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Abstract

We address the problem of constructing hyperovals and arcs in De-
sarguesian projective planes of even order. Our purpose is two-fold.
On the one hand, we show the connection to geometric codes, which
are the codes spanned by the characteristic vectors of subspaces of a
fixed dimension in projective spaces. Using these codes, we deduce a
new hyperoval condition. On the other hand, we investigate the ques-
tion of determining whether or not a given arc can be extended to a
hyperoval. To this end, we present two necessary conditions, one of
them based on the new hyperoval condition, the other being an appli-
cation of Hall’s Marriage Theorem. Finally, we discuss the relevance
of these results to computer searches for hyperovals in Desarguesian
projective planes of small even orders.



1 Hyperovals in Projective Planes

Let PG(n, q) be the projective space of dimension n defined over the field Fy,
i.e. the set of subspaces of IFZ“ ordered by inclusion. Subspaces of ordinary
dimension 1, 2, 3, n are called (projective) points, lines, planes, and hyper-
planes, respectively. We say that the projective dimension of a subspace is
one less than the ordinary dimension as a vector subspace. Hence, projective
points, lines, planes, hyperplanes are said to have projective dimension 0, 1,
2 and n — 1, respectively. PG(2, q) is also known as the Desarguesian projec-
tive plane of order ¢q. Let S be a set of points in PG(2,¢). A line ¢ is called
secant, tangent, external with respect to S if the size of /N .S is 2, 1 or 0,
respectively. An arc in PG(2,q) is a set S of points, no three collinear. It is
not hard to see that |S| < ¢ 4 2. Equality can be reached when ¢ is even, in
which case S is called a hyperoval. A hyperoval admits no tangent lines, i.e.
every line is either external or secant. Examples of hyperovals are the ¢ + 1
points of a conic together with its nucleus, which is the unique point where
all tangent lines meet. This is known as the regular hyperoval. For ¢ > 16,
non-regular hyperovals exist.

For n > 2, the automorphism group of PG(n,q) is the group of all
collineations, which is all the bijective mappings from points of PG(n,q)
to points of PG(n, ¢) preserving collinearity (i.e. mapping collinear points to
collinear points). It is known (see for instance Artin [1]) that this group is
the group of all semilinear maps from IFZH to Iﬁ'g“. We denote this group
as PI'L(n + 1,¢), and call it the (full) projective group. We say that sets S
and T of points of PG(n, q) are projectively equivalent if there exists a map
v € PT'L(n + 1, q) sending S to T

Clearly, the projective group maps hyperovals to hyperovals. We are in-
terested in the essentially distinct types of hyperovals, i.e. hyperovals which
are pairwise not equivalent. An important problem is the question of clas-
sifying hyperovals in projective planes PG(2,q) where ¢ = 2". This problem
has been solved for h <5, cf. [9]. Several infinite families (in terms of h) are
known. However, for h > 6, the classification is far from complete.

Let us choose homogeneous coordinates X, Y, Z for PG(2, q). It is known
that any hyperoval can be brought into the form

Oy = {{(F@),£,1)) [ t € Fo} U {{(0,1,0)),((1,0,0))}



for some function f from F, to F,. This means that for any hyperoval S
we can find a semilinear map 7 such that v(S) = Oy for some f. The fact
that we require that ((0,1,0)) and ((1,0,0)) are part of the hyperoval is not
much of a restriction. Indeed, any arc consisting of at least 4 points is pro-
jectively equivalent to one containing the fundamental quadrangle ((0,1,0)),
((1,0,0)), ((0,0,1)) and ((1,1,1)). This is because the group PGL(3,q) is
sharply transitive on ordered quadrangles.

A function f : F, — F, is called an oval-polynomial if the set Oy as defined
above is a hyperoval. It is easily seen that an oval-polynomial f is bijective.
The name polynomial comes from the fact that any function from F, to [F,
can be thought of as a polynomial, such that the value of the function at any
given point ¢ equals the evaluation of that polynomial at ¢. See Theorem 3.1
for this.

An example for such a function f is the map f(¢) = t2. The corresponding
hyperoval is the regular hyperoval which exists for any h. The points of the
form ((t?,¢,1)) for t € F, together with ((1,0,0)) are the points of the conic
with equation XZ = Y2, the point ((0,1,0)) is the nucleus. If ¢ = 4, this
yields the 6 points

((1,0,0)),((0,1,0)),((0,0,1)), (1,1, 1)), {(ar, a*, 1)), ((*, a, 1)),

where a is a root of X2+ X + 1 over [Fy, i.e. a®> = a+ 1. It may be depicted
as in Figure 1. The diagonal line is the “line at infinity” with equation
Z = 0. The 4 x 4 grid represents the 16 points of the affine plane Z # 0.
Notice that not every line in the projective space is shown in the figure.
The horizontal lines should extend to the point ((1,0,0)) and the vertical
lines should meet in ((0,1,0)). In addition, there should be an additional 4
lines through any of the remaining points at infinity. The affine points have
coordinates ((z,y, 1)) for z,y € F,. More precisely, the intersection point of
the vertical line through ((z,0,1)) and the horizontal line through ((0,y, 1))
has the coordinates {((x,y,1)).

There are several known conditions for a function f to be an oval-
polynomial. The most basic one is known as the slope-condition. It says
that f is an oval-polynomial if and only if f is bijective, and in addition

f(z) + f(y) y fl@) + f(2)
r+vy T+ z
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Figure 1: The Regular Hyperoval in PG(2,4)

for all distinct z,y, 2z € F,.

A necessary condition on the oval-polynomial f itself is due to Segre and
Bartocci [10]. It states that the polynomial f is even, i.e. the coefficient of
X is zero for i odd.

Important further necessary and sufficient conditions are due to Glynn [5,
6] (cf. Section 7).

2 Geometric Codes

Let us now present the theory of geometric codes following [7]. Consider
a finite projective space PG(n,q). Let us introduce the Grassmannian of
i-subspaces, denoted as

Gi(n7 q)7

to be the set of i-dimensional projective subspaces of PG(n, ¢q). We abbreviate

n+1

¢t —1 .
en(q>:|G0(n>Q)|:ﬁ21+q+q2+...+q )



Let C(n,q) be the set of mappings from the (projective) points of PG(n, q)
(i.e. from Gy(n,q)) to F,. We can give the set C(n,q) the structure of a
[F, vector space by using componentwise addition of functions and scalar
multiplication. The dimension of C(n,q) as [F, vector space is 0,(q).

A particular class of mappings are the characteristic functions of subsets
S C Go(n, q) which are defined as

1 <= PeS
Xs : Go(n, q) — Fg, xs(P) = { 0  otherwise

So, xs € C(n,q) for all S but for ¢ > 2 not every element of C(n,q) is a
characteristic function.

Let ¢ = p", with p prime. For i < n, define the subspace

Ci = Cl(nvq) = <XU | Ue Gz(n> q))

of dimension r; := r;(n,q) := dimC,;. We call C; the line-code, Co the plane-
code etc. A great deal of effort has been spent to compute the dimensions
ri(n,q). The final answer has been given by Hamada [8], and is known as
Hamada’s formula. It states that

ri(n, q) = ZS: 1:[ N (—=1)* (n ;: 1) (n + Sj+1pn— Sj — kp>’

j=0 k=0

where the first sum is over all sequences S = (so, ..., s,) of h + 1 integers s;
such that

sh==50, 1 +1<s;<n+1 0<s;up—s; < (n+1)(p—1).

This result has been interpreted by Glynn and Hirschfeld [7] in terms of basis
elements of geometric codes which are the topic of the current article. Also,
Bardoe and Sin [2] have given a representation theoretic explanation of this
formula.

For our purposes, the spaces which are dual to C; (with respect to the
standard bilinear form) are of interest:



For @ < n, the geometric code of i-spaces is defined as

Cz(an) = {f € C(”vQ)

> f(P)y=0forallU e Gi(n,q)}.

pPeU

If n and ¢ are understood, we simply write C; for C;(n, q). We let d; := d;(n, q)
be the dimension of Cj(n,q). Noting that C; = Ci, we have the dimension
formula

di(na Q) = 0n<q) - 7“1'(771, Q)
We call C' the dual line-code, C5 the dual plane-code and so on.

Lemma 2.1 We have the chain of subspaces
{O}ZCOQC1 CCyC--- QCnQC(n;Q)7

where O denotes the zero map which is zero on every point of PG(n,q). For
the dimensions we have

O=dy<dy <---<d,=0,(q —1<dimC(n,q) =6,(q).

Proof. We show the inclusion C; C Cj.1:

Let f € C; and let U be an (i + 1)-subspace. Inside U, pick an (i — 1)-
dimensional subspace V. Then U/V is two dimensional, and hence there are
q + 1 i-subspaces Wy, ..., W,4; in U containing V. These subspaces cover
every point of U \ V' exactly once, whereas the points of V' are in each of the
W;. Since f € C; we deduce that

S =Y Y Py =o,
PeU j=1 PeW;

=0

i.e. f € C;y1. Notice that the terms f(P), where P € V| appear ¢+ 1 times in
the second sum, i.e. we overcounted these function values ¢ times. However,
this does not change the value of the sum since ¢ - a = 0 for any a € [F, in
characteristic p.

As far as the statement about the dimensions is concerned, we note that
the function 1 which is one at every point is contained in none of the Cj
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(since §; =1+ q+...+¢ =12 0 mod p, where p is the characteristic of
F,). In particular, C, is a codimension-one subspace of C(n,q) and C(n, q)
is generated by C, and 1 together. 0

We remark that Glynn and Hirschfeld compute special cases of the di-
mensions d;. For instance, they show that

di(n,4) = %(n+1)(n2+2n+3). (1)

The connection between hyperovals and geometric codes is explained eas-
ily. We first recall a result of Glynn [6]:

Lemma 2.2 Let f : F, — F, be a function (where ¢ = 2"). The following
are equivalent:

1. Oy is hyperoval.

2. The ¢* — q lines of PG(2,q) passing neither through ((0,1,0)) nor
through ((1,0,0)) always intersect Oy in an even number of points.

This implies the following.

Lemma 2.3 Let f : F, — F, be a function (where ¢ = 2"). The following
are equivalent:

1. Oy 1is hyperoval.

2. xy € C1(2,q) (here, x5 = Xo;).
Proof. Since hyperovals admit no tangent lines, the inner product

<Xf,Xe>

is either zero or two for any line ¢. Since we are in characteristic two, this

means that xy is orthogonal to y, for any line ¢, i.e. that x; € C1(2,¢).
Conversely, if x; € C1(2,q) then the ¢* — ¢ lines of PG(2,q) passing

neither through ((0,1,0)) nor through ((1,0,0)) always intersect Of in an

even number of points. By Lemma 2.2, this implies that O is a hyperoval.
O

Summarizing, we are left with the problem of finding functions f : F, —
[F, such that the characteristic function x; = xo, is an element of the dual
line-code C1(2, q). In order to decide such questions, we need to develop the
theory of geometric codes further. For this, we first need to express the
elements of C'(n, q) as multivariate polynomials.
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3 Function Theory on Projective Spaces

For sets A and B we denote by map(A, B) the set of mappings from A to B. If
f and g are elements of map(A, B), we write f = g if f(t) = g(t) for all t € A.
Also, for elements gy, ..., g, of a ring R, we denote by I(gy, ..., g,) the ideal
which is generated by the elements g;, where ¢ = 1,...,r. Furthermore, we
denote by ¢ the set of non-zero elements of the field F,. The following result
is part of the folklore. The last three equations can be found in Glynn [5].

Theorem 3.1 The homomorphism
¢ Fy[X] — map(F,, Fy), fr {t— f(t)}

1s surjective. Its kernel is the ideal which is generated by X7 — X. If f and g
are polynomials in F,[X] then

o(f)=plg) = f-gel(X1—X) <= f=g mod X7 - X.

We call a polynomial reduced if deg(g) < q—1. Define the reduction function
as follows: fora=-e(qg—1)+s with0 < s < q—1, let

0 ifa=0
rla)=<¢ g—1 ife>0anda=-e(q—1)
S otherwise

If f=5,a,X" € F[X], then g =, a;. X" € F,[X] is the unique reduced
polynomial g € F,[X] with o(f) = ¢(g). Let f € map(F,,F,). The unique

reduced polynomial g with f = p(g) is g = g:_g a; X" with
ap = f(O)a
a; = — f(s)s™ 1<i<q—2,
seFy
(g—1 = — Z f(s).
s€lfy

Next, we wish to express the elements of C(n,q) = map(Go(n,q),F,)
as multivariate polynomials in F [Xo,..., X,]. The value of a point P =
((20,- .., 2n)) should be the value of the polynomial when we substitute X; =
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z;. Of course, not every polynomial defines a function on projective space.
In order to have a well-defined map, we need that the polynomial consists of
monomials

Cag,..A,anX((]lO e in

of degree divisible by ¢ — 1. Formally, if we write

f(XOJ s 7XTL) = Z CaO:'-wanX(C]LO e in7

ag,-.-;,an
.. n
then ¢4y, = 0 unless ¢ — 1 divides >, a;.

Let S, be the group of all permutations of the n-element set {0,1,...,n—
1}. This group is also known as the symmetric group of degree n. The group
Sy, acts on the polynomials in F,[ X, ..., X,_;] as follows. For 7 € S, and
f(Xo,. .. Xno1) € Fy[Xo, ..., Xo1] we set

. f(XO, . ,anl) = f(XTr—l(U), e ,Xﬂ.—1(n,1)).

A polynomial f € F,[ X, ..., X,_1] is said to be symmetricif - f = f for all
m € S,. Two classes of symmetric polynomials are as follows. The elementary
symmetric polynomial of degree i is defined to be the sum of all products of
1 of the indeterminates, i.e.

€y — 1,
e1=Xo+ -+ Xy,
ei - Z XalX(ZQ ot 'Xaiu

0<ai<as<---<a;<n

€n = XOX1 N 'Xn—l-

A partition of an integer d is a weakly decreasing sequence of nonnegative
integers
A=A =2\

such that A\g + --- + A\, = d. The \; are called the parts of the partition.
We do not distinguish between partitions which differ only in the number of
zeros in the end. Since the number of variables is fixed, we restrict ourselves
to partitions A = (Ag, ..., A,_1) with at most n nonzero parts. For such a



partition A, the monomial symmetric polynomial is the polynomial defined

as
my = ZXQ.

an\

Here, o runs through all sequences of n integers which are rearrangements
of A. Also, we use the convention that for a sequence oo = («, ..., 1) we
define X to be the monomial

Xo0. . X0t

n—1

Thus, the monomial symmetric polynomial for a partition A of an integer d
is a homogeneous polynomial of degree d. To simplify notation, let us denote
a partition A = (Ag, ..., \.) as

A= (1™, 2m2 ),

where m; is the number of parts of A which are equal to 7. We remark that
the empty partition with no parts is denoted as (). The monomial symmetric
polynomial indexed by the empty partition is by definition m = 1.

The following theorem is an extension of results which can be found in [7].
The description of the kernel in terms of generators seems to be new. Also,
the expression of the function yp given here is a little simpler than the one
presented in [7].

Theorem 3.2 Let Rg‘?} be the set of polynomials in F[Xo, ..., X,] which are
homogeneous of degree d. Let F, , = @iR%(qq*l)) be the ring of polynomials
in Fy[Xo, ..., X, whose monomials are of degree a multiple of ¢ — 1. The
homomorphism

Ut Frg — C(n,q), f—={{(20,.--,2n)) — f(20,..-,20)}

is well-defined and surjective. Let L, , be the ideal of F, , which is generated
by the elements
(X! = X)X, - X

Tg—1)

for all choices of indices 0 < iy, 19, ...,%-1 < n together with the element
n+1
D (=1mygay
s=0



with m(g—1y0y = m¢y = 1. Then 1L, , is the kernel of ¥, and therefore we have
that
Un(f) =Unlg) = f—gelng

for any two f,g € F, 4. A basis for C(n,q) is given by the set

1=0

B, = {wn(XS°~--Xg") 0<a;<q—1, notalla;,=0,(g—1) | Zaz}

The polynomials which are in the linear span of B, 4 are said to be reduced.
A different basis of C'(n,q) is given by the characteristic functions of points:
for a point P = ((20,...,2,)) € PG(n,q) and an index j for which z; # 0,
xp can be written as

szgbn( H (1—(szi—zin)q—1)).

1€{0,1,....n 1\ {5}
Notice that this expression for xp is usually not reduced.
Proof. The relations of the form (X — X; )X, ---X; | are homogeneous
of degree 2(¢ — 1) and therefore lie in F,, ,. They are elements of the kernel
of v, since
Un (X5, — X3)) Xy - X, ) =0
< ¢n(XZXZ2 o 'Xiqfl) = ¢R(Xi1Xi2 o 'Xiqfl)

which is clearly true. Next, we show that 1, (32770 (—1)*m,_1ys)) = 0. To
this end, let P = ((29,...,2,)) be any point. Let 0 < iy < iy < --- < i <n
be the set of indices with z;, # 0 for j = 1,..., k. Then mq—1)s)(20, - .., 2n) =
0 for s > k. Otherwise, if s < k then

k
m((q,l)s)(zo, ey Zn) = ( >

S

since 247! = 1 for any z € F. Therefore,

§<—1>Sm«q-ns>m N 82;(—1)3 (i) = 0.
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This shows that Z,, , < ker,,. Looking at the set B, , shows that the given
elements are linearly independent modulo Z. Since the size of B, , is (¢"™ —
1)/(g—1) =0,(¢q) = dim C(n, q), we must have Z, , = ker ¢),,.

Next, we verify that yp is indeed the characteristic function of the point
P = ((z0,...,2,)). For this, let Q = ((xy,...,z,)) be any point of PG(n,q).
Recall that j is chosen such that z; # 0. Then

2jw; — 2w = 0 = z;m; = 21
— { INETF,: x;= Az Axj =Nz
or ;=2 =20
so that
1 if{ INeEF,: ;= Az = Az

or ;=2 =0
0 otherwise

1-— (Zjﬂfi — Zil’j)qil =

and therefore

IT =z -2z
ie{1,..,n}\ {7}
1 if{EI)\EIquxi:)\ziVi
or r;=2z=0Yi#]
0 otherwise
_{1 ifEI)\GIE‘qX:Q:)\PorQ:((O,...,O))
0 otherwise.

But @ = ((0,...,0)) cannot happen and Q = AP for A # 0 means that
P and () are the same projective point. This proves that xp is indeed the
characteristic function of the point P. [l

We remark that is is common practice to omit reference to the functions
@ and 1, respectively. Thus one simply identifies the elements of the corre-
sponding polynomial factor ring with the functions they induce on PG(n, q).
From now on, we will do the same. We then write f = g for polynomials f
and g if f — g is in the kernel of the corresponding map, i.e. if f(a) = g(a)
for all a in the domain.
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1+ XoX1+ X1 Xo +e3

([0,0,1]):

([1,0,0]):

Yo + Xo X1 + XoXo +e3

Figure 2: The Characteristic Functions of Points and Lines in PG(2, 2)

As an application of the previous theorem, we consider the characteristic
functions of points and lines in the projective plane of order 2, see Fig. 2.
Here, we denote by ([u,v, 2]) the line {{(z,y, 2)) | zu + yv + 2w = 0}.

The following result due to Delsarte [3] describes the elements in Cj(n, q).
The result has been reformulated by Glynn and Hirschfeld in [7], who have
translated it into the language of polynomial functions. It is this version
which we present here.

Theorem 3.3 1. A function v € C(n,q) = map(Go(n,q),F,) is in
Ci(n,q) if and only if it can be written as a sum of monomials, with
coefficients in F,, all of which are in C;(n,q).

2. A monomial t = Xg°--- X3 with 3 a; # 0 is in Ci(n,q) if and only
if there exists an integer j, with 0 < j < h — 1, such that the degree
of tP is d(q — 1), where 1 < d < i, and where the terms in the X; are
reduced via X! = X;.
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Let us consider the regular hyperoval in PG(2, 4), for example. Of course,
we already know that f(¢) = * is an oval-polynomial, but we may verify this
fact in a different manner. Adding up the characteristic functions of points
of Oy we obtain after some calculations

Xf = Z XpP
PeO;

= X((1,0,0)) T X((0,1,0)) T X((0,0,1)) T X((1,1,1)) T X{((a,a2,1)) T X((a2,a,1))
= Xo+ X7+ X5+ Xo X1 Xy + XgX7XS

= my3) + M3y + Mm23).

By Lemma 2.3, we must have m) + ms) + meps) € C1(2,4). We apply
Theorem 3.3 and look at the (reduced) monomials of x . Since

(deg X}?)/3=1
we have X? € C1(2,4) for all i. Since
(deg XoX1Xp)/3 =1
we also have X? € C}(2,4). Now we have
(deg XZX2X2)/3 = 2.

However,
(XEX2X2)? = XoX1X5 = Xo X1 X

and this monomial is in C}(2,4) as we have seen. Therefore we find that
indeed xr € C1(2,4).

4 The Hyperoval Condition

Theorem 4.1 Let f be a map from F, to F,, where ¢ = 2". Let x; €
C(2,q) be the characteristic function of Oy. Label the points of PG(2,q) as
Py, ..., Ppigi1. We may think of x5 as a vector (xq,...,Tp24441) with en-
tries x; = 1 if P; € O and x; = 0 otherwise. Let ti, ..., t, be a list of all
reduced monomials t; =t = X{° X7 X3? with t € C1(2,q). Let A = (a;;) be
the m x 05(q)-matriz over F, with entries

ai; = [ti]xp;,

14



i.e. the coefficient of t; in the characteristic function of the j-th point (after
reduction). Then f is an oval-polynomial if and only if

A-x;=0". (2)
Using an Fy-basis of F,, it is possible to rewrite the system (2) over Fy.

Proof. By Lemma 2.3, f is an oval-polynomial if and only if x; € C1(2, q).
By Theorem 3.3, this is if and only if [t]x; = 0 for each t € C1(2,¢q), i.e. if
and only if A-x; =0". O

We remark that m = 65(q) — d1(2, q).

As an example, we consider the regular hyperoval in PG(2,4). At first, we
list the reduced monomials ¢ & C(2,4). From the previous remark and (1) we
know that the number of such monomials is m = 65(4) —d;(2,4) =21 —11 =
10. Indeed, we find 10 such monomials X§° X" X532 where (ag, a1, as) is as
in Table 1. Next, we enumerate all points P; = ((x,y, z)) of PG(2,4). They

’ i \ (ag,ay,as) ‘
1] (3,3,0)
2 | (3,2,1)
31 (2,3,1)
41 (3,1,2)
51 (1,3,2)
6| (3,0,3)
71 (2.1,3)
8 | (1,2,3)
91 (0,3,3)
10| (3,3,3)

Table 1: The Monomials Xj°X{* X5* not in C1(2,4)

are shown in Table 2. Evaluating the characteristic functions xp, of points
P; and picking out the coeflicients of the monomials ¢; = X{° X" X35? with ¢,

15



—H AN M0 O~ o0 oS

Table 2: The Labeling of Points of PG(2,4)

in the list, we obtain the system

oo 3
SESR R
o 3 3y
0&12&
o 3oy
OlnAal
O —H I -
o — O
ooy o
oo 3o
co o
— o oo
— o oo
— o o O
O o
coc oo
— o oo
— o o O

000100 012 a0a2a 0 1a®2a 0

101000 01 1 100 0 0O O0OO0OO0O

00011 aca?00 00aa’20a®l a0 «

000112 a 00 00a2a 0 a 1a®0a®al

011000 000 0O10O01O0O0O01O0O00O0

1111171111 1111111111171
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Using the Fa-basis (1, «), we rewrite the system over Fy. This gives

110011100000000000000
000000000000000000000
000100000011100001111
000000000000011111111
000100010100101010101
000000001101100110011
000100000011111110000
000000000000011111111
000100011001001100110
000000001101100110011 |
101000011100000000000 [ X ="~
000000000000000000000
000110100000101100011
000001100001101010110
000111000001000110101
000001100001101010110
011000000010010001000
000000000000000000000
111111111111111111111
000000000000000000000

Row reduction leads to

100000000000000001111
010000000100100010001
001000000110101100110
000100000011100001111
000010000101001001000 T
000001000111101110010 |
000000100110000100100
000000010111001011010
000000001101100110011
000000000000011111111

The function f : ¢ — * is an oval-polynomial, since x; = (21, ..., x2;) with
Ty =T = T3 = Ty = Ti7 = Too = 1 and all other z; = 0 is a solution of (2).
The points P; with j = 1,2,3,4,17 and 20 are just the points of Oy, i.e.

((1,0,0)),((0,1,0)),((0,0,1)), {(1, 1, 1)), {(a*, a, 1)}, {(ar, &%, 1)).
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5 Which Arcs Can Be Completed?

A big problem during the classification of hyperovals is the large number of
arcs which do not complete to a hyperoval. In this section, we derive two
tests which allow to decide whether an arc can be completed or not. The
first one is based on Theorem 4.1. We assume that we are searching for
hyperovals by means of the oval-polynomial f. We think of f as a partially
defined function, whose domain is a set D C [F,. Hence we are working not
with Oy but rather with the set

Orp = {((f(),£,1)) | t € D} U{{(0,1,0)),((1,0,0))}

of size |D| 4+ 2. We always require that O p is an arc. We express this
by saying that f is a partial oval-polynomial. We may even assume that
{0,1} € D and f(0) = 0 and f(1) = 1. Of course, Oy, = Oy. We say that
an arc O p completes if the domain of f can be extended to all of Fy, i.e. if
there is an arc Oy, = Oy. Of course, this is equivalent to saying that f can
be completed to an oval-polynomial. Let us introduce some notation. For a
matrix A and for sets X and Y of row and column indices of A, we denote
by Axy the submatrix of A which is formed by intersecting the rows with
indices in X with the columns indexed by elements of Y. We write A,y for
the matrix formed by the columns indexed by Y.

Lemma 5.1 (Test 1)

Let ¢ = 2" and let f be a partial oval-polynomial with domain D C F,. Let
X¢,0 be the characteristic vector of the arc Oy p. Furthermore, let S be the set
of points which are either in O p or which lie on a secant line of Oy p. Let
S be the complement of S in Go(2,q). A necessary condition for completing
Oy¢.p to a hyperoval is the solvability of the F,-linear inhomogeneous system

Asy =A-Xip (3)

with a {0, 1}-vector y, whose entries are indexed by the elements of S. Using
an Fy base for F,, the system (3) may be written as an Fy-linear inhomoge-
neous system.

Proof. If f completes, then we have xy = xsp + 2 where z is some 0, 1-
vector whose support is disjoint from the support of xy p. Indeed, we know
that the support of z is disjoint from S. Therefore (2) becomes

A'X}:A'(X;D+ZT):Q
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which is equivalent to A- 2" = A - X}, p since we are in characteristic two.
Let y = zg be the restriction of z to the entries not in S. The condition now
follows by restricting A to the columns in S. OJ

Another test can be derived as follows. Again, we assume that f has been
defined on a subset D C F, and that O p is an arc. Also, let S be the set
of points of Oy p together with the points on secants of Of p. Let M be the
q X ¢ matrix M = (m,,) whose rows and columns are indexed by elements
y and = from F,. The entries of M correspond to the points ((x,y,1)) of
the affine plane AG(2,¢) which results from removing the line Z = 0 from
PG(2,q). Fix an ordering of the elements of I, and let

_J 0 if((z,y,1)) €S
Myz =Y 1 otherwise

Let E = f(D). Let D and E be the complements of the sets D and E in F,
respectively. The matrix Mp 5 defines a bipartite graph T' as follows. The
vertex set of I' is the disjoint union of the sets D and E. To make the sets
disjoint, we form cartesian products with the symbols 1 and 2, respectively.
Thus we let the vertices be V(I') = (D x {1}) U (E x {2}). The set of edges
is

EM)={(yx{1},zx{2})|ye D, z € E, m,, = 1}.

A matching of T' is a set of edges such that each vertex is incident with
exactly one edge of the matching. A necessary and sufficient condition for
the existence of a matching is known as Hall’s marriage theorem:

Theorem 5.2 Let I' be a bipartite graph with vertex set V(I') = V3 U Vs
and edge set E(T'). Edges only connect vertices of Vi with vertices of Vo. We
assume that |V1| = |Va|. A necessary and sufficient condition for the existence
of a matching is that for any set S C Vi the union of the set of neighbors of
vertices x € S s of size at least the size of S.

We remark that there is an algorithm to construct such a matching provided
it exists. If the matching does not exist, the algorithm exhibits a set S C V
whose united neighbor set is of insufficient size. Thus the question of whether
or not a matching exists is settled. Here, we mean that the answer can be
found algorithmically with not too much effort. For a description of this
algorithm (which is also known under the name matchmaker) we refer to the
textbook by van Lint and Wilson [11].
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We have the following test:

Lemma 5.3 (Test 2)
The arc O, p cannot be completed to a hyperoval unless the bipartite graph I'
which us defined by the matriz Mz has a matching.

Proof. Consider the pencil of lines trough ((1,0,0)) and the pencil of lines
through ((0,1,0)). These two line pencils define the grid of horizontal and
vertical lines in the affine plane. If Of p completes, then each of these lines
must contain one further (affine) point. In particular, if we restrict to the
lines which are not yet secants, then they correspond to the submatrix Mp 7.
An affine point ((z,y,1)) can be chosen to extend the arc Oy p if and only
if m, , = 1. The fact that we can choose further points on each of the non-
secant lines is equivalent to the existence of a matching in the bipartite graph
which is defined by the rows and columns of the matrix Mz . O

As an example, consider hyperovals in PG(2,4). We know that we may
start with the fundamental quadrangle ((1,0,0)), ((0,1,0)), ((0,0,1)) and
((1,1,1)). Thus D = {0,1}, with f(0) = 0 and f(1) = 1, and hence F =
{0,1}. We order the rows and columns of M according to Fig. 1. Thus, rows
are indexed by (a?, a, 1,0) whereas columns are indexed by (0,1, o, a?). We
obtain

The submatrix Mpx is the 2 x 2 matrix in the upper right hand corner.
We see that this matrix clearly has a matching, corresponding to the points
{((a,a?,1)) and {((a? «,1)). Indeed, these two points complete the funda-
mental quadrangle to a hyperoval. In particular, we have proved that the
hyperoval in PG(2,4) is unique.

6 A Computer Search For Hyperovals

The tests presented in the last section are helpful in facilitating an exhaustive
search for all hyperovals in a plane PG(2,2") for moderatly large h. Such a
search also needs an isomorph rejection algorithm, which was not discussed in
this article. Nevertheless, putting the two pieces together, efficient searches
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for hyperovals can be performed. The author was able to recalculate the
6 hyperovals in PG(2,32), a result which was originally obtained by [9] (as
mentioned above). For sake of completeness, and since the author feels that
this data would otherwise only be available by consulting different research
papers, we collect in Table 3 the known hyperovals in planes of order 27,
h <'5. This list is known to be complete. We represent the elements of the
finite fields F, as powers of a primitive element «. The minimum relation
satisfied by « is indicated in the table. The column headed “pt-orbits” lists
the lengths of orbits of the automorphism group of Oy in PI'L(3,¢q) on the
points of Oy.

7 Note Added In Proof

We remark that the hyperoval condition presented in [6] fails to exclude con-
stant functions as oval-polynomials. Instead, we have the following corrected
version:

Theorem 7.1 Let f be a function from F, to F,, where ¢ = 2". Then Oy is
a hyperoval if and only if

¢ Soen, f@)T =1 and
o the coefficient of X in

F(X)Pmod X9 — X
is zero for all pairs of integers (a,b) with

1<b<a<qg—1, b#q—1.

Here, for two positive integers a and b with a = 31—} a;2" and b = Y1~ b;2’
and 0 < a;,b; <2 (0 <i < h) we write

b<a = |[bi=1= aizlwzo,l,...,h—l],

i.e. if the binary representation of a “covers” the binary representation of b.

The following two remarks are in order. It has been communicated to the
author by both David Glynn and by Andras Gacs that constant functions
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are the only counterexamples to the condition presented in [6]. Also, it
can be shown that the condition presented in Theorem 4.1 is equivalent
to Theorem 7.1. Nevertheless, the version in Theorem 4.1 is a little more
general, as it applies also to arcs and hence yields a test as described in
Lemma 5.1.
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name | [Aut| | pt-orbits | oval-polynomial

h=2a’=a+1:

Regular | 720 | (6) [X?

h=3a°=a’+1:
Regular | 1512 | (1,9) [a°X®+aX'+a’X?
h=4a*=a%+1:
Lunelli,Sce 144 (18) X2 X104 a0X8+ X0+l X1+ X?
Regular 16320 (1,17) | aBXM+ X242 X104 XB+af X0+

a8X4 + OélOXQ

h=50a =a’+1:

Payne 10 [ (1%42,10°) | o X304+ " X% 4+ o1 X% + "X +
AX2 L3 X20 102X 181 X161 o x40
QB X121 a2TX10 | QAXS 4 o246 o
Q12X 4 a2 X2

O7Keefe7 3 (1’ 311) al?X?)U + Oé4X28 + X26 + &16X24 +
Penttila P X224 16 X204 (20 X184 10 X716 4
047X6 + &19x4 + 0419X2

Cherowitzo 5 (14,5%) | X30 4+ a6 X2 4 12X 4 o2 X2 +
QPO X22 L 220 | o158 | oA X6 |
QP XM 1 o212 | (2610 | 14y |
aX% + o’ X*?

Segre,Bartocci| 465 (3,31) at X80 4 10 X328 4 16 X126 4 (22 X724 4
X221 03X 1 oMYI8 | o2 Y16 |
Oz24X6 + CY2X2

Translation 4960 (12,32) a3 X304+ a2 X2 4 02 X264 28 X2y
(due to Segre) AP X2 4 aBX0 B X L aB3X16
B XM 2012 | (1510 L (19 Y8 |
Q2L X6 4 o194 ol

Regular 163680 | (1,33) | 019X 4l X% 4aBX20 4 aB X2 1
QA2TX2 1 a2X20 1 X181 2X16 4
QAXM 4 aSX12 1 o8X10 4 ql0X8 4
Q12X 1 ot g o162

Table 3: The Hyperovals in Planes PG(2,h), h <5

24




