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Ahstract

Recend resulle w0 the gearch for sinple L-desimms are reporfed. There are 31
parameter sets of semple Todesgne and meny paremeler sels of new ample G-
designs on wp to 33 poinds dieted wp. The tood wsed o g progrom DISCRETA,
developed by the authors, which applies the method of Kromer- Mesner [8] where
an auwlomorphsn group of the desired designs @0 preserebed. I the antomorphesm
groug 1 lerge enough group Seoretiend arpemends allow Lo defermme the number
of ixomerphism types of designs found. The search was sueoessfl anth preseribed
profectiie lnear groups and seme exfensions of cyelic goups. In seoerml ooses
Tran tan Trung's construction (17 yields further resulls from those found by
EOmpuler,
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1 Introduction

A simple &-(w, &, X)) design T is defined as a set of bsubsets, called blocks, of o
get Voof v points such that each -subset of V' is contained in the same number X
of blocks, Sinee we only consider simple designs, we omit the word simple, For
a long time f-designs were known ooly for § < 5, Then, in 1984, 5, Magliveras
and D, W, Leavitt [10] constructed the first G-designs using the method of
Kramer-Mesoer [6] and a computer. As a big sensation, L. Teirlinek [15] in 19809
proved that t=(e, 4+ 1, A) designs exist for all £ The proof is constractive, but
the resyliing designs, namely § — (o, 0+ 1, A) designs, have agtronomically large
parameters v and A like A = [ + 117" and o = ¢ mod A Thus, small examples
and cases where § 18 Eru.a.l_r.:r than 141 are still il:ll_l;:nl_-st.irlﬁ_ Sorme grnall ﬁ-dwiglm
and even tweo infinite seres of E—duignb had beeen Founcd. A recent ceview Gan he
foead 1 the Handbook of Combanatoral T.h_-ail._l;l:lb l-E] Moat dl_:g.iﬁ:l.s with gmall
parameter sets and "large™ ¢ wene fownd wsing Keamer-Mosner matrlees. We also
follow this approach and, like D. L. Kreher and 5. P. Radelseowski [9], use an
LLL-algorithm for solving systems of diophantine equations [18]. Our program
syetem DISCRETA allows to choose a permutation group fTom sevoral serles
like projective linear groups and make some group oonstructbong. The geoup
thus determined is then preseribed as an automorphism group of the desired
designs. Any such design iz a collection of full orbits of that group on the set of
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k-subgets of V. Finding & collection which forms & i-design is equivelent to the
problem of solving & system of diophantine equations, sz mentioned above.

The must successlul choices of permutation groups in our search are projec-
tive linesr Jroujas. All Eroupd F'E-T.l:?: qn] fiar ga [_lﬁl:rll;,: [ower between 19 and
32 are admitbed as avtomorphism groups of some Gdesign. In particylar this
search completes the work started by [3] on PSL(Z,19) and 6 < ¢ < 8 and
E = 10 We remarck that mo E—{El:l.l 1{!. .]l.] dwl&rl with this .a,u‘l,l_l:l:u;_:rphium group
cxlsta, The case k=10, ¢ = B admits no feasible parameter set. In additlon, a
G-019, 7.4) deslgn and a G-(19. 7,6} design have been found by preseribing the
growps Hell(7) + 4+, and Holi g ), respeciively, where the 4+ operator adds a
fixwed podot 1o 8 permotation group. There are only two smaller G-designs known,
the parameters are 6-(14, 7, 4) [8] and their automorphism group 1s O3+, These
groups are large enough such thet group theoretical arguments allow to deter-
mine the number of Bomorphism types of designs admitiing one such group
as & group of sutomorphisms. This requires to fnd all 0/1-solutions of the
diophentine equations which i= done for the smaller cases.

OF course, designs with even higher § would be a good challenge. Therefore,
g bries b0 extend mcia.l_il:lgI i-d:,:si.&rlu (h] |:|! + 'I]-l;].-l_-uigl:lb. This wocks |:_:||:||._'|.' i1
very rare cases. I s easy to get d-desigos from a (8 4+ 1)edesign, the thres
standard constructions ane to form the residual design, the derived design and
to condlder the (8 4+ 1)-design as & f-deslgn. The cxtenslon progess would Just
roverse these three processes. We Interpret & theorem by Tran van Trung [17]
from this polnt of vhew and see that feom two E-designs with the parametors of
a derlved and & pesidual design one obtalns the thied design derlvable from the
posalbly existing (f 4 1)-design. This, each parameter set for which & design
hes been found gives rise to the question whether one of its buddies needed for
Tran van Trung's construction alzo hes 8 design, The existence of such & design
is necessary for the existence of an extended design, but it i not vet sufficient.
Nevertheless it iz sufficient {0 obtain the third partner with the same {. We took
this observation ss & guideline to enrich the catalogue of 7- and 6-designs with
good suceess, It is only & pity that e eould not yet establish any S-design in
this way., The parameter sets of designs found so far are listed below,

2 Methods

We shl;rrl.]].' review goane well known combinatoral ],:ln:_:[_l:;rLi:,:s ol i-d::si.ﬁrlu. Lak
T he a d-(v, kA :].uli.ﬂ.n defined on @ poant set ¥ Then we can form some new
degipns from T Let 5 be & g-subset of V', where & < §. Counting twice all pales
(T, B) such that § T and B Is & block of D ylelds
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Thus, T is also & a-(v, k, X)) design for each such & Usually, if we speak of the
perameters of & design T the largest known value of § for which T iz a {-design
is meant. The special value & = { — 1 is & recursion formula

w—t4+1

A=A T

'|-.Iia.ljl:lgll,:ﬁ.zil'li|:u!I a poant o € V separates the bBlocks of T into those 1_'1;|-:||.I,ai:||.i|:||._|;
roand those nok |:,|;|-|:|La.i:||.i|:||._|; r. 'Ft.-l_-:l:r||;|-1.ri:||.,|!I r froan Vo then turns both elasses of
blocks nto (& — 1 -designs. The Blocks which beforehand contalned & alterwards
have skee & — 1 and form a (§ — Lj={o— 1,k — 1, A] design, known as the derived
design dery (I¥). The other blocks form a (§ — 1)-(w — Lk, Ay _yy — Ag) design,
called the resldual design ress (T, While the lsomorphism types of the pesidual
amd deelved deslgns of a deslgn may depend on the speclal cholee of the polont
x taken fom V), the parameter sets ave Independent of this choiee,

We conslder parameter sets Independently feom the designs and deflne the
{ollpwing operatlons on them, which sorrespond to the above eonsteuctlons of
designs:

s red: (v kA = (E—T{v ke Ap_py)
o ders o kA o= =1 =1,k-1,4)
o resc d-(v b A} e (F = 1)-(o = Lok A gy = A

These operations all can be applied doing simple arithmetic, I§ is casy to see
that they commute pairwise. So, starling from one parameter sef one obbains
several new parameter sets, Geoerally, there may result nop-integer fractions
for some Ay, Buch a parameter seb cannot belong to a design. Clearly also all
parameter gets are ruled out which Jad o this case. A parameber sef i8 called
admissilde il all operations result in integer valued parameter sets when applied
i any cornbiiation.

It i easy to compute preimages, but they also may contain rational non-
EI:I‘I.I;,!EI{'I witlpes. Tl ot i.rll:.-l_‘:l'l;,.',ﬁl,.i:ll.]!. question is whether in case of an 5|:|1.|_55l_:r
valued prelmage parameter sef a corresponding deslgn exdsts. This s not casy
to angwer but a weaker peault holds.

Theorem (Tran van Trung's construction) [17]): Lel P5 = f-(v, kA
be o ged of adimiesible poramelers such thal there eyl designs for the parameler
sets der{P5) and res{PS]. Then there exiels o design with the parameler sel
red(PS).

The above process to obtain a residual desipn relies on the observation that
there are exactly Ay — Ay blocks containing a given (f — 1)-set and not con-
taining & fixed point z. Remarkably, this number is independent of the choice
of z. This can be generalized to the following result.



Theorem [12]: For o pair (5.J) such thal 5 and J are digjoind and [5]+
[oJ] =t let J’:;I be the number of Mocks containing 5 and digjioini from J. Then
this number is independend of the choice of the pair,

Proof The proof is by induction on j = |J]. For j = 0 we have A7 = A
for all i. Then the recursive formula

*!'E}“] = *!"{ *!"-f+1

gives the values for larger §. Obviously these are independent of the choice of 5.
&

These tnberseciion narmbsers Appear a8 pacaomeber values of & when Trean van
Trung's constraction can be applied in more than one step, since decived designs
of decived designs appear. We will show such cases below. A general formaulation
15 confatned i Tran van Trul:ll._l;":s [ |_'l 'i"J.

T start the combinatorial machinery of design constructions we described so
far one clearly noeds a substantial hasle set of designs. Wi wse prescribed awbo-
morphism groups to construct designg. This &= the Kramer-Mesner method [6].

Wi have bullt & software package DISCRETA with a graphleal lnterface for
this method. We shortly list some features of the syatem.

& A proup can be chosen by pressing a button for & cortaln family of groups
amd adding some special parameter values to plek & specilic group ot
of this family. We mention the families PSL{xn, ), PGL{n, ¢, PEL{n. g},
PI'Lim, g}, of projective linear groups, eyelic groups and their holomorphs,
induced gctions of symmetric groupe. In addition, one can read in permu-
tations generating the desired group from a file or give a set of generators
and defining relations for the group and apply a module for low index
methods {0 get the permutation representation needed.

# One can manipulate these groups by forming sums, products, wreath prod-
ueis, by adding fixed points or forming stabilizers, So, if a group is chosen
the point set together with the corresponding permutation representation
is automatically determined.

o Mow the design parameters §and k can be set. A button allows to find
out whicl values of & are allowed for a feasible parameter set.

o IF the sed of parameters looks promising one can start the computation of
the Kramer-Mesner matrix ]_1_-,; IJI-'Lﬁbi!l-.lj. the appmpri.a,l,.u buttoen. '|::||.|,|;,:rr|31:||._'|.'.I
double eoset algorithms are used to construet that matrlx. The program
Is & new Implementation of Schmale's Leltersplel [14] by A. Betten who
also wrode most of the eode of the systen.



& Dpne may leok at the result {0 zee whether some nice properties are immedi-
ate. So, one may detect & column which has constant entries, This column
then corresponds to & design where the given group of sutomorphism is
transitive on the set of blocks. Also, the existence or non-existence of de-
signs with small A (zmell Steiner systems for instance) is easily recognized.

* To get more complicated combinations of columns which together form a
i-design we have two special buttons, A program written by B, I, McKay
performs a clever backtrack search and is especially useful in showing that
o design with the prescribed parameter values and group exists, Also,
at lesst for smaller values of A or matrices with only few ows and many
columns this program is our best choice, Alternatively, & program by A,
Wassermann with his version of the LLL-algorithm solves the systems of
ciuations even in cases of some hundred rows and columos (18], Inter-
cstingly, this version sometimes fnds designs also for values of X different
froan the one given as input to DISCRETA. This is remarkable because it
may oceur that because of the computational complexity these solutions
are only wery hard o obialn divectly by giving as lnput these valwes of A
which ave found by chanee.

» A database 15 used for keeping the parameter seds foumd. This allows
to ask for all stoesd paramcter sets whene each parameter lies in a given
range.  Inserting a new parameter set PS5 auwtomatically generates the
pacametor sets der('S], red{PS), and res(P'S) recursively and stores them
in the database. This way, a lot of parameoter sets are easlly generated
from a fow startlng parameter sets. In this text oaly the orlginal new
pacameter sets of the deslgng are lncluded.

We found that the graphleal surface was very helplul for testing deas m-
mediately. Sloce the package s bullt from Independent modules, it & pot oo
difficult to Integrate new features. So. further features are under development.,

In gur experience, the LLL-module I8 very powerlul and allows to get all
solutions when we are patlent enough. In general, different solutlons may he
lsomorphic designs. We mention shorily, how we handle this problem withooo
lspmorphism testing in our cases. For a detalled exposition of this appreach ses
Schmalz [14] for the first part and furthermore [3]. If the presceibed group s &
maxlmal subgroup of the symmetele group on the point set then all solutlons are
palrwlse nonlsomorphic. More generally, if the glven group Is the Tull autoomor-
phism group then only the normalizer teken in the symmetric group may magp
one solution onto another, In this case the index of the group in it normaelizer
is the oumber of solutions belonging to the same isomorphism type of designs.
Simce the [ull automorphism group i= et least as big s the given group one
hes to subiract from the selutions first sl those which are also solutions of &
proper overgroup. This i most easily done when there are only few overgroups



and only the number of solutions is desired. A different method is applicable
if the given group conteins & Sylow subgroup of the symmetric group, Then
it suffices to look at elements of the normalizer of that Sylow subgroup to find
permutitions mapping one design admitiing the given group onto another such
design [3]. This latter method especially applies to holomorphs of eyelic groups
of prime order, The number of somorphism {ypes given in the table below are
determined in this way,

3 Results

We searched for G-designs and T-designs on up to 33 points, A fow parameter sets
in this range were already koown, see TN Keeber's contribution in the Handbook
of Combinatorial Designs [3. We include them Into our report below, slnce in
some cases we pould add Information on automorphlsms and lsomorphlsm types.

W used the Tran van Trung construction several tlmes to ged new §- and
T-designs from exdsting ones. The mest general scheme with an erated appli-
cation we found I8 as follows, using f =8 — 1, " = { — 2 In the notatlon foom
aboves

Ps, P4 P4
ffr— 1k —1.M) :'—[u—l.k.lb] 11-'::ﬂ—11-k+11-1'$']
Pas kg
!“'[ﬂh IE| ':.'I-" ‘-‘I'tﬂl It' + 11 'A'II" :I

NS

F-lv 1,k 4 1, )

In this scheme FSy I8 obiained vom PS5, and PS5y, PS5, om PS5 and P5,
and P8y from PS5y and FE., by Tran van Trung's constroction.

This scheme appears for PS5, € {7-(24,8,6), 7-(24, 8, 8)}. With PS5, missing
the scheme appears for PS, € {6-(29, 8, A}|A = 36, 42,64, 85,99, 105, 112, 126}.
The smallest scheme with anly PS5, PS5, PS; appears for P5, € {7-(24,8,5), 7-
(26,8, 6),6-(20, 8, 120) }.

In addition there are several lsolated resules. The Tull Lst of parametor sets
kpown to us together with awtomorphlsm groups and number of Eomorphiso
iypes in smaller cases is shown in the following table. In some cases an exact



number of somorphizm {ypes i given. Then this is the number of isomor-
phism types of designs with the prescribed automorphism group. If no number
is given only the existence of designs with that parameter sel and, in some
cased, Lthe indicated automorphism group is asserted. Many isomorphism types
means hundreds and mostly thousands of isomorphism types which were not
fully determined because of the amount, of computer resources that would have
been needed. The Tran van Trung construction is abbreviated as TvT, For this
construction no sutomorphism groups and oo pumber of somorphism types is
given. The table does not list residual, derived, complementary, supplementary
designs and s-designs for & < Details on the designs mentioned and not cited
froan the literature can be obtained from the authors, see also our WWWepage:
]Ll'l,]_::_,l".,l"www.rua'l,h:,:ﬂ.u:u.i-hm:,rmul]L.duﬂJcLlurlmEHTGHIdl.]:ll_.rl:ll

| parameter set | constructed by | isomorphism types |

T-[43, &, 10) PTL(2,32) 1006426 [2], 18]
7-(30, 9, 105) PrL(2.27) + +

7-(30, 9, 112) PIL(2.27) 4+ + many

7-{28, 10, 630) PrL2,27) many
7-(27,9,60) | TvT: 7-(26.8,6) U 7-(26,9,54) 4], [3]

7-(27, 10, 240) PrL(2,25)+ =1

T-UET, 10, 540) PI'L(2,25)+4 many
T-126, B, ) PGL{2,25) T 40, [43]
T-[H5, B, 1) PTL{2, 25) many [4], [3]
T-[H5, 9, 63) PTL{2, 25) 37032 4], [
T-[H5, 9, 54) PTL{2, 25) Jog [4], [3]

Te(, 10, 342) | TT: 7-{25,9.54) U 7-(25.10,288)

T-[26, 10, 456) | TvT: 7-(25,9.72) U 7-(25,10.384)

T=[25, 9, 45) TvT: T=(24,8,3) L) T=[24,5,40F) 4], [4]
T=[25, 9, 54) TvT: T=(24,8,6) L) 7-[24,5,48) 4], [4]
T=[2h, 9, T2) TvT: T=(24,8,8) L 7-[24,9,64) 4], [4]

725, 10, 288) | TvT: 7-(24,948) U 7-(24.10,240)

7-(25, 10, 384) | TvT: 7-({24.9.64) U 7-{24.10,320)
7-(24, 8, 4) PSL(2,23) L ). 3]
7-(24, 8, §) PSL(2,23) 133 4], [3]
7-(24, 8, 6) PSL(2,23) > 132 [4], [3]
7-(24, 8, 7) PSL(2,23) > 126 [4], [3]
7-(24, 8. B) PSL(2.23) = G3[4], [3]
7-(24, 8. B) PGL(2.23) 4

7-(24, 9, 40) PGL(2.23) 113 (4], [3]
7-(24, 9, 48) PGL(2.23) > 2R27[4], |3
7-(24, 9, 64) PGL(2.23) = 15335 [4], [3]
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724, 10, 240 POL{Z.)
7-(24, 10, 320 PGL(2,23) =2
7-(20, 10, 116 PSL{2.19) 1
7-(20, 10, 124) PSL{2.19) 1
7-(20, 10, 134) PSL{2.19) 10
6-(33, 8, 36) PTL(2, 32 1179 [5], [14]
6-(32, 7, 6) PSL{2,31) > 18
f-(31, 10, 1800) | TwT: 6-(30,9,288) U 6-(30,10,1512)
6-(31, 10, 2100} |  TvT: 6-(30,9,336) U 6-{30,10,1764)
f-(31, 10, 3200) | TwT: 6-(30,9,512) U 6-(30,10,2688)
(31, 10, 4250) TwT: 6= (30,9.680) L 6=(30,10.,:3570)
fi-(31, 10, 4050) TwT: 6-[30,9.792) U 6-(30.10.4158)
=31, 10, 5250) TwT: 6-(30,9.840) U 6-(30,10,4410)
G-, 10, SG00) Tw'T: G- 30,9.806) L G=(30,10,4704)
fi-( 31, 10, GO0 ToT: Gl 30,9, 1008) L G 30, 10,5292)
6-(30, 7. 12) | PSL(2,29), 6-{8m+6.7 4m) for m=3 [16] many
6-(30, 9, 288) ToT: 6-(20,8,36) U 6-(29,9.252)
6-(30, 9, 336) ToT: 6-{20.8,42) U 6-(29,9.204)
6-(30, 9, 512) ToT: 6-(20.8,64) U 6-(29,9.448)
6-(30, 9, G20) ToT: 6-(20.8,85) U 6-(29,9.505)
6-(30, 9, T92) TvT: 6-(20.8,99) U 6-(29,9,603)
6-(30, 9, 840) TwT: 6-{29,8.105) U 6-(29.9,735)
6-(30, 9, 806) TwT: 6-(29,8.112) U 6-(29.9,784)
6-(30, 9, 960) TwT: 6-(29,8.120) U 6-(29.9,840)
6-{30, 9, 1008) TvT: 6-(29,8,126) U 6-(20.9,852)
6-(30, 10, 1512) PIL{2,27) ++ > 168
- 30, 10, 1764) PTL{2, 27) 4+ + many
G- 30, 10, 2688) PTL{2, 27) 4+ + many
G- 30, 10, 35700 PTL{2, 27) 4+ + many
6-( 30, 10, 4158) PTL{2, 27) + + > 40
(30, 10, 4410) PTL{2, 27) + + > 8300
= 30, 10, 4704 PTT {2, 27) + + ANy
i, 100, 4914) PIL{2,27) ++
G0, 10, 4954) PIL{2,27) ++
(30, 10, H082) PTL{2,27) ++
6-(30, 10, 5166) PTL{2,27) ++
6-(30, 10, 5292) PTL(2,27) + + > 4970
6-(20, &, 36) PTL{2,27)+ 8




parameter st constructed by isomorphism types

620, &, 42) PTL(Z, 271+ al

620, &, 43) PTL(Z,27}+ 43

B2, &, 49) PIL{Z 27}+ 470
B2, &, 57) PIL(Z 27)+ 5177
62, &, 63) PIL(Z 27)+ 17195

ﬂ-l:ﬂh 5, |:||.:|| |:|l. =
4, 7101, T 54, 55,9199, —_—
105, 106,112,120,126 PTL(27)+ -
6-(20, 9. A), A =
106,126,154, 252,204,
322,406,448, 460 483,
M, 532,505, 630,672, PTL{2, 271+ iy
693,733,756, TH4., TOE,
B19,820,840,861.882

6-(29, 101, 4095) PULiZ 27)4

6-(29, 101, 4305) PULiZ 27)4

G- 28, 8, 43) PTLi2, 27 214
f-(28, 8, 63) PTL(2,27) 367 [14]
fi-[28, 8, 84) PTL(2, 27 21743 [14]

6128, &, 105) PTL(2, 27 38277 [14)
fi-[ 26, 8, 60) PTL(2,25) a3
fi-[ 26, &, 70) PITi2, 25 BY
fi-( 25, 8, 346) PGL{2.23)+ 242 [4)
625, 8, 45 PGL{2,23)+ 10008 [4]
625, 8, 54) POL{2,23)+ []
f-25, 8, 63 POL{2,23)+ 1284 [4)
625, 8, 72 POL{2,23)+ []
f-(25, & 81) POL(2,23)+ [4]
624, &, 36) PGL(2.23) 4]
(24, 8, 45) PGLI2.23) 49 [d]
(24, 8, 54) PGLI2.23) A76[4]
6-(24, 8, 63) PGLI2.23) 1284[4]
(24, 8, 72) PGL{2.23) 3069 (4]
6-(23, 8, 68) 7
8- 22, 8, 60} PSL{2.19)++ 1143 (7]
6-(22, 7, 8) f-(8m+6,7.4m) for m=2 [16]

6-(20, 9, 113 PELIZ.19) 2 [5]
6-(19, 7, 4] Holl g 4 4 1
G6-(19, 7, 6) Hol{ Oy a
G-(14, 7, 4] Chz 2 [49]
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