculus Review

Basic De�nitions
Example

f (X ) =

0

@
f11(X ) f12(x)
f21(X ) f22(x)
f31(X ) f32(x)

1

A ;X =
�

x11 x12 x13 x14

x21 x22 x23 x24

�
;

Df (X) =

0

B
B
B
B
B
B
@

@11f11 @21f11 @12f11 @22f11 @13f11 @23f11 @14f11 @24f11

@11f21 @21f21 @12f21 @22f21 @13f21 @23f21 @14f21 @24f21

@11f31 @21f31 @12f31 @22f31 @13f31 @23f31 @14f31 @24f31

@11f12 @21f12 @12f12 @22f12 @13f12 @23f12 @14f12 @24f12

@11f22 @21f22 @12f22 @22f22 @13f22 @23f22 @14f22 @24f22

@11f32 @21f32 @12f32 @22f32 @13f32 @23f32 @14f32 @24f32

1

C
C
C
C
C
C
A
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Matrix Calculus Review

Basic De�nitions

De�nition
The Kronecker product
 : Rm� n � Rp� q ! Rmp� nq is de�ned by

A 
 B =

0

B
B
B
@

a11B a12B : : : a1nB
a21B a22B : : : a2nB

...
...

. . .
...

am1B am2B : : : amnB

1

C
C
C
A

(2.6)
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Matrix Calculus Review

Useful result

Theorem
Let f (� ) = A[� ; h(� )]k(� ), wheref (� ); h(� ); k(� ) 2 Rn, � 2 Rp,
and A is a map fromRn ! Rn (all su�ciently smooth), then



Lecture 1: Calculus Based Approach to Sensitivity Analysis

Matrix Calculus Review

Useful result

Theorem
Let f (� ) = A[� ; h(� )]k(� ), wheref (� ); h(� ); k(� ) 2 Rn, � 2 Rp,
and A is a map fromRn ! Rn (all su�ciently smooth), then

df
d� �
|{z}

= A[� ; h(� )]
| {z }

dk
d� �
|{z}

| {z }

+ k� 
 In| {z }
@vec(A)

@h�
| {z }

dh
d� �
|{z}

| {z }

+ k� 
 In| {z }
@vec(A)

@��| {z }

| {z }
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d� �
|{z}
n� p
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n� p
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Sensitivity Analysis

Complete State Variable Sensitivity

The Linear Case - Ordinary Di�erential Equations

Suppose our model is
�

_x(t ) = A(� )x(t ); t > 0
x(0) = x0;

(3.1)

whereA(� ) is a n � n matrix function of parameter values� 2 Rp.
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Sensitivity Analysis

Complete State Variable Sensitivity

The Linear Case - Ordinary Di�erential Equations

Suppose our model is
�

_x(t ) = A(� )x(t ); t > 0
x(0) = x0;

(3.1)

whereA(� ) is a n � n matrix function of parameter values� 2 Rp.

The solution of thelinear di�erential equation
(

d _x(t )
d� � = A(� ) dx(t )

d� � + ( x(t )� 
 In) dvec(A)
d� � ; t > 0

dx(0)
d� � = B;

(3.2)

is the sensitivity ofx w.r.t all parameters at every timet .

We will discuss I.CB on a problem-by-problem case.
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Sensitivity Analysis

Complete State Variable Sensitivity

The Linear Case - An Example

Recall the model for malignant tumors is
�

_x1 = � (� 1 + � 2)x1

_x2 = � 2x1 � � 3x2:

To calculate the sensitivities we solve
8
<

:

d _x(t )
d� � =

�
� (� 1 + � 2) 0

� 2 � � 3

�
dx(t )
d� � +

�
� x1 � x1 0

0 x1 � x2

�
; t > 0

dx(0)
d� � = 0 2� 3;

where� =
�

� 1 � 2 � 3
� �

.

Why is I.C zero?

What do we need to be careful about when implementing
numerically?
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Sensitivity Analysis

Complete State Variable Sensitivity

The Linear Case - An Example - Continued
Using � 1 = 0 :32, � 2 = 0 :072, and � 3 = 0 :02 measured in units per hour [5], and an
initial concentration of one million cancer cells in the blood stream, we obtain the
following model solutions and sensitivities.

0 10 20 30 40 50
0

1

2

3

4

5

6

7

8

9

10
x 10

5 Plot of x
1
 (red) and x

2
 (blue) vs time

time

Figure: Plot of state variables vs time
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Sensitivity Analysis

Complete State Variable Sensitivity

The Linear Case - An Example - Continued

0 10 20 30 40 50
-10

-5

0
x 10

5 dx
1
/db

1
 vs time

0 10 20 30 40 50
-10

-5

0
x 10

5 dx
1
/db

2
 vs time

0 10 20 30 40 50
-1

0

1

dx
1
/db

3
 vs time

Figure: Plot of x1 sensitivities versus time
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Sensitivity Analysis

Complete State Variable Sensitivity

The Linear Case - An Example - Continued

0 10 20 30 40 50
-4

-2

0
x 10

5 dx
2
/db

1
 vs time

0 10 20 30 40 50
0

1

2
x 10

6 dx
2
/db

2
 vs time

0 10 20 30 40 50
-4

-2

0
x 10

6 dx
2
/db

3
 vs time

Figure: Plot of x2 sensitivities versus time
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Sensitivity Analysis

Complete State Variable Sensitivity

The Nonlinear Case - Ordinary Di�erential Equations
Suppose our model is

�
_x(t ) = A [� ; x(t )] x(t ); t > 0
x(0) = x0;

(3.3)

whereA [� ; x(t )] is an n � n matrix function depending on
parameters� 2 Rp and state vectorx(t ).

This is common in density- or frequency-dependent models where
the vital rates depend on the parameters and current population
density [1].
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Sensitivity Analysis

Complete State Variable Sensitivity

The Nonlinear Case - Ordinary Di�erential Equations
Suppose our model is

�
_x(t ) = A [� ; x(t )] x(t ); t > 0
x(0) = x0;

(3.3)

whereA [� ; x(t )] is an n � n matrix function depending on
parameters� 2 Rp and state vectorx(t ).

This is common in density- or frequency-dependent models where
the vital rates depend on the parameters and current population
density [1].

To calculate the sensitivities we solve
8
><

>:

d _x(t )
d� � = Adx(t )

d� � + ( x(t )� 
 In) dvec(A)
d� �

+ ( x(t )� 
 In) dvec(A)
dx�

dx
d� � ; t > 0

dx(0)
d� � = B:

(3.4)
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Sensitivity Analysis

Complete State Variable Sensitivity

Iterative Maps

Linear Maps
If x(t + 1) = A[� ]x(t ); x(0) = x0, then the sensitivity equations are
similar to (3.2) except

I _x is replaced withx(t + 1)
I time is discrete

Nonlinear Maps
If x(t + 1) = A[�; x(t )]x(t ); x(0) = x0, then the sensitivity
equations are similar to (3.4) with the same changes as above.
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Sensitivity Analysis

Quantity of Interest Sensitivity

Matrix Adjoints

De�nition
Given am � n matrix A = ( v1; v2; : : : ; vn) (where vi 2 Rm for
1 � i � n), the adjoint of A, denoted adj(A) is the n � m matrix

adj(A) =

0

B
B
B
@

v�
1

v�
2
...

v�
n

1

C
C
C
A

: (3.5)

We often refer to the adjoint of a matrix as its transpose and
denote it byA� .



Lecture 1: Calculus Based Approach to Sensitivity Analysis

Sensitivity Analysis

Quantity of Interest Sensitivity

Estimating Errors - An Application of Matrix Adjoints
Suppose you are given the linear system of equations

Ax = b;

and a particular algorithm produces an approximate solution ~x.

We want to know theerror from the true solutionx,

e = x � ~x:
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Sensitivity Analysis

Quantity of Interest Sensitivity

Estimating Errors - An Application of Matrix Adjoints
Suppose you are given the linear system of equations

Ax = b;

and a particular algorithm produces an approximate solution ~x.

We want to know theerror from the true solutionx,

e = x � ~x:

We can compute theresidual

r = A~x � b:

We will construct a method of approximating the error in the
direction ofdual data , given by

(e;  ):
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Sensitivity Analysis

Quantity of Interest Sensitivity

Estimating Errors - An Application of Matrix Adjoints

Suppose we solve theadjoint problem

A� � =  :

Then we have

(e;  ) = ( e; A� � ) = ( Ae; � ) = ( r; � ):
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Sensitivity Analysis

Quantity of Interest Sensitivity

Estimating Errors - An Application of Matrix Adjoints

Suppose we solve theadjoint problem

A� � =  :

Then we have

(e;  ) = ( e; A� � ) = ( Ae; � ) = ( r; � ):

 = (1 ; 0; : : : ; 0)� gives the error ofx1 in ~x.

 = (1 ; : : : ; 1)� =n gives the average error of all components of~x.

Assuming = (1 ; 0; : : : ; 0)� , how can the above equation be used
to correct ~x1?
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Sensitivity Analysis

Quantity of Interest Sensitivity

Adjoints and Quantities of Interest [3]
Suppose you are given a nonlinear system of equations

f (x; � ) = b; (3.6)

where
I � 2 Rp are parameters
I b 2 Rn is data
I x 2 Rn

Assumef : Rn+ p ! Rn is smooth w.r.t bothx and � .
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Sensitivity Analysis

Quantity of Interest Sensitivity

Adjoints and Quantities of Interest [3]
Suppose you are given a nonlinear system of equations

f (x; � ) = b; (3.6)

where
I � 2 Rp are parameters
I b 2 Rn is data
I x 2 Rn

Assumef : Rn+ p ! Rn is smooth w.r.t bothx and � .

If qo� is a linear functional of the solution, thenthere exists vector
 2 Rn such that

qo� = < x;  > :

Here,< �; � > is a Euclidean inner product. This isnot always the
case.
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Sensitivity Analysis

Quantity of Interest Sensitivity

Adjoints and Quantities of Interest [3]
Let � denote the space of parameters, and assume the parameters
� are distributed closely about some reference
 .

We solve
f (y; 
 ) = b; (3.7)

for y.
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Sensitivity Analysis

Quantity of Interest Sensitivity

Adjoints and Quantities of Interest [3]
Let � denote the space of parameters, and assume the parameters
� are distributed closely about some reference
 .

We solve
f (y; 
 ) = b; (3.7)

for y.

We then solve for thegeneralized Green's vector� using the
adjoint to the linearized problem,

A� � =  ; (3.8)

whereA := Dx f (y; 
 ).

Using a similar argument as before,

< x;  > = < x; A� � > = < Ax; � > : (3.9)
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Sensitivity Analysis

Quantity of Interest Sensitivity

Adjoints and Quantities of Interest [3]

Computing a Taylor expansion off about the reference
solution/parameter pair (y; 
 ) and neglecting higher order terms
we obtain alinear approximation to qo�:

< x;  > � < y;  >
| {z }

exact qo� at y

� < D� f (y; 
 )( � � 
 ); � >
| {z }

describes e�ect of
variation in �

: (3.10)
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Quantity of Interest Sensitivity

Adjoints and Quantities of Interest [3]

We can rewrite (3.10) as

qo� (� ) � qo� (
 )+ < r qo� (
 ); (� � 
 ) >; (3.11)

wherer qo� (
 ) is a measure of the sensitivity of qo� to changes
in the parameter.
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Sensitivity Analysis

Quantity of Interest Sensitivity

Adjoints and Quantities of Interest [3]

We can rewrite (3.10) as

qo� (� ) � qo� (
 )+ < r qo� (
 ); (� � 
 ) >; (3.11)

wherer qo� (
 ) is a measure of the sensitivity of qo� to changes
in the parameter.

In (3.10), this r qo� (
 ) is given by the (negative) product of the
adjoint of a Jacobian matrix with the generalized Green's vector,

r qo� (
 ) = � D� f (y; 
 )� �: (3.12)
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Sensitivity Analysis

Quantity of Interest Sensitivity

Additional Remarks on Adjoints and Quantities of Interest

Dismissing an Assumption
Recall we originally assumed� was distributed closely about a
reference parameter
 . We now relax this assumption, and create a
global piecewise-linear approximation to qo� by

I partitioning � into m \boxes", f Bi gm
i =1 ,

I choosing a reference parameter,
 i 2 Bi , for each box, and
I using (3.10) on each box to get

qo� (� ) �
mX

i =1

(qo� (
 i )+ < r qo� (
 i ); (� � 
 i ) > ) 1Bi (� ): (3.13)
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Sensitivity Analysis

Quantity of Interest Sensitivity

Additional Remarks on Adjoints and Quantities of Interest
When dealing with ODEs or PDEs, our adjoint problems/linear
functionals have di�erent forms.

Suppose we solve the ODE
�

_x(t ; � ) = f (x(t ; � ); � 1); t > 0;
x(0; � ) = � 0;

(3.14)

on the interval 0< t � T with the usual assumptions [3].
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Sensitivity Analysis

Quantity of Interest Sensitivity

Additional Remarks on Adjoints and Quantities of Interest
When dealing with ODEs or PDEs, our adjoint problems/linear
functionals have di�erent forms.

Suppose we solve the ODE
�

_x(t ; � ) = f (x(t ; � ); � 1); t > 0;
x(0; � ) = � 0;

(3.14)

on the interval 0< t � T with the usual assumptions [3].

Our linear functionals take the form

qo� (� ) = < x(t ; � );  (t ) > =
Z T

0
(x(s; � );  (s)) ds; (3.15)

where is a function of time.

< �; � > has a new interpretation ((�; �) indicates the Euclidean
inner product)
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Sensitivity Analysis

Quantity of Interest Sensitivity

The Adjoint and the Generalized Green's Function

We describe the e�ect of varying the parameter� around a
reference parameter value
 = ( 
 1; 
 0)

The generalized Green's function� (t ) solves theadjoint problem,

�
� _� (t ) � A� (t )� (t ) =  (t ); T > t � 0;
� (T ) =  (T );

whereA(t ) := Dx f (y(t ; 
 ); 
 1).
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Sensitivity Analysis

Quantity of Interest Sensitivity

Representing the Variation Using the Adjoint Solution
A variational argument gives

Theorem

q(� ) =
Z T

0
(x;  ) ds �

Z T

0
(y;  ) ds + ( � 0 � 
 0; � (0))

+
Z T

0
(D� 1f (x; 
 1)( � 1 � 
 1); � ) ds

The last term on the right describes the e�ect of variations in the
model parameters

The second to last term describes the e�ect of variations in the
initial conditions

The result extends to PDEs
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Sensitivity Analysis

Quantity of Interest Sensitivity

Sensitivity of adjoint

We rewrite the previous theorem as

qo� (� ) � qo� (
 ) + ( r qo� (
 ); � � 
 ) ; (3.16)

where

r qo� (
 ) =
� RT

0 D� 1f (y; 
 1)� � ds
� (0)

�
(3.17)

measures the sensitivity of qo� to changes in parameter� .
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Quantities of Interest - Example
Recall that the qo� for the malignant tumor model is thetotal
amount of radioactivityqo� = x1 + x2.

We want to know the total amount of radioactivity after a day and
a half, so ourdual data (t ) = � (t � 36)

�
1 1

� �
.
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Sensitivity Analysis

Quantity of Interest Sensitivity

Quantities of Interest - Example
Recall that the qo� for the malignant tumor model is thetotal
amount of radioactivityqo� = x1 + x2.

We want to know the total amount of radioactivity after a day and
a half, so ourdual data (t ) = � (t � 36)

�
1 1

� �
.

The linearized adjoint problem is
8
<

:
� _� (t ) �

�
� � 1 � � 2 � 2

0 � � 3

�
� (t ) =  (t ); T > t � 0;

� (T ) = 0;
(3.18)

and the qo� sensitivity is

r qo� (
 ) =
Z T

0

0

@
� y1 0
� y1 y1

0 � y2

1

A � ds (3.19)
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Quantity of Interest Sensitivity

Quantities of Interest - Example Continued

Numerically solving the adjoint on the same time mesh with the
same method as the forward problem, we obtain the following

Adjoint Results Results from
forward calculations

qo� = 9:4204e + 006 9:4204e + 006

r qo� = 1:0e + 008

0

@
� 0:2533
1:0551

� 3:1388

1

A 1:0e + 008

0

@
� 0:2533
1:0551

� 3:1388

1

A

Why are these columns the same? Should they be?
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Quantities of Interest for Iterative Maps [4]

When time isdiscretein our model,
�

x(t + 1) = A[� 1; x(t )]x(t ); t = 0 ; : : : ; T � 1;
x(0) = � 0;

our adjoint problem is,
�

� (t � 1) = Dx f A[
 1; y(t )]y(t )g� � (t ) +  (t ); t = T ; : : : ; 1
� (T ) =  (T ):
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Quantities of Interest for Iterative Maps

The qo� is now written as

qo� (� ) = < x(t );  (t ) >

=
P T

t =0 (x(t );  (t ))
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Quantities of Interest for Iterative Maps

The qo� is now written as

qo� (� ) = < x(t );  (t ) >

=
P T

t =0 (x(t );  (t ))

�
P T

t =0 (y(t );  (t ))+

P T
t =1 (D� f A[
 1; y(t � 1)]y(t � 1)g(� 1 � 
 1); � (t ))

+( � 0 � 
 0; � (0)) :
(3.20)

Notice the similarities to our previous equations for qo� coming
from solutions to ODEs.What do you think the sensitivity is?
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Sensitivity Analysis

Summary of Sensitivity Analysis

Complete State Variable Sensitivity - Summary

Given �
_x(t ) = A [� ; x(t )] x(t ); t > 0
x(0) = x0;

(3.21)

solve

8
><

>:

d _x(t )
d� � = Adx(t )

d� � + ( x(t )� 
 Ip) dvec(A)
d� �

+ ( x(t )� 
 Ip) dvec(A)
dx�

dx
d� � ; t > 0

dx(0)
d� � = B:

(3.22)

This works for iterative maps as well and is only simpli�ed inthe
linear casesA[� ].

Numerically, one should solve (3.22) on the same time mesh with
the same quadrature as (3.21).
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Sensitivity Analysis

Summary of Sensitivity Analysis

Quantity of Interest Sensitivity - Summary

When the qo� is alinear functionalof a solution to an ODE, then
the sensitivity of qo� is

r qo� (
 ) =
� RT

0 D� 1f (y; 
 1)� � ds
� (0)

�
(3.23)



Lecture 1: Calculus Based Approach to Sensitivity Analysis

Sensitivity Analysis

Summary of Sensitivity Analysis

Quantity of Interest Sensitivity - Summary

When the qo� is alinear functionalof a solution to an ODE, then
the sensitivity of qo� is

r qo� (
 ) =
� RT

0 D� 1f (y; 
 1)� � ds
� (0)

�
(3.23)

When time is discrete, the sensitivity of qo� is

r qo� (
 ) =
� P T

t =1 D� f A[
 1; y(t � 1)]y(t � 1)g� � (t )
� (0)

�
(3.24)
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Worked Examples

Epidemics

Recall the nonlinear system of equations
8
<

:

_S = � K � � SI � � S
_I = � SI � 
 I � � I � � I
_R = 
 I � � R

(4.1)

We rewrite this as
_x(t ) = f [� ; x(t )]; (4.2)

wherex =
�

S I R
� �

and � =
�

� 
 � �
� �

.
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Worked Examples

Epidemics

We calculate the complete sensitivity of (4.1) by solving
8
>>>>>>>>>>><

>>>>>>>>>>>:

@_x
@�� =

0

@
� � I � � S + � �
� I � S � 
 � � � � 0
0 
 � �

1

A @x
@�� +

0

@
� SI 0 I + R 0
SI � I � I � I
0 I � R 0

1

A ; t > 0

What do you think the I.C is?
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Worked Examples

Epidemics

We calculate the complete sensitivity of (4.1) by solving
8
>>>>>>>>>>><

>>>>>>>>>>>:

@_x
@�� =

0

@
� � I � � S + � �
� I � S � 
 � � � � 0
0 
 � �

1

A @x
@�� +

0

@
� SI 0 I + R 0
SI � I � I � I
0 I � R 0

1

A ; t > 0

What do you think the I.C is?
@x(0)
@�� = 0 :
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Worked Examples

Epidemics
Let our qo� be the total population at the end of one week. Ourdual
data  (t ) =

�
1 1 1

� �
� (t � 7), and ourlinearized adjoint problemis

8
>><

>>:

� _� �

0

@
� � I � � S + � �
� I � S � 
 � � � � 0
0 
 � �

1

A

�

� =  (t ); T > t � 0;

� (T ) = 0:
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Worked Examples

Epidemics
Let our qo� be the total population at the end of one week. Ourdual
data  (t ) =

�
1 1 1

� �
� (t � 7), and ourlinearized adjoint problemis

8
>><

>>:

� _� �

0

@
� � I � � S + � �
� I � S � 
 � � � � 0
0 
 � �

1

A

�

� =  (t ); T > t � 0;

� (T ) = 0:

qo� (� ) �
Z T

0
(y;  ) ds +

Z T

0

0

@

0

@
� SI 0 I + R 0
SI � I � I � I
0 I � R 0

1

A (� � �� ); �

1

A ds;

wherey is the reference solution solved about reference parameter�� .
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Worked Examples

North Atlantic right whale
Recall the linear model

n(t + 1) = An(t ) =

0

B
B
B
@

0 0 0:5� 3
 3
p

� 4 0 0
� 1 � 2(1 � 
 2) 0 0 0
0 � 2
 2 � 3(1 � 
 3) 0 � 3
0 0 � 3
 3 0 0
0 0 0 � 4 0

1

C
C
C
A

n(t )

The complete sensitivity is described by
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Worked Examples

North Atlantic right whale
Recall the linear model

n(t + 1) = An(t ) =

0

B
B
B
@

0 0 0:5� 3
 3
p

� 4 0 0
� 1 � 2(1 � 
 2) 0 0 0
0 � 2
 2 � 3(1 � 
 3) 0 � 3
0 0 � 3
 3 0 0
0 0 0 � 4 0

1

C
C
C
A

n(t )

The complete sensitivity is described by

8
><

>:

dn(t +1)
d� � = A dn(t )

d� � + B

dn(0)
d� � = 0 ;

where

B =

0

B
B
B
@

0 0 0:5
 3
p

� 4n3 0:25� 3
 3n3=
p

� 4 0 0:5� 3
p

� 4n3
n1 (1 � 
 2)n2 0 0 � � 2n2 0
0 
 2n2 (1 � 
 3)n3 + n5 0 � 2n2 � � 3n3
0 0 
 3n3 0 0 � 3n3
0 0 0 n4 0 0

1

C
C
C
A
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Worked Examples

North Atlantic right whale

Let our qo� be the number of juveniles at some prescribed time
t = T (perhaps when a management strategy will be
re-evaluated), then ourdual datais

 (t ) =
� �

0 1 0 0 0
� �

; t = T ;
0; t 6= T ;

and our adjoint problem is
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Worked Examples

North Atlantic right whale

Let our qo� be the number of juveniles at some prescribed time
t = T (perhaps when a management strategy will be
re-evaluated), then ourdual datais

 (t ) =
� �

0 1 0 0 0
� �

; t = T ;
0; t 6= T ;

and our adjoint problem is
�

� (t � 1) = A� � (t ) +  (t ); t = T ; : : : ; 1
� (T ) =  (T ):
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Worked Examples

North Atlantic right whale

Our qo� is given by

qo� �
TX

t =0

(y(t );  (t ))+
TX

t =1

(B(t � 1)(� 1� �� 1); � (t ))+( � 0� �� 0; � (0)) :
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Worked Examples

North Atlantic right whale

Our qo� is given by

qo� �
TX

t =0

(y(t );  (t ))+
TX

t =1

(B(t � 1)(� 1� �� 1); � (t ))+( � 0� �� 0; � (0)) :

If we don't consider the I.C's as parameters, then what should the
last term be equal to?

If we do consider the I.C's as parameters, then how should we
change the I.C in the equations for the complete sensitivity
analysis?
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Worked Examples

Flour beetles

Recall the nonlinear model

n(t + 1) = A[�; n(t )]n(t )

=

0

@
0 0 b exp(� celn1 � cean3)

1 � � l 0 0
0 exp(� cpan3) 1 � � a

1

A n(t );

where� := [ b; cea; cel ; cpa; � a; � l ]� .

The complete sensitivity is described by
(

dn(t +1)
d� � = B(t ) dn(t )

d� � + C(t )
dn(0)
d� � = 0 :

The next slide shows what the matricesB and C are.
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Worked Examples

Flour beetles

On the previous slide,

B =

0

@
� n3bcele(� celn1� cean3) 0 be(� celn1� cean3) (1 � n3cea)

1 � � l 0 0
0 e(� cpan3) � n2cpae(� cpan3) + 1 � � a

1

A

C =

0

@
n3be(� celn1� cean3) � n2

3be(� celn1� cean3) n1n3be(� celn1� cean3)

0 0 0
0 0 0

0 0 0
0 0 � n1

� n2n3e(� cpan3) � n3 0

1

A
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Worked Examples

Flour beetles

The 
our beetle is a pest and the damage it causes is related toits
consumption, which can be measured by themetabolic rate.

We use the results of [1] to de�ne themetabolic population size as
Nm(t ) = c� n(t ), wherec� =

�
9 1 4:5

�
with units of

� lCO2h� 1.

Our qo� is the average metabolic population sizeover the time
interval [0; T ], so ourdual data (t ) = c=T , and ourlinearized
adjoint problem is

�
� (t � 1) = B(t )� � (t ) +  (t ); t = T ; : : : ; 1
� (T ) =  (T ):
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Worked Examples

Flour beetles continued

Our qo� is approximated by

qo� �
TX

t =0

(y(t );  (t ))+
TX

t =1

(C(t � 1)(� 1� 
 1); � (t ))+( � 0� �
 0; � (0)) :

We numerically solve this example with parameters from [2]
(b = 6 :598, cea = 0 :01155,cel = 0 :01209,cpa = 0 :0047,
� a = 0 :007629, and� 1 = 0 :2055).
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Flour beetles continued
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Figure: Plot of state variables vs time
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Flour beetles continued
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Figure: Plot of n1 sensitivities vs time



Lecture 1: Calculus Based Approach to Sensitivity Analysis

Worked Examples

Flour beetles continued
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Figure: Plot of n2 sensitivities vs time
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Worked Examples

Flour beetles continued
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Figure: Plot of n3 sensitivities vs time
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Worked Examples

Flour beetles continued

Adjoint Results Results from
forward calculations

qo� = 1:1215e + 003 1:1215e + 003

r qo� = 1:0e + 004

0

B
B
B
B
B
B
@

0:0508
� 5:5114
2:0612

� 2:6938
� 0:1567
� 0:0436

1

C
C
C
C
C
C
A

1:0e + 004

0

B
B
B
B
B
B
@

0:0508
� 5:5114
2:0612

� 2:6938
� 0:1567
� 0:0436

1

C
C
C
C
C
C
A
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Conclusions

qo� vs complete state space sensitivity

Complete Sensitivity Analysis
The advantages:

I access to derivative info for all state variables and all
parameters

I can analyze the qo� sensitivity as well
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Conclusions

qo� vs complete state space sensitivity

Complete Sensitivity Analysis
The advantages:

I access to derivative info for all state variables and all
parameters

I can analyze the qo� sensitivity as well

The disadvantages:
I access to derivative info for all state variables and all

parameters
I dimension of system to be solved can be substantially larger

than original (parameters> state vars)
I no obvious error control/analysis
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Conclusions

qo� vs complete state space sensitivity

qo�
The advantages:

I gives only the information one is interested in directly
I easy to introduce adaptive error control and analysis (in ODE

case)
I the linearized adjoint problem is easy to formulate
I for di�erent qo� the same adjoint problem can be used with a

di�erent  
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Conclusions

qo� vs complete state space sensitivity

qo�
The advantages:

I gives only the information one is interested in directly
I easy to introduce adaptive error control and analysis (in ODE

case)
I the linearized adjoint problem is easy to formulate
I for di�erent qo� the same adjoint problem can be used with a

di�erent  

The disadvantages:
I for di�erent qo� one needs to re-solve the adjoint problem

with a di�erent  each time
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Where do we go from here?

In the next lecture, we will examine how to combine Monte Carlo
sampling methods with the methods discussed in this lectureto
obtain an estimate of the probability distribution of qo� given
probability distributions on parameters.
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Where do we go from here?

In the next lecture, we will examine how to combine Monte Carlo
sampling methods with the methods discussed in this lectureto
obtain an estimate of the probability distribution of qo� given
probability distributions on parameters.

Questions?

Thank you
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