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Abstract

A linear space is Drake / Larson if it contains at least two lines
and there are no lines of size 2,3 or 6. The existence or nonexistence
of such linear spaces on v points is known except for v = 30. The
purpose of this paper is to settle the remaining case on thirty points
in the negative. This result relies on a combination of parameter
calculation and exhaustive computer search.

1 Introduction and Statement of Results

A linear space (cf. [1]) is an incidence structure of points and lines in which
each line consists of two or more points and any two points are contained in
exactly one line. A linear space is called Drake / Larson if it contains at least
two lines and the size of no line divides six. The existence or nonexistence
of such linear spaces on v points is decided in [6] for all v # 30 (see also [7]).
We prove:

Theorem 1 There is no Drake / Larson linear space on 30 points.

*This research was done using resources provided by the Open Science Grid, which is
supported by the National Science Foundation and the U.S. Department of Energy’s Office
of Science. Further resources were provided by the Computing Center of the University of
Kiel in Germany.



Case | Line Type | Comment
1| 8L, 7t 51 44 | [§]

73’ 5247 422 [2]

73,515 437 | Section 4

7!,5%7 4% | Section 5

7!,5% 4% | Section 6

7!, 515 44 | Section 7

S U= W N

Table 1: Possible Line Types for a Drake / Larson Linear Space on 30 Points

We remark that the introduction of [8] contains a description of the reper-
cussions of this result.

Let S = (V, L) be a finite linear space with point set V and line set L.
Let a; be the number of lines of size i in £. The vector (ag, as, ..., a,) is the
line type of S. Often we will use the shorthand notation v, ..., 3%,2% to
denote this type (and omit terms with a; = 0). From earlier work of Drake
and Larson [7] it is known that the line type of a Drake / Larson linear space
S on 30 points is one of six cases, listed in Tab. 1.

The fact that Case 1 is not realizable was shown in [8]. Case 2 has been
settled in the negative by [2]. Hence it suffices to eliminate the remaining
cases 3,4,5 and 6.

Let us describe the plan of this paper. In Section 2 we will recall the
concept of a tactical decomposition of an incidence structure. In Section 3
we present a method to synthesize TDO for linear spaces with a given line
type. This method will then be applied in Sections 4, 5, 6 and 7 to each of
the open cases of line types 3-6 for Drake / Larson linear spaces on 30 points.
The resulting parameter cases are then eliminated by computer search. This
will complete the proof of Theorem 1.

The final step of our proof involves an exhaustive computer search that
required substantial computing efforts (roughly five years CPU-time). The
details about this search can be found at our website

http://www.math.colostate.edu/~betten /DL /drake_larson.html

We wish to point out that the authors have performed two independent com-
puter searches, with two completely different implementations of the search



algorithm. In both cases, the programs came up with the same (nonexis-
tence) result.

A short while after this paper was first submitted, we received note from
Clement Lam that he and his collaborators Ron Mullin and Narges Simjour
have independently proved Theorem 1 also.

2 Tactical Decompositions

Let us recall the concept of a tactical decomposition of a linear space as
introduced for instance in [5]. A decomposition of a linear space S = (V, £)
is a pair (U, *B) of ordered partitions U = (V4,...,V},) of points and B =
(Bi,...,B,) of lines. For a point p € V, let (p) be the set of lines L € L
such that p € L.

A decomposition (U, B) of S is said to be row-tactical (or point-tactical)
if for each V' € ¥ and each B € B the number

|(p) N B
is independent of the choice of the point p € V.

A decomposition (U, B) of S is said to be column-tactical (or line-tactical)
if for each V' € U and each B € B the number

VN
is independent of the choice of the line ¢ € B.

A decomposition (U,B) of S is tactical if it is both point-tactical and
line-tactical with respect to S.

We note that every linear space admits a tactical decomposition, as for
example the discrete partition of points and lines always has this property
(we call this the discrete decomposition). However, for the purposes of this
paper, the discrete decomposition is almost never of interest.

A row-tactical decomposition (20,%) of a linear space gives rise to a
certain set of combinatorial numbers (a.k.a. structure constants) that we



call decomposition scheme. These numbers are v; = |V;| for i = 1,...,m
b; = |B,| for j = 1,...,n together with the integers ryz = |(p) N B| where
p is an arbitrary point of the point class V € U and B is a line class in 8.
More specifically, if U = (V4,...,V,,) and B = (B4, ..., B,,), we write r; ; for
Tv;,B;- We agree to display such a scheme in the form of an array:

N ‘ b by - b,
V1| "1 Ti2 - Tin

K K K (1)
Um | "Tm,1 T™m2 “°° Tmn

Here, the horizontal arrow in the upper left corner will remind us of the fact
that this scheme describes a row-tactical decomposition.

In a similar fashion, if we are given a column-tactical decomposition
(%U,*B) of a linear space, we define kyp = |V N ¢| where ¢ is an arbitrary
line of the line class B € B and V is a point class in ¥. In the same way
as before, if U = (Vi,...,V,,) and B = (By, ..., B,), we write k; ; for ky, p,
and we display the scheme in a likewise manner:

L] b by - by

U1 k1,1 kl,z Tt /ﬁ,n
. (2)

Um km,l km,2 e km,n

Here, the downward arrow in the upper left corner will remind us of the fact
that this scheme describes a column-tactical decomposition.

We remark that a tactical decomposition (U,®8) as above gives rise to
the set of m x n well-known equations

viri; =kijb; forl1<i<m, 1<j<n.

The line type as introduced above corresponds to a column-tactical de-
composition. Later, we will see how to obtain more detailed information
using higher order tactical decompositions.

Let us now consider the case that we are given a set of structure constants

Viy ooy Uy iy oo b i, o T
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We wish to decide whether there is a linear space § = (V, L) that ad-
mits a row-tactical decomposition (U,B) with U = (V4,...,V,,) and B =
(Bi, ..., B,) such that

1. |Vi| = wv; for i € Zyy,,
2. |BJ| = bj fOI‘j S Zn,
3. ri; = |(p) N By| for each p € V; for i € Z,, and for j € Z,.

If such a linear space does indeed exist, we call the decomposition scheme (1)
realizable.

In a similar fashion, we may wish to consider structure constants
U1y 7Umab17' e 7bn7k1,17' . '7km,n‘

If there is a linear space & = (V, £) that admits a column-tactical decompo-

sition (U, B) with U = (V4,...,V,,) and B = (By,..., B,) such that
1. |Vi| = wv; for i € Zyy,
2. |Bj| =bjfor j=1¢€Z,,
3. kij =|Vin{| for each ¢ € By, for i € Z,, and for j € Z,.

we say that the column-tactical decomposition scheme (1) is realizable.

Let us fix some more notation related to partitions of a set. At first, the
unit partition of a set X is denoted as Jx. It has exactly one class consisting
of the set X, i.e., Jx = (X). Next, the well-known ordering of partitions is
as follows. For two partitions A and B we write 2 < B if 2 is a refinement
of ®B. This means that each class of B can be written as a union of classes
of 2 (including the possibility that 2 = 9). This ordering applies to both
ordered and unordered partitions.

It is well-known that this ordering induces a lattice structure on the set
of (unordered) partitions. That is, for any two partitions 8 and £, there
is a coarsest common refinement P A 9 (greatest lower bound) and a finest
partition that is coarser than the two given partitions, denoted Vv Q (least
upper bound). We introduce the following notation: If 2 < 98B and A € 2,
denote by B(A) the class B € B with A C B. This class is also called
ancestor class of A with respect to B.



Lemma 2 Let S = (V, L) be a finite incidence structure.

1. Let (B,B) be a row-tactical decomposition of S. Then there exists a
decomposition (U, B’) with the properties
(a) B =B
(b) (0,B’) is column-tactical.
(¢) If (%, ) is any column-tactical decomposition of S then € < B'.

Moreover, the partition 8’ is unique up to reordering of its classes.

2. Let (UV,B) be a column-tactical decomposition of S. Then there exists
a decomposition (U, B) with the properties

(a) T <V
(b) (',B) is row-tactical.
(c) If (€,B) is any row-tactical decomposition of S then € < Y'.

Moreover, the partition U’ is unique up to reordering of its classes.

Proof. It is easy to verify that (U, %B’) with

B= 1\ ¢

¢=<B

(3,€) col.tact.
has the required properties (note that any discrete partition of the columns
induces a column-tactical decomposition and hence the expression is not
empty). The other part of the statement follows by considering the dual
incidence structure. a

The refinements of the previous lemma are called coarsest row-tactical re-
finement and coarsest column-tactical refinement, respectively. The coarsest
row-tactical / column-tactical refinement is unique up to ordering of classes
with equal ancestor. The lexicographic order can be used as a tie-breaker.
We agree to arrange the classes with equal ancestor in such a way that the
structure constants are lexicographically decreasing. If the refinement has
this property, we call it the canonical coarsest row-tactical (or column tacti-
cal) refinement.



The refinement procedure for tactical decompositions defined above may
be repeated. This works as follows: A column tactical decomposition is
refined to a point tactical refinement, this refinement in turn is refined to
another column tcatical refinement, which in turn is refined again. The
process stops once a tactical decomposition is reached (i.e., a decomposition
that is both row-tactical and column-tactical). The resulting sequence of
refining decompositions is called decomposition stack. 1t consists of partitions
that are strictly refining each other and that are alternately row-tactical and
column-tactical.

We wish to consider decomposition stacks satisfying the following two
properties:

1. Each decomposition is the canonical coarsest row/column-tactical re-
finement of its predecessor.

2. The last decomposition is tactical.

Such a canonical decomposition stack is called tactical decomposition by or-
dering, or TDO, for short. The concept of a TDO is due to D. Betten and
M. Braun [4]. The length of the sequence of decompositions is called the
TDO-depth. A linear space whose TDO-depth is one is called regular in [3].

Let (%0, B) be a row-tactical decomposition of the linear space S = (P, L).
Let U = (V4,...,V,,) and B = (By,...,B,). Write v; = |V;| (i € Z,) and

bj = |Bj| (j € Z,). Let r;; be the associated structure constants.

Lemma 3 Let V;,,V,,,..., Vi, be a subset of classes of 0. For j =1,...,n,
define w; =% > _ i v, and write w; = f;b; +e; with 0 < e; < b;. Assume

that . )
S w-off)- (55)

j=1
Then the decomposition scheme is not realizable.

Proof. Consider the number of pairs of points taken from X = (JI_, Vj,
that are covered by lines in a linear space with the given row-tactical decom-
position. The number of incidences between points from X and lines from B;
is w; = 30 _ 14, Vi,. The lines from B; cover at least e; (7") + (b; —¢;) (%)
pairs of points from X. Since each pair of points from X can be covered once

only, the decomposition is not realizable. a
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3 Synthesizing Decomposition Schemes

In order to use the TDO invariants for classification purposes of linear spaces,
we wish to describe a procedure that enables us to synthesize TDO of ar-
bitrary depth, starting from initial parameters like the line type. Once all
TDO of a given depth have been synthesized, the geometric test of Lemmad
is applied to rule out cases that cannot be realized. The remaining TDO
are then handed over to a computer program that finds all realizations of a
given TDO or proves that no realization exists. In this section, we wish to
describe the algebraic process of synthesizing TDO for linear spaces from the
line type. Here, a line type is simply a list of integers (a,, ..., as) satisfying

the equation
u 1 v
E a; = .
, 2 2
=2

Suppose that v, ...;2% is a line type. We wish to compute all possible
TDO for (putative) linear spaces with this line type.

In the following, we will use P(n, k) to denote the largest number of k-
lines in a linear space on n points. These numbers are the packing numbers
for linear spaces. For our purposes, upper bounds for P(n, k) like the first
and second Johnson bound are sufficient (cf. [9, VI.40.7 and VI1.40.9)).

3.1 The First Row-Refinement

Let v ,...,2% be a line type for a putative linear space on v points. We
introduce nonnegative integer variables x,, ..., xs. Then we solve

v

Y G-Day=v-1 (3)

=2

subject to the conditions z; < a; for j € Zj,). Let U be the number of

solutions, and let x® = (z{,... 2{") for u € Zy be the u-th solution
(24, ..., x2). We introduce nonnegative integer variables y, ..., yy. Then we
solve
U
Zm§u)yu = ja;, forall j € Zp,, (4)
u=1



and

U (u) 4
Z (xJQ )yu < (C;j), for all j € Zpy, ()

u=1
and
U
Zg;g?)g;g)yu < ajaj,, forall ji,js € Ly, j1 # Jo, (6)
u=1
and
U
Z Yu =, (7>
u=1
and
U
> yu < Plag,t), forall j € Zp,, for all t € Zg,). (8)
z(q,lu:)1>t
0>
Let y1,...,yy be a nonnegative integer solution to these systems of equa-

tions and inequalities. The row-scheme

- Ay Qy—1 " (45
R
, ‘ (9)
U U U
o A g
is said to be obtained from the line type v®,...,2% on v points by row-

refinement of the first kind.

Lemma 4 Let S be a linear space with line type v*,...,2%. The coarsest
row-tactical refinement of S is a row-refinement of the first kind of the given
line type.

Proof. Let S = (V, L) be a linear space with a; lines of size j for j € Zp 4.
Let £; be the set of lines of size j.

Let p be a point in V. Let z; = |(p) N L;|. Double counting the set of
pairs (g,¢) with ¢ € V \ {p} and ¢ € L such that p and ¢ are both on ¢
yields (3). This shows that for any point p € V, the point type (z,,...,x2)
is a solutions to (3) and hence there exists an v with 1 < u < U such that



(Ty,...,T2) = x™. We let y, denote the number of points p € V such that
the point type of p equals x*. The vector (y1,...,yu) is associated to the
linear space S and depends only on the ordering of the solutions x*.

Double counting the set of incident point/line pairs in S yields (4). Dou-
ble counting the set of pairs of lines (¢, ¢') with ¢ and ¢ lines of length j and
¢ and ¢ intersecting yields (5). Double counting the set of pairs (¢, ¢') with
¢ a line of length j; and ¢ a line of length j such that ¢ and ¢ intersect
yields (6). We remark that inequality may hold in the last two conditions
because in a linear space a given pair of lines may or may not intersect. The
condition (7) follows from counting points in the space. The condition (8)
follows since the dual of the incidence relation between points p € V such
that x; > t and lines of size j is a pre-linear space with lines of length z; > t.
If necessary, we can shorten the lines sufficiently, so that we have a pre-linear
space with ZU&:)l Y. lines of length ¢t. By adding in 2-lines for each pair of

x>t
0>
points that is not yet connected, we end up with a linear space on a; points.
Since P(aj,t) is an upper bound for the number of ¢-lines in any linear space
on a; points, the inequality must hold.

We conclude that (y,...,yy) is a solution to the system of equalities and
inequalities listed.

It remains to show that the decomposition that we obtain in this way is in
fact the coarsest row-tactical refinement. To this end, let € = (C4,...,Cy) be
the partition (with possibly empty classes) of V that is obtained by collecting
all points of V that have point type x® in the class C,. Moreover, let B
be the partition whose classes are the lines of any given length, i.e. B =
(Lyy Ly-1,...,Ls). Then (&€,B) is a row-tactical decomposition of S. Since
(Jy,B) is a column-tactical decomposition of S, we must have that € <0’
where U’ is the partition of points that is the coarsest row-tactical refinement
of (Jy,B) with respect to S (recall that Jy is the partition whose only class
is the set V). We claim that € = 0’. To see this, assume the opposite. That
means there are two (nonempty) classes Cs and C; (s # t) such that Cs U C;
is contained in the same class of 2U’. Now C, and C; are different classes in
¢ which means that their point type vectors x*) and x® differ in at least
one component. That is, there is a j (2 < j < v) such that xﬁ-s) + :cg»t).
Let p be a point in C and let ¢ be a point in C;. Then |(p) N L;| = asg-s) +

Ig-t) = |(¢) N L;|. This means that the decomposition V' which we assume to
have Cs and C} together in one class is not row-tactical with respect to B.
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This contradicts our assumption of (20’,8) being the coarsest row-tactical
refinement of (Jy,B). Hence € = Y'. O

3.2 The General Row-Refinement

Let (0,2) be a row-tactical decomposition with structure constants r; ; for
i € Zpm and j € Z,. Let (B,B) be a column-tactical refinement with
structure constants k; ; for ¢ € Z,, and j € Z,. Our goal is to compute the
row-tactical refinement (20,%8) of the previous decomposition with structure
constants r;; for i € Zyy and j € Z,. We let & = (A;,...,Ay), B =
(By,..., B, ) ¥ = (Vi,..., V) and W = (W4,...,W,). Also, we write
a;i, b;, v;, w; for the size of A;, B;, Vi, W;, respectively.

For each ¢ € Z,,, we introduce nonnegative integer variables x&i), e ,ng ),
We then solve

> max(hyy — 1,002 = v~ 1, for alli € Z,, (10)
and
Zk’zwx(“ =w;, foralliy, iy € Zy,, iy # is, (11)
7=1
and A
Z xg-z) =1,y forallieZ,, and all J € Z,,, (12)
d(5) A,

with a: ) < b; and specifically a: =0ifk;; =0forall¢ € Z,, and all j € Z,.

Let U; be the number of solutions, and let (z{"", ..., 25" for u € Zy, be
the u-th solution (xﬁ”, . ,x,@f)). We introduce nonnegatlve integer variables
g 7311(2 for i € Z,,. Then we solve

lu) ‘
ZZ ( ) (0 < (2) for all j € Z,, (13)
i=1 u=1

and
m U;

sz l“) ’i < bjl . ij for all J1,72 € Znajl 7A J2, (14>

i=1 u=1
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and

U;
Z @, “)yff) = k; jb; foralli € Z,,, for all j € Z,, (15)
u=1
and
U;
Z Z/q(f) = v, fOI‘ all Z € Zm7 (16>
u=1
and

m U
Z > ) < P(by,t), forall j € Zy, forallt € Zgy,. (17)

(fu)>t

Let y(l) (i € Zm, u € Zy,) be a nonnegative integer solution to these
conditions. The row-scheme

- by by --- bn,
I I1 I I
AT D
1 1,U‘ U 1,U'
A O R (18)
2 2,1 2,1 2,1
PR R S
! m’,Um/. m’,Um/ m’,Um/.
N P R R

is said to be obtained from the decompositions

N ‘ a;  as - Ay ! ‘ b by --- b,
V1| "1 T2 0 Tigw U1 k’l,l k‘1,2 T kl,n
and
Um | T"Tm,1 Tm2 *°° Tmn! Um km,l km,Q T km,n

by (general) row-refinement.

The following result is the analog of Lemma 4. We omit its proof.
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Lemma 5 Let S be a linear space. Let (U,2A) be a row-tactical decompo-
sition with structure constants r;; for i € Z,, and j € Z,. Let (0,B)
be a column-tactical refinement with structure constants k;; for i € Zy,
and j € Zyn. Then S satisfies exactly one of the row-tactical decomposi-
tions (W, B) with structure constants r;; that is obtained by general row-
refinement. In fact, this row-tactical decomposition is the coarsest row-
tactical decomposition of the column-tactical decomposition (0,B).

3.3 The General Column-Refinement

Let (0,%A) be a column-tactical decomposition with structure constants k; ;
for i € Zyy and j € Z,. Let (20,2) be a row-tactical refinement with
structure constants r;; for ¢ € Z,, and j € Z,. Our goal is to compute
the column-tactical refinement (20,%B) of the previous decomposition with
structure constants k; ; for i € Z,, and j € Z,. We let & = (Ay,..., A,),
B = (By,...,By), B = (Vi,..., V) and 00 = (Wy,...,W,,). Also, we
write a;, b;, v;, w; for the size of A;, B;, V;, W;, respectively.

(J) (7)

For each j € Z,, we introduce nonnegative integer variables =7/, ..., zy/ .
We then solve
Zmax(n-’j —1, O)xgj) <a;—1, foralljeZ,, (19)
and .
ZTUZ Zﬂ) <aj,, forallji,js€Z,, ji1#jo (20)
=1
and .
Yo a? =kpy, foralll € Zy,, (21)
‘U(V‘i’j)leI

subject to :Bl(-j) < w; and specifically .rgj) =0ifr,; =0forie€Z,, j € Z,.

Let U, be the number of solutlons and let (V... 28") foru € Ly, be

the u-th solution (zy G ) xm ) We introduce nonnegatlve integer variables

yy),...,yU for j € Z,. Then we solve

n Uj

x; G) _ [ Wi .
ZZ( 5 )yuj —(2> for i € Zy,, (22)

=1 u=1
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and

n Uj
S aGVGND = i forin s € T A i (29
=1 u=1
and
Uj
Zwﬁj’u)ygj) =rijw; fori € Zpy, for j € Zy, (24)
u=1
and
Uj
> yP) =a; forje L, (25)
u=1
and

n U
S Y < P(wit), for alli € Zy, for all t € g, (26)

=1 u=1
J i) s,

8
S~

Let y&j) (j € Zm, u € Zy,;) be a nonnegative integer solution to these
systems of equations and inequalities. The column-scheme

1 1 2 n

S (S (R MRS

T I A A A ;"
1' 1 1 1 1 (27>

w, | 20D e )

is said to be obtained from the decompositions

l ‘ aq Qg - Qp —>‘ by by .- bn
U1 k1,1 k1,2 s kl,n wy | "1 T2 0 Tin

. . and . .
Umy km’,l km’,2 e km’,n Wm | Tm,1 Tm2 “°° Tmn

)

by (general) column-refinement.

The following result is the analog of Lemma 4 for column refinements.
We omit its proof.
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Lemma 6 Let S be a linear space. Let (0,2A) be a column-tactical decom-
position with structure constants k; ; for i € Zpy and j € Z,,. Let (20,2) be
a row-tactical refinement with structure constants r; j for v € Zy,, and j € Zy,.
Then S satisfies exactly one of the column-tactical decompositions (20,B)
with structure constants ki ; that is obtained by general column-refinement.
In fact, this column-tactical decomposition is the coarsest column-tactical de-
composition of the row-tactical decomposition (20,2).

4 Case 3

Let § = (V, L) be a linear space on 30 points with line type 3. We assume
that S admits the column-tactical decomposition

Case3
Ly Ls L4
1| 3 15 37 (28)
V 30| 7 5 4

The point types (x1, T2, x3) are the solutions of the equation 61 +4xy+3x3 =
29 subject to x1 < 3,29 < 15 and x3 < 37. The 6 solutions for (xy, x5, x3) are
(3,2,1), (2,2,3), (1,5,1), (1,2,5), (0,5,3), (0,2,7). The reduced system to
compute the distributions is listed in Tab. 2, together with the 10 solutions.
Only Case3.2 and Case3.4 allow column-tactical refinements (i.e., the other
Cases are eliminated). Case3.2 has 38 refinements Case3.2.i (i = 1,...,38)
and Case3.4 has 457 refinements Case3.4.i (i = 1,...,457). We display the
row-tactical decomposition Case3.2 and Case3.4:

Case3.2 Case3.4
— |3 15 37 — 13 15 37
113 2 1 312 2 3
1811 2 5 15|11 2 5 (29)
50 5 3 50 5 3
60 2 7 710 2 7

A computer search was performed which showed (in around 5 days CPU
time) that the two decompositions Case3.2 and Case3.4 are not realizable.
Thus there is no linear space in this case.

15



Yi Y2 Ys Ys Ys Ye
3 2 1 1 0 0|=21| F;
2 2 5 2 5 2/=7] F
31 0 0 0 0<3| L
6 4 5 2 0 0]<45]Jio
solutions:
1 0 1 17 4 7] Case3.l
1 0 0 18 5 6] Case3.2
0 3 1 14 4 8| Case3.3
0 3 0 15 5 7|Case3.4d
0 2 1 16 4 7| Case3.b
0 2 0 17 5 6| Case3.6
0 1 1 18 4 6| Case3.7
0 1 0 19 5 5| Cased.8
0 0 1 20 4 5|Case3.9
0 0 0 21 5 4]Case3.10

Table 2: Computing Point Distributions in Case 3

5 Case 4

Let S = (V, L) be a linear space on 30 points with line type 4. We assume
that S admits the column-tactical decomposition

Cased
Lr L5 Ly
11 27 24
V 30| 7 5 4

(30)

The point types (x1, T2, x3) are the solutions of the equation 61 +4xy+3x3 =
29 subject to 1 < 1,29 < 27 and x3 < 24. The 4 solutions (z1,x9,x3)
are (1,5,1), (1,2,5), (0,5,3), (0,2,7). The reduced system to compute the
distributions is listed in Tab. 3, together with the 2 solutions. The resulting

16



Y1 Y2 Y3 Y4

1 1 0 0 =7|F
5 2 5 2(=135|F
5 2 0 0] <27 Ji2
1 5 0 0 <24 J53

Solutions:
4 3 21 2| Case4d.l
3 4 22 1| Cased.2

Table 3: Computing Point Distributions in Case 4

two possible row-tactical refinements are

Cased.1 Cased.2
— |1 27 24 — |1 27 24
411 5 1 311 5 1
311 2 5 411 2 5
2110 5 3 2210 5 3
210 2 7 110 2 7

Consider first Case4.1. There are 26 5-lines and 19 4-lines that intersect the
7-line. This means that we have the column tactical decomposition

[,7 £572 £571 M L

1 1 26 1 19 5
TT7 1 0 1 0
231 0 4 5 3 4

(31)

We compute refined point types using the conditions displayed in Tab. 4.
The resulting point types are listed in Tab. 5. The distribution of point
types is computed using the conditions shown in Tab. 6. There are exactly 2
solutions, also shown in the table. Thus we find the following two row-tactical
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Table 5: Point Types in Case4.1
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0001003106 03110 0010 <10|Js
0020200200620 0 0306 <19|Js4
5433222111000 0 0000 =26]|F,,
1121251251625 1 0000 =19]|F;,
0000O0O0OO0OO0OO0OO0OO0O0OO0 0 542 1|=104|7F,
0O 000O0OO0OOODODOOOO O 0101 =5|Fs,
Solutions:
4 0000300O0O0O0O0OO0 O17 4 1| Cased.1.1
4 0000300O0O0OO0O0O0O O16 5 Cased.1.2

Table 6: Computing Point Distributions in Case4.1

refinements:
Cased.1.1
Case4.1.2

— |1 26 1 19 5

— 11 26 1 19 5
411 50 10

411 5 0 1 0
3|11 2 0 50

3/1 2 0 50
1710 5 0 2 1

160 5 0 21
410 41 30

5/0 41 30
110 2 0 5 2 slo 2 0 5 2
110 1 1 6 1

Starting with Case4.2, we obtain the following two decompositions (details
omitted):

Case4.2.1 Case4.2.2
— 11 23 4 23 1 — 11 23 4 23 1
31 50 10 311 50 10
411 2 0 5 0 411 2 0 5 0
410 50 21 3|0 5 0 21
1810 41 3 0 190 4 1 3 0
110 0 2 7 0 110 1 1 6 1

A computer search was performed which showed (in around 2 days CPU time)
that the decompositions Case4.1.1, Case 4.1.2, Case4.2.1 and Case4.2.2 are
not realizable. Thus there is no linear space in this case.
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6 Case 5

Let S = (V, L) be a linear space on 30 points with line type 5. We assume
that § admits the column-tactical decomposition

Caseb
Ly Ly Ly
| 1 24 29
V 30| 7 5 4

The two row-tactical refinements are

— |1 24 29 — |1 24 29
3|1 5 1 2|11 5 1
411 2 5 511 2 5

1710 5 3 1810 5 3
6(0 2 7 510 2 7

Let a and b be the number of 5-lines and 4-lines (respectively) intersecting
the 7-line. Then (a,b) = (23,23) in the first case and (a,b) = (20, 27) in the
second case. Hence we have the two column-tactical decompositions

Caseb.1 Caseb.2
l]1 23 1 23 6 |1 20 4 27
7I7 10 10 717 1 0 1
2310 45 3 4 23|/0 45 3

2
0
4

Proceeding in a way that is completely analogous to what was done in Sec-
tion 5, we find 6 possible row-tactical refinements (two are refinements of
Caseb.1, four are refinements of Case5.2). These 6 decompositions are

Caseb.1.1
Caseb.1.2

— 11 23 1 23 6

— 11 23 1 23 6
311 50 10

311 50 10
411 2 0 50

411 2 0 50
13/0 5 0 2 1

12{0 5 0 2 1
410 41 30

50 4 1 30
5/0 2 0 5 2 6lo 2 0 5 2
110 1 1 6 1

20



Caseb.2.2

Caseb.2.1

— |1 20 4 27 2
— |1 20 4 27 2

211 50 10
211 50 10

5/1 2 0 5 0
5(1 2 0 5 0

310 50 21
410 50 21

15/]0 41 3 0
1410 4 1 3 0

110 2 0 5 2
410 11 6 1
o 02 70 3/10 11 61

110 0 2 70

Caseb.2.4
Caseb.2.3

— |1 20 4 27 2
— |1 20 4 27 2

211 50 10
211 50 10

51 2 0 5 0
51 2 0 5 0

210 50 21
310 50 21

160 4 1 3 0
150 41 3 0
5/0 1 1 6 1 110 2.0 5 2

410 11 61

A computer search was performed which showed (in around 2 days CPU time)
that the decompositions Caseb.1.i (i = 1,2) and Case 5.2.i (i = 1,...,4) are
not realizable. Thus there is no linear space in this case.

7 Case 6

In the following, assume that S = (V, £) is a linear space on 30 points with
line type 6, i.e., with one 7-line, 15 five-lines and 44 four-lines. Throughout,
let L7, L5, L4 denote the set of 7-lines, 5-lines, 4-lines, respectively. Clearly,
we assume that S admits the column-tactical decomposition

Caseb
Lr L5 L4
Il 1 15 44
vV 30| 7 5 4

(33)

Lemma 7 Let C denote the set of points that lie on the T-line. FEach point
in C' lies on two 5-lines and on five 4-lines. The points off the T-line fall into
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’?Jl Y2 Y3 y4\ \ \

1 1 0 0] =7]R”
5 2 5 2|=75|F
5 2 0 0|<15|Ji,

Table 7: Case 6, Computing Refined Point Types

two disjoint classes D and E, with |D| =5 and |E| = 18. Fach point in D
lies on exactly five 5-lines and on exactly three 4-lines. Each point in E lies
on exactly two 5-lines and on exactly seven 4-lines. Fquivalently, S admits
the point tactical refinement of (33)

L: L5 L4
|1 15 44
c 7/ 1 2 5 (34)
D 50 5 3
E 18 0 2 7

Proof. The point types are determined as the solutions to the equation 6x,+
4xy + 3x3 = 29 subject to 1 < 1,29 < 15 and x3 < 44. The four solutions
(x1, e, x3) are (1,5,1),(1,2,5),(0, 5, 3),(0, 2, 7).Let y; be the number of points
of the i-th type. The y; satisfy the system of equalities and inequalities
displayed in Tab. 7. The only solution is (y1,y2,¥s,y4) = (0,7,5,18). Let
C, D, E be the set of points of type 2,3,4, respectively. This yields the
required row-tactical decomposition. O

Lemma 8 The linear space S admits exactly one of the following two column
tactical decompositions refining (34), which we call Case 6A and Case 6B,
respectively.

Case 6A
Lr Lsoq Lsaw Lsi My My Ly Ly
1 1 10 4 1 11 24 4 5
c 7|7 1 1 0 1 1 0 O <35>
D 5|0 2 1 1 1 0O 1 O
E 18| 0 2 3 4 2 3 3 4

22



Case 6B
L7 L5590 Lsop Ls51 My My Ly Lo

! 9 5 1 12 23 3 6
c 7|7 1 1 0 I 1 0 0 (36)
D 50 2 1 2 1 0 1 0
E 180 2 3 3 2 3 3 4

In particular, there is exactly one 5-line disjoint from the T-line, and there
are exactly 9 four-lines disjoint from the 7-line.

Proof. We compute the refined line types of the row-tactical decomposi-
tion from Lemma 7. The points in C, D, E, are said to be of type 1,2, 3,
respectively. A hne is said to be of type 1,2,3, if it has length 7, 5 or 4,
respectively. Let x ) be the number of points of type i (i = 1,2,3) that are
incident Wlth a hne of type j. The 7-line comprises all C- pomts and hence
($§ ), xé ), Y ) (7,0,0) = xll) The refined types (:rf),xé ),xg ) of 5-lines
are the solutions to the system

ROCI—.)

Lo 3
1 1 1| =
1 4 1]<14
1 0 0] <1
5 3 T|<4

subject to the conditions xg ) < 1, xg) < 5, and 333 < 18. This yields the

possibilities
4

Ty 5Ty 5 Tg

(1,3,1) = x{¥
(1,2,2) = x5
113 =)
@ @ @, ) (1,0,4) =x{
( )= (0.5.2) — x?
(0,2,3) = x”
(0,1,4) = x”
(0,0,5) = x{
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2) @ .2 @ .2 @ @ @06 3 03 03 .03 .3
?Jg) yé) y:g) ?Ji) yé) Z/é) yg) ye(;) yi) yé) yzg) yz(L) ?Jé) y((s)‘ ‘

31 0 O 3 1 O o 1 O O 1 0 0] =10|J

o 1 3 6 1 3 6 100 0 1 3 1 3 6|=153|J5

1 2 3 4 0 0 0 0 1 2 3 0 0 0/=126|/ 3
3 4 3 0 6 6 4 0 2 2 0 4 3 0] =90]Jy3
1 1.1 1 0 0 O O O O O 0O 0 0 =14|F,
3 2 1 0 3 2 1 0 0 0 0 0 0 0] =25F

Solutions:
0O 10 4 0 O 0 1 0/ 0 11 24 0 4 5|Case6A
0 5 0 0 1 0f 0 12 23 0 3 6[Case6B

Table 8: Case 6, Computing Refined Line Types

The refined types (:ng), x§3), x:(f’)) of 4-lines are the solutions to the system

RO R G

Ty Ty
1 1 1] =4
4 2 6| <43
1 0 0 <1
2 b} 21<15

subject to the conditions xf’) <1, xg?’) < 5, and :13&3) < 18. This yields the
possibilities

((1,2,1) =x¥

(1,1,2) = x%z;

(@, 2 2 = Eé N 2; %
(0,1,3) = x

(0,0,4) = x¥)

\

Let yj(f ) be the number of lines of type j that have refined line type x§f ). We
know that ygl) = 1. The refined line type distributions are computed using
the conditions displayed in Tab. 8 subject to the conditions y(z) < 15 and

y§3) < 44. There are exactly two solutions, also shown in Tab. 8. Thus, we
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arrive at the two decomposition schemes Case 6A and Case 6B5. O

Let /5 denote the 5-line disjoint from the 7-line, so that L£51 = {/5}
and L52 = L5924 U L59, = L5\ L51. Let L denote the nine 4-lines disjoint
from the 7-line, so that L. = L; U Ly. Let M be the 35 other 4-lines, so
that M = M; U M. Let D5 = {5 N D and let E5 = {5 N E. Moreover, let
Do =D\ Ds and let Ey = E'\ E5. We observe that the size of Dy is either
one or two. That is, the 5-line that is disjoint from the 7-line contains either
one or exactly two points of D. Accordingly, the size of Ej is either 4 or 3.
Put Dy = D\ D5 and Ey = E \ Es.

Lemma 9 The linear space S admits the following row-tactical refinement

of (34):
L7 Lsy Lsi M L
—| 1 14 13 9
C 7/ 1 2 0 5 0
Dy 4,0 5 0 2 1 (37)
D; 1/ 0 4 1 30
Ey, 14/ 0 2 0 5 2
Es 4/ 0 1 1 6 1

Proof. We know from Lemma 8 that /5 is the unique 5-line disjoint from
the 7-line and that there is a set L of nine 4-lines that are also disjoint from
the 7-line. That is, we have a column tactical decomposition

L; Lss Lsqi M L
Il1 14 13 9

cC 7/ 7 1 0 10
DUE 23| 0 4 5 3 4

(38)

We claim that this decomposition has the row-tactical refinement

£7 5572 5571 M L

—| 1 14 1 35 9

c 7|1 2 0O 5 0
DO 4 0 5 0 C11 C12
D5 1 0 4 1 C21 C22
EO 14 0 2 0 C3,1 C32
E5 4 0 1 1 Cq41 C42

25



To this end, we recall that ¢;; +c12 = co1 + 22 = 3 and ¢31 + 32 =
C41 + c42 = 7 from (34). Fix p € Dy. Since every point in DU E \ {p} is
joined to p, we find that 5 x (4 — 1)+ 13 X (3 —1)4+¢12 x (4 —1) = 22,
ie, 2c11 +3c12 = 7. Thus ¢17 = 2 and ¢, = 1. Similarly, for p € D5 we
obtain 4 x (4—1)+1x (5—1)+ce1 x (3—=1)+ o x (4—1) =22, ie,
2¢91 + 3cg2 = 6. Since ca 1 + c20 = 3, this forces co; = 3 and ¢z 2 = 0. The
remaining cases are handled in a similar way and hence omitted. a

Lemma 10 The linear spaces of Case 6A admit a row-tactical decomposition
of type Case 6A.v with v =1,...,82. The linear spaces of Case 6B admit a
row-tactical decomposition of type Case 6B.u with p=1,...,89. Here,

Cases 6A.v
£7 £5,2a £5,2b £5,1 M L
—| 1 10 4 13 9
a W1 2 0 0 5 0
¢ YWyl 1 1 1 0 5 0
oyl 1 0 2 0 5 0
Dy W o 4 1 0 21 (39)
Ds W)l 0 4 0 1 3 0
Eox P0) 0 2 0 0 5 2
Eor vV 0 1 1 0 5 2
Es vPw) 0 0 2 0 5 2
Esi v 0 1 0 1 6 1
Esy vP@) 0 0 1 1 6 1
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with y](-i)(u) a solution to the equations in Tab. 11 and

Cases 6B.u
£7 £5,2a £5,2b £5,1 M L
—| 1 9 5 13 9
a Wl 1 2 0 0 5 0
Co V()| 1 1 1 0 50
e yPwl 1 0 2 0 50
Dy yP(w| 0 4 1 0 21 (40)
Ds vPwl 0o 3 1 1 30
Eoq y@(#) 0 2 0 0 5 2
Eop v(w)| 0 1 1 0 5 2
Eo 3 ?/4(13)(@ 0 0 2 0 5 2
Esy y’(w)| 0 1 0 1 61
Bap o)) 0 0 1 1 6 1

with yj(»i)(,u) a solution to the equations in Tab. 12. In all cases, C = Cy U
02 U 03, E() = E071 U EO’Q U Eo’g and E5 = E571 U E5,2.

Proof. Using the conditions displayed in Tab. 9, we compute the refined
point types for each of the three point classes C'; D and E with respect to
the first four column classes. The solutions are listed in Tab. 10.

The next step is to compute the partial row-tactical refinements. Ta-
bles 11 and 12 show the systems for Case 6A and Case 6B, respectively.
There are 82 solutions for Case 6A and 89 solutions for Case 6 8. Restricting
to the point types in Tab. 10 that occur in these solutions leads to the two
row-tactical decomposition schemes displayed. a

A computer search was performed which showed (in around 5 years CPU
time) that the decompositions Case 6A.v (v = 1,...,82) and Case 6B.u
(p=1,...,89) are not realizable. Thus there is no linear space in this case.
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