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Abstract

Two families of constacyclic codes with large automorphism
groups will be presented.

They are obtained from the twisted tensor product construction.

Coincidentally, the smallest nontrivial member of the first family
is the quaternary self-orthogonal code S18 discussed by
MacWilliams, Odlyzko, Sloane, and Ward in 1978.
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THEOREM 1

A) ∃ constacyclic [q2 + 1, q2 − 8,≥ 6]q any q ≥ 3. They are
cyclic if and only if q is even.

B) ∃ [q2 + 2, q2 − 7,≥ 6]q codes any q ≥ 4 even

In both case, ΓAut = PΓL(2, q2), and PΓ2L(2, q2) ≤ MAut

(throughout, q denotes a prime power)
PAut ≤ MAut ≤ ΓAut (as in Pless / Huffman)



Example

B) for q = 4 gives the [18, 9, 8]4 code S18 of MacWilliams,
Odlyzko, Sloane, Ward (JCT-A 1978).

1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
3 2 2 2 1 1 1 0 0 0 1 0 0 0 0 0 0 0
2 3 2 1 2 1 0 1 0 0 0 1 0 0 0 0 0 0
2 2 3 1 1 2 0 0 1 0 0 0 1 0 0 0 0 0
3 2 2 1 0 0 2 1 1 0 0 0 0 1 0 0 0 0
2 3 2 0 1 0 1 2 1 0 0 0 0 0 1 0 0 0
2 1 3 3 2 1 3 2 1 0 0 0 0 0 0 1 0 0
1 2 3 2 3 1 2 3 1 0 0 0 0 0 0 0 1 0
1 1 2 0 0 3 3 3 1 0 0 0 0 0 0 0 0 1


Here, 2 and 3 denote ω and ω2 in F4, respectively. φ2 is the
Frobenius Automorphism of F4 over F2.

The code is formally self-dual (b/c its dual is φ2(S18), its
“complex conjugate”, and conjugation preserves weights).



The Automorphism group of S18

Its automorphism group is PΓL(2, 16)

orbit structure: 17 + 1

Q: How can PΓL(2, 16) act on a code defined over F4 ?
A: the twisted tensor product action (see below)



THEOREM 2

∃ constacyclic [q3 + 1, q3 − 7,≥ 5]q any q ≥ 3

ΓAut = PΓL(2, q3),

PΓ3L(2, q3) ≤ MAut

The codes are cyclic if and only if q is even.



The Construction

Let Vn = Fn
qt be an n-dimensional vector space over Fqt .

Consider
⊗tVn := Vn ⊗ Vn ⊗ · · · ⊗ Vn (t times)

Define a mapping

ιt : Vn → ⊗tVn,

x 7→ x ⊗ φt(x)⊗ φ2
t (x)⊗ · · · ⊗ φt−1

t (x).

This induces a mapping between the corresponding projective
spaces:

ιt : P(Vn) → P(⊗tVn) : P(x) 7→ P(ιt(x)).



Projective Codes

{
isometry classes
of projective code

}
↔

{
equivalence classes of

n points in projective space

}

Often, a [n, k ]q code can be identified with a set of n points in
PG(k − 1, q).

The columns of the generator matrix are the homogeneous
coordinates of the n points.

Conversely, n points in PG(k − 1, q) may be considered as
generating a code.

The property “minimum distance ≥ d” corresponds to the
geometric property “any d − 1 points are independent”



The Construction

The Veronese map νt : PG(1, q) → PG(t − 1, q)

P(a, b) 7→ P(at , at−1b, . . . , bt)

ι2 ◦ ν3(PG(1, q2)) gives a set of n = q2 + 1 points in PG(8, q2)

Since it is a twisted tensor product image, it lies in a PG(8, q)
subfield subspace.
This gives the codes of THEOREM 1 of length n = q2 + 1.
For length n = q2 + 2, add the nucleus to the image
ν3(PG(1, q2))

ι3(PG(1, q3)) gives a set of n = q3 + 1 points in PG(7, q2)



The Twisted Tensor Product Action

Let G ≤ PΓL(n, qt)

G acts on Vn.

G also acts on ⊗tVn, namely

(v1 ⊗ · · · ⊗ vt , g) 7→

v1g ⊗ φt(v2g)⊗ φ2
t (v3, g)⊗ · · · ⊗ φt−1

t (vtg)

Let ρ(G) denote this action.



Are they BCH codes ?

For n = q2 + 1, take the cyclotomic sets of 0, 1, 2 mod q2 + 1:

{0}
{1, q, q2 ≡ −1,−q,−q2 ≡ 1}
{2, 2q, 2q2 ≡ −2,−2q,−2q2 ≡ 2}

9 roots, in order:

−2q, −q, −2, −1, 0, 1, 2,︸ ︷︷ ︸
consecutive set

q, 2q,

This yields a [q2 + 1, q2 − 8,≥ 6]q BCH-code.

(minimum distance ≥ 6 b/c we have a consecutive set of size 5)



Are they BCH codes ?

Q: are the codes from THEOREM 1A BCH-codes?

Q: are the codes from THEOREM 1A cyclic?

A: no, except when q is even (see below).

Therefore, the codes of THEOREM 1A for q odd are not
BCH-codes.



Are the codes of THEOREM 2 new?

Sloane’s X-construction yields [q3 + 1, 8, q(q2 − q − 1)]q codes
(when applied to a class of BCH-cdes).

These are the parameters of the dual of the codes of
THEOREM 2.

The exact relationship between these classes of codes has yet
to be determined.



The Automorphism Groups

The codes of THEOREM 1 and 2 have large automorphism
groups.

One can describe the automorphism groups as representations
of groups:

THEOREM 1 THEOREM 2
MAut : PΓ2L(2, q2) → PGL(8, q) PΓ3L(2, q3) → PGL(9, q)
ΓAut : PΓL(2, q2) → PΓL(8, q) PΓL(2, q3) → PΓL(8, q)



NOTATION

ϕa,b,c,d : x 7→ ax + c
bx + d

ad − bc 6= 0

an element in PGL(2, qt)

PΓeL(k , qe) = PGL(k , qe) o 〈φe〉

with φe : x 7→ xq (of order e)



Cyclic Collineations

Consider the columns of the generator matrix as the
homogeneous coordinates of a set of points in PG(k − 1, q).

A code automorphism is a stabilizer of this set.

A constacyclic code automorphism permutes this set cyclically.

A cyclic code automorphism permutes this set cyclically and
maps the first vector to itself (i.e., no scalar multiplication
allowed) after n applications.



Cyclic Collineations

That is, we have to study the equations

T nv = v , and T iv 6∈ 〈v〉 i = 1, . . . , n − 1

(for cyclic codes) and

T nv = cv , and T iv 6∈ 〈v〉 i = 1, . . . , n − 1, c 6= 0

(for constacyclic codes).

Here T is the matrix associated to a collineation of PG(k − 1, q).

The generator matrix is obtained by writing T iv
(i = 0, 1, . . . , n − 1) into the columns of a matrix.



Cyclic Collineations

Since “our” codes are obtained as images of the projective line,
we are interested in cyclic (and constacyclic) automorphisms of
PG(1, qt).

More generally, we wish to determine the collineations which
permute the θd−1(q) := qd−1

q−1 points of PG(d − 1, q) in one cycle
(a.k.a. Singer cycle)



Cyclic Collineations

LEMMA: (Hirschfeld 1973)

# cyclic projectivities of PG(n, q)

= # subprimitive polynomials of degree d over Fq

= (q − 1)
Φ(θd−q(q))

d (with Φ Euler’s totient function)



Cyclic Collineations

NOTE:

If m(x) = xn+1 + cnxn + · · ·+ c0 ∈ Fq[x ] with c0 6= 0 and
c = (c1, . . . , cn) then

Tm :=

(
0n −c0
In −c>

)
induces a collineation whose characteristic poynomial is m(x).



Exponent and Subexponent

Let m(x) ∈ Fq[x ] be monic, irreducible of degree d > 1.

Exp(m) = smallest positive integer e such that m(x) divides
xe − 1

Subexp(m) = smallest poitive integer s such that m(x) divides
xs − c for some c ∈ Fq (c is called integral element).

m(x) is called primitive if exp(m) = qd − 1

m(x) is called subprimitive if Subexp(m) = θd−1(q)



Exponent and Subexponent

Subexp(m) =
Exp(m)

gcd(q − 1, Exp(m))
.

b/c if β is a root of m(x) in Fqd then s is the order of βF×q in the
factor group F×qd /F×q .



Cyclic Code Automorphisms

For projective codes, the situation is as follows:

{
cyclic

collineation

}
↔

{
constacyclic
code

}
{

cyclic collineation
with integral elt c = 1

}
↔

{
cyclic
code

}



Counting Irreducible Polynomials by Integral Element

In order to count how many cyclic code automorphisms there
are, we need to determine the number of irreducible
polynomials with integral element 1.

More generally, we will now determine the number of irreducible
polynomials with integral element c ∈ F×q .



Counting Irreducible Polynomials by Integral Element

Notation:

Rc(d , q) = the set of monic irreducible polynomials of degree d
over Fq with integral element c ∈ Fq

Rc(d , q) = #Rc(d , q)

θd−1(q) =
∏r

i=1 pei
i factorization of θd−1(q) into prime powers

α a primitive element of Fq.



Counting Irreducible Polynomials by Integral Element

LEMMA:
Rαi (d , q) =

1
d

( r∏
j=1

pj |q−1

pej
j

)
· Φ

( r∏
j=1

pj -q−1

pej
j

)
if gcd(i , q − 1, θd−1(q)) = 1,

0 otherwise.

The function Rαi (d , q) is periodic in i with period
gcd(q − 1, θd−1(q)).

The non-zero function values depend only on d and q, but not
on i .



Counting Irreducible Polynomials by Integral Element

COROLLARY:

Rc(2, q) =


1
2
Φ(q + 1) for all c if q is even,

Φ(q + 1) if q is odd and c is a nonsquare in Fq,
0 if q is odd and c is a nonzero square in Fq.

COROLLARY:

R1(2, q) =

{ 1
2
Φ(q + 1) if q is even,

0 if q is odd.



Cyclic Code Automorphisms

COROLLARY:
The codes of length q2 + 1 or q3 + 1 are cyclic iff q is even

COROLLARY:
The codes of length q2 + 1 for odd q are not BCH-codes

NOTE:
If the codes are cyclic, then they are cyclic in R1(2, q) many
ways.



The Representation Associated with Theorem 1

ϕa,b,c,d 7→ U(a, b, c, d , β) = (U1 | U2 | U3)

with Ui as follows (using β a primitive elt of Fq2 and
δ = 1/(β − βq) and γ = βδ)

U1 =

0BBBBBBBBBBBBBBBBBBBBBBBBB@

N2(d2) 4N2(bd) N2(b2)

N2(cd)
N2(ad)

+N2(bc)
+T2(aqbcdq)

N2(ab)

N2(c2) 4N2(ac) N2(a2)

T2(cd2q+1)
2T2(abqdq+1)

+2T2(bq+1cdq)
T2(ab2q+1)

T2(cd2q+1β)
2T2(abqdq+1β)

+2T2(bq+1cdqβ)
T2(ab2q+1β)

T2(c2d2q) 4T2(abqcdq) T2(a2b2q)

T2(c2d2qβ) 4T2(abqcdqβ) T2(a2b2qβ)

T2(cq+2dq)
2T2(aq+1cdq)

+2T2(abqcq+1)
T2(aq+2bq)

T2(cq+2dqβ)
2T2(aq+1cdqβ)

+2T2(abqcq+1β)
T2(aq+2bqβ)

1CCCCCCCCCCCCCCCCCCCCCCCCCA



The Representation Associated with Theorem 1

U2 =

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

2T2(bqdq+2γ) 2T2(bd2q+1δ) T2(b2qd2γ)

T2(aqcdq+1γ)
+T2(bqcq+1dγ)

T2(acqdq+1δ)
+T2(bcq+1dqδ)

T2(aqbqcdγ)

2T2(aqcq+2γ) 2T2(ac2q+1δ) T2(a2qc2γ)

2T2(bqcdq+1γ)
+T2(aqdq+2γ)
+T2(bqcqd2γ)

2T2(bcqdq+1δ)
+T2(ad2q+1δ)
+T2(bcd2qδ)

T2(aqbqd2γ)
+T2(b2qcdγ)

2T2(bqcdq+1βγ)
+T2(aqdq+2βqγ)
+T2(bqcqd2βqγ)

2T2(bcqdq+1βqδ)
+T2(ad2q+1βδ)
+T2(bcd2qβδ)

T2(aqbqd2βqγ)
+T2(b2qcdβγ)

2T2(aqcqd2γ)
+2T2(bqc2dqγ)

2T2(bc2qdδ)
+2T2(acd2qδ)

T2(a2qd2γ)
+T2(b2qc2γ)

2T2(aqcqd2βqγ)
+2T2(bqc2dqβγ)

2T2(bc2qdβqδ)
+2T2(acd2qβδ)

T2(a2qd2βqγ)
+T2(b2qc2βγ)

2T2(aqcq+1dγ)
+T2(aqc2dqγ)
+T2(bqcq+2γ)

2T2(acq+1dqδ)
+T2(ac2qdδ)
+T2(bc2q+1δ)

T2(a2qcdγ)
+T2(aqbqc2γ)

2T2(aqcq+1dβqγ)
+T2(aqc2dqβγ)
+T2(bqcq+2βγ)

2T2(acq+1dqβδ)
+T2(ac2qdβqδ)
+T2(bc2q+1βqδ)

T2(a2qcdβqγ)
+T2(aqbqc2βγ)

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA



The Representation Associated with Theorem 1

U3 =

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

T2(b2d2qδ) 2T2(b2q+1dγ) 2T2(bq+2dqδ)

T2(abcqdqδ)
T2(aq+1bqdγ)

+T2(aqbq+1cγ)
T2(abq+1cqδ)

+T2(aq+1bdqδ)

T2(a2c2qδ) 2T2(a2q+1cγ) 2T2(aq+2cqδ)

T2(b2cqdqδ)
+T2(abd2qδ)

2T2(aqbq+1dγ)
+T2(ab2qdγ)
+T2(b2q+1cγ)

2T2(abq+1dqδ)
+T2(aqb2dqδ)
+T2(bq+2cqδ)

T2(b2cqdqβqδ)
+T2(abd2qβδ)

2T2(aqbq+1dβqγ)
+T2(ab2qdβγ)
+T2(b2q+1cβγ)

2T2(abq+1dqβδ)
+T2(aqb2dqβqδ)
+T2(bq+2cqβqδ)

T2(a2d2qδ)
+T2(b2c2qδ)

2T2(a2qbdγ)
+2T2(ab2qcγ)

2T2(aqb2cqδ)
+2T2(a2bqdqδ)

T2(a2d2qβδ)
+T2(b2c2qβqδ)

2T2(a2qbdβqγ)
+2T2(ab2qcβγ)

2T2(aqb2cqβqδ)
+2T2(a2bqdqβδ)

T2(abc2qδ)
+T2(a2cqdqδ)

2T2(aq+1bqcγ)
+T2(a2q+1dγ)
+T2(a2qbcγ)

2T2(aq+1bcqδ)
+T2(aq+2dqδ)
+T2(a2bqcqδ)

T2(abc2qβqδ)
+T2(a2cqdqβδ)

2T2(aq+1bqcβγ)
+T2(a2q+1dβqγ)
+T2(a2qbcβqγ)

2T2(aq+1bcqβqδ)
+T2(aq+2dqβδ)
+T2(a2bqcqβδ)

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA



The Representation Associated with Theorem 2

ϕa,b,c,d 7→ U(a, b, c, d , β) = (U1 | U2)·diag(1, 1, δ1, δ1, δ1, δ2, δ2, δ2)

with Ui as follows (using β a primitive elt of Fq3)

U1 =



N3(d) N3(b) T3(mdbdγ3) T3(mdbdγ4)
N3(c) N3(a) T3(mcacγ3) T3(mcacγ4)

T3(mddc) T3(mbba) T3(η1,1γ3) T3(η1,1γ4)
T3(mddcβ) T3(mbbaβ) T3(η1,2γ3) T3(η1,2γ4)
T3(mddcβ

2) T3(mbbaβ
2) T3(η1,3γ3) T3(η1,3γ4)

T3(mdcc) T3(mbaa) T3(ζ1,1γ3) T3(ζ1,1γ4)
T3(mdccβ11) T3(mbaaβ11) T3(ζ1,2γ3) T3(ζ1,2γ4)
T3(mdccβ22) T3(mbaaβ22) T3(ζ1,3γ3) T3(ζ1,3γ4)


,



The Representation Associated with Theorem 2

U2 =



T3(mdbdγ5) T3(mbbdγ6) T3(mbbdγ7) T3(mbbdγ8)
T3(mcacγ5) T3(maacγ6) T3(maacγ7) T3(maacγ8)
T3(η1,1γ5) T3(η2,1γ6) T3(η2,1γ7) T3(η2,1γ8)
T3(η1,2γ5) T3(η2,2γ6) T3(η2,2γ7) T3(η2,2γ8)
T3(η1,3γ5) T3(η2,3γ6) T3(η2,3γ7) T3(η2,3γ8)
T3(ζ1,1γ5) T3(ζ2,1γ6) T3(ζ2,1γ7) T3(ζ2,1γ8)
T3(ζ1,2γ5) T3(ζ2,2γ6) T3(ζ2,2γ7) T3(ζ2,2γ8)
T3(ζ1,3γ5) T3(ζ2,3γ6) T3(ζ2,3γ7) T3(ζ2,3γ8)


,



The Representation Associated with Theorem 2

with(
η1,1 η1,2 η1,3
η2,1 η2,2 η2,3

)
=

(
mdbc mdad mcbd
mbbc mbad mabd

)  1 β β2
1 β10 β20
1 β100 β200

 ,

(
ζ1,1 ζ1,2 ζ1,3
ζ2,1 ζ2,2 ζ2,3

)
=

(
mdac mcad mcbc
mbac maad mabc

)  1 β11 β22
1 β110 β220
1 β101 β202

 ,

γ3 = β102 − β201, γ4 = β200 − β2, γ5 = β − β100,

γ6 = β123 − β213, γ7 = β202 − β22, γ8 = β11 − β101,

δ1 = 1/ (T3(β21 − β12)) ,

δ2 = 1/ (T3(β123 − β132)) ,

using the conventions that mxyz = xq2
yqz, βijk = β iq2+jq+k ,

βjk = β0jk , and βk = β00k .


