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Abstract

Two families of constacyclic codes with large automorphism
groups will be presented.

They are obtained from the twisted tensor product construction.

Coincidentally, the smallest nontrivial member of the first family
is the quaternary self-orthogonal code S18 discussed by
MacWilliams, Odlyzko, Sloane, and Ward in 1978.
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THEOREM 1

A) 3 constacyclic [g? + 1,9 — 8,> 6]5 any g > 3. They are
cyclic if and only if g is even.

B) 3 [¢® + 2,4? — 7,> 6] codes any g > 4 even

In both case, M'Aut = PI'L(2, g?), and PI'»L(2, g?) < MAut

(throughout, g denotes a prime power)
PAut < MAut < I'Aut (as in Pless / Huffman)



Example

B) for g = 4 gives the [18,9, 8]4 code S;g of MacWilliams,

Odlyzko, Sloane, Ward (JCT-A 1978).
111111111100000000
322211100010000000
232121010001000000
223112001000100000
322100211000010000
232010121000001000
213321321000000100
123231231000000010
11200333100000000 1

Here, 2 and 3 denote w and w? in Fy, respectively. ¢, is the
Frobenius Automorphism of F4 over Fs.

The code is formally self-dual (b/c its dual is ¢2(Sys), its
“complex conjugate”, and conjugation preserves weights).



The Automorphism group of Sig

Its automorphism group is PI'L(2, 16)
orbit structure: 17 + 1

Q: How can PT'L(2, 16) act on a code defined over Fy ?
A: the twisted tensor product action (see below)



THEOREM 2

3 constacyclic [ +1,¢° - 7,> Slgany g >3
FAut = PI'L(2, %),
PrsL(2,¢%) < MAut

The codes are cyclic if and only if g is even.



The Construction

Let V, = IFZ, be an n-dimensional vector space over Fot.

Consider
@tVn = Vp@ Vp® - @ Vj (t times)

Define a mapping
Lt : Vn - ®tvn7

X = X ® di(X) © $3(x) © - - @ oL (x).

This induces a mapping between the corresponding projective
spaces:

tp: P(Vp) = P(®¢Vh) : P(x) — P(1t(x)).



Projective Codes

isometry classes o equivalence classes of
of projective code n points in projective space

Often, a [n, k]q code can be identified with a set of n points in
PG(k —1,q).

The columns of the generator matrix are the homogeneous
coordinates of the n points.

Conversely, n points in PG(k — 1, @) may be considered as
generating a code.

The property “minimum distance > d” corresponds to the
geometric property “any d — 1 points are independent”



The Construction

The Veronese map v; : PG(1,q) — PG(t —1,q)

P(a,b) — P(a',a'b,...,b")

12 0 13(PG(1, g%)) gives a set of n = g? + 1 points in PG(8, ¢?)
Since it is a twisted tensor product image, it lies in a PG(8, q)
subfield subspace.

This gives the codes of THEOREM 1 of length n = g2 + 1.

For length n = g2 + 2, add the nucleus to the image
VS(PG(1 ) qZ))

13(PG(1, %)) gives a set of n = ¢ + 1 points in PG(7, ¢°)



The Twisted Tensor Product Action

Let G < PIL(n, q")
G acts on V,.

G also acts on ®;V,,, namely

(V1@ @V, g) —

Vig ® ¢r(Vag) ® 5(V3,9) @ -+ @ ¢t (v1g)
Let p(G) denote this action.



Are they BCH codes ?

For n = g? + 1, take the cyclotomic sets of 0,1,2 mod g + 1:

{0}

{17q7q2 = - 7_q7_q2 = 1}

{2’ 2qa 2q2 = _27 _2qa _2q2 = 2}
9 roots, in order:

_2q7 _q7 _27 _17 07 17 27 q; ZQ7

consecutive set

This yields a [¢? + 1, q? — 8,> 6], BCH-code.

(minimum distance > 6 b/c we have a consecutive set of size 5)



Are they BCH codes ?

Q: are the codes from THEOREM 1A BCH-codes?
Q: are the codes from THEOREM 1A cyclic?
A: no, except when g is even (see below).

Therefore, the codes of THEOREM 1A for q odd are not
BCH-codes.



Are the codes of THEOREM 2 new?

Sloane’s X-construction yields [¢° + 1,8, q(g? — g — 1)]q codes
(when applied to a class of BCH-cdes).

These are the parameters of the dual of the codes of
THEOREM 2.

The exact relationship between these classes of codes has yet
to be determined.



The Automorphism Groups

The codes of THEOREM 1 and 2 have large automorphism
groups.

One can describe the automorphism groups as representations
of groups:

THEOREM 1 THEOREM 2
MAut : PrL(2,¢%) — PGL(8,q) PrsL(2,q®) — PGL(9, q)
FAut: PrL(2,q%) — PIL(8,q) PIL(2,q%) — PrL(8,q)



NOTATION

ax—+c¢
X———— ad—bc#0
Pa,b,c,d = bx +d e

an element in PGL(2, g?)

PTeL(k, g%) = PGL(k, 9°) % (¢e)

with ¢e : x — x9 (of order e)



Cyclic Collineations

Consider the columns of the generator matrix as the
homogeneous coordinates of a set of points in PG(k — 1, g).

A code automorphism is a stabilizer of this set.
A constacyclic code automorphism permutes this set cyclically.

A cyclic code automorphism permutes this set cyclically and
maps the first vector to itself (i.e., no scalar multiplication
allowed) after n applications.



Cyclic Collineations

That is, we have to study the equations

T'v=v, and T've(v) i=1,....n—1
(for cyclic codes) and
T'v=cv, and T'veg(v) i=1,....n—1, c#0

(for constacyclic codes).
Here T is the matrix associated to a collineation of PG(k — 1, q).

The generator matrix is obtained by writing T'v
(f=0,1,...,n—1) into the columns of a matrix.



Cyclic Collineations

Since “our” codes are obtained as images of the projective line,
we are interested in cyclic (and constacyclic) automorphisms of
PG(1,q").

More generally, we wish to determine the collineations which

permute the 64_1(q) := % points of PG(d — 1, q) in one cycle
(a.k.a. Singer cycle)



Cyclic Collineations

LEMMA: (Hirschfeld 1973)
# cyclic projectivities of PG(n, q)
= # subprimitive polynomials of degree d over g

=(q— 1)M (with & Euler’s totient function)



Cyclic Collineations

NOTE:

If m(x) = x"1 + cpx" + - -+ + ¢y € Fg[x] with ¢y # 0 and

c=(cy,...,cn) then
L 0n —Co
Tm._< | ¢ )

induces a collineation whose characteristic poynomial is m(x).



Exponent and Subexponent

Let m(x) € Fq[x] be monic, irreducible of degree d > 1.

Exp(m) = smallest positive integer e such that m(x) divides
x€ —1

Subexp(m) = smallest poitive integer s such that m(x) divides
x® — c for some ¢ € Fy (c is called integral element).

m(x) is called primitive if exp(m) = g9 — 1

m(x) is called subprimitive if Subexp(m) = 64-1(Qq)



Exponent and Subexponent

_ Exp(m)
Subexp(m) = 9cd(q — 1, Exp(m)’

b/c if 3 is a root of m(x) in Fyq then s is the order of 5Fy in the
factor group F;d/IFCX,.



Cyclic Code Automorphisms

For projective codes, the situation is as follows:

cyclic o constacyclic
collineation code

cyclic collineation o cyclic
with integral elt ¢ = 1 code



Counting Irreducible Polynomials by Integral Element

In order to count how many cyclic code automorphisms there
are, we need to determine the number of irreducible
polynomials with integral element 1.

More generally, we will now determine the number of irreducible
polynomials with integral element ¢ € Fy .



Counting Irreducible Polynomials by Integral Element
Notation:

Rc(d, q) = the set of monic irreducible polynomials of degree d
over [Fq with integral element ¢ € Fq

RC(dv q) = #Rc(da q)
0a-1(q) = [1j_4 p{" factorization of 65_1(q) into prime powers

a a primitive element of IFg.



Counting Irreducible Polynomials by Integral Element

LEMMA:
R.i(d,q) =
1 r r
E(Hp/) (Hpj> if ged(i,q—1,04-1(q)) =1,
pjﬁL pﬁ: 1
0 otherwise.

The function R,i(d, q) is periodic in i with period

ged(q —1,64-1(q))-

The non-zero function values depend only on d and g, but not
on J.



Counting Irreducible Polynomials by Integral Element
COROLLARY:

%d)(q—i— 1) forall cif qis even,

Re(2,q) = d(g+1) ifgisoddand cis anonsquare in Fq,
0 if g is odd and c is a nonzero square in Fy.

COROLLARY:

1 v
Ri(2,q) = { §¢(q+ 1) ff q!s even,
0 if g is odd.



Cyclic Code Automorphisms

COROLLARY:
The codes of length g% 4 1 or g° + 1 are cyclic iff g is even

COROLLARY:
The codes of length g® + 1 for odd g are not BCH-codes

NOTE:

If the codes are cyclic, then they are cyclic in R¢(2, g) many
ways.



The Representation Associated with Theorem 1

vabcd— Ulab,c,d B)=(Uy| Uz | Us)

with U; as follows (using 3 a primitive elt of F . and
6 =1/(8—p9) and vy = 34)

Np(d?) 4N; (bd) Np(b?)
N>(ad)
Ny (cd) +Na(bc) N, (ab)
+To(a%bcd?)
Na(c?) 4N;(ac) Na (&%)
Ta(ca?9+1) 2T,(ab9d9+T) To(abPT )

+2T,(b% 1 cdd)

Uy = 2T,(abda+
T2(02d2q) 4T,(ab9cd9) Tg(azbzq)
To(c?d?93) 4T,(ab%cd93) To(a2b%93)
2T,(a% Tcdd

2T, (a9 cd3)
+2T,(abdc9t13)

To(c9+2d93) To(a9+2p9p)



The Representation Associated with Theorem 1

Us

2T,(b9d9+2y) 2T,(ba29+15) To(b%9d)
To(a%cd9 1) T>(ac9dt75) ahg
+Tp(b9c9+" ) + Tp(bc+1d95) Te(abieay)
2T5(a%c?) 2T,(ac®3t16) To(8%9¢%)
2T,(b9cdTT ) 2T,(bc7d915) a2
Ph@are) | ineees) | @K
+T,(b9c9d2) + T, (bcd?95) 2 v
2T,(b%cdT 1 37) 2T5(bcdT 1 395) ’

To(a%b9a239
1T(ad9°20%) |+ Tp(acke i ps) | TS (bzqcfﬁ”))
+To(b9c9023%) + T,(bca?d35) 2 i
2T (a%c9d%) 2T,(bc27d5) To(@9d%)
+2T,(b9c2d%) +2T,(acd?9s) +T2(b29c%y)
2T, (a%c9d?3%) 2T,(bc27d3%9) To(22902397)
+2TH(b9c?d937) +2Ty(acd?935) +To(b29¢B)
2T, (a%cT 1 dvy) 2T,(acT1d%)

To(8%%cd
+To(a9c2d%) +Tp(ac?9ds) +T2((aq st )
+Tp(b9c927) +Tp(bc?at15) 2 7

2T,(a%c9t1dp%y) 2T,(acTt7d934)
To(a29cdB9
+T2(a%c%d937) +T2(ac®9dpas) +$'2((ang£2;3)

+Ta(b9c9+23)

+To(bc?a+1395)




The Representation Associated with Theorem 1

Us

To(b2d295) 2T,(b29+ dy) 27,(b920%5)
To(a B9dn) To(abT1c5)
T2(abc?dts) +Tp(a%9ey) | +Tp(a%"bd%)
To(225%) 2T, (@7 o) 2T,(a77275)
2T, (2967 dr) 2T, (ab™ 1 d95)
2 g ~q 2 Y 2
TZT("’ 2;2;? + To(ab?9d) +To(a9b2d%5)
+T2(abd ™) 1 To(6P91 ) £ To(b72c%5)
2T (@b7 T dA%) | 2Ta(abT d930)
T-(b2c9d939 2 2
T ooy | (@) |+ Ta(aRa%)
2 TP NeBy) | +To(b9+2c93%)
To(22d%%5) 2T,(a%bd~) 2T,(a9b7¢79)
+ To(bP695) 42T, (ab?cy) 42T, (2b9d)
To(a?d?936) 2T,(a%9bd39) 2T,(a7b%c9395)
T, (LPC29395) | +2Ta(abPicBy) | +2Ta(22b9d985)
2T,(a? b9cy) 2T,(a% bc95)
SRy | ey | Ty (a0+2d95)
2 +Ta(a?9bcy) +Tp(a?b9c99)
2T,(a%tb9¢c3y) 2T,(a%tbc395)
2 2 2
S ey | AT | T(ar+2d95)
2 FTo(boB%) | +Ta(b9c985)




The Representation Associated with Theorem 2

Pa,b,c,d — U(a7 bv C, da ﬁ) = (U1 | U2)'diag(1>1751761761752752752)

with U; as follows (using 3 a primitive elt of )

Ns(d) Ns(b) T3(Mabay3)  Ta3(Mabaya)

NS(C) NS(a) TS(mcac'YS) T3(mcac'Y4)

T3(Magc) T3(Mpba) Ta(m,1v3)  Ta(n1,174)

Uy = T3(MyacB)  Ta(MppaBB)  Ta(n1,273 T3(11,27a)

)
Ta(MaaeB?)  Ta(Mppa?)  Ta(masys)  Ta(n1.374)
T3(Mcc) T3(Mpaa) Ts(CmWs; T3(C1,174)
)

Ta(Macef11)  Ta(Mpaaf11)  Ta3(C1,273 T3(C1,274)
T3(Macef22)  Ta(Mpaafoz)  T3((1,373 T3(¢1,374)



The Representation Associated with Theorem 2

T3(Mabays)  Ta(Mobave)  Ta(Mbbay7)  Ta(Mpbas)

T3 ( mcac'YS) T3 ( maac’YG) TS(maac’W) T3 ( maac’YB)
Ta(m,avs)  Ta(m2ave)  Ta(neav7)  Ta(m2,178)

Uy = Ts(me2vs)  Ta(me2ve)  Ta(me2v7)  Ta(nz27s)
Ta(mavs)  Ta(mesve)  Ta(mezyz)  Ta(mesve) |
Ta(G11v5)  Ta(Ce1v8)  Ta(Ce1v7)  Ta(C2,178)
Ta(G12v5)  Ta(Ce2vs)  Ta(Ce2v7) Ta(C2278)
Ta(G1375)  Ta(Ce3vs)  Ta(Ce3v7) Ts(Ce378)



The Representation Associated with Theorem 2

with

mai M2 Mg \ _ [ Mac Mdad Mebd

M1 7T22 123 Mppc  Mpagd Mapd
1

< ¢4 G2 Ci3 ) _ < Myac  Mecag  Mepe > 1 51110 522220

G214 Co2 (23 Mpac  Maad  Mape 1 ’
B1o1 Poo2

3 = B1o2 — P201,Ya = P00 — B2,v5 = B — P1o0,

Y6 = 123 — B213,77 = Boo2 — B22,v8 = B11 — B1o1,

01 =1/(T3(B21 — B12)),

02 = 1/ (T3(B123 — P132)) ,

. . 2 in2 1
using the conventions that myy,, = x9 y9z, Bj = 4 Hatk,
Bik = Bojk, and Bx = Book-

B B2
B0 B0 |,
B1oo0  Bo00

—_



