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Abstract

Recent yesrs saw & dramatic increase in existence results for (-designs with large i, e, & = 5.
Designs are now known to exist for several thousamd parameter seds, mostly constructed by the
method of orbiting under a group. This note is & contribution to the classification of these
designs by parameters. We take an absteact look at admissible parameter sets in general. We
introduce & partial order, reflecting relationships between designs, and we analyse the structure
of the resulbing posets, The parameter sets of koown designs fall in oo mose than TH categorios,
which wo call ancestor ¢lans.
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1 Introduction

Let ¢, v, &k and A be natoral nuombers. A t-(v, &, A) design is a pair T = (V, B) where V is a set of ©
elements called points and B = {B,,..., By} i3 a set of k-subsets of V' - called blocks - such that
every t-element subset of 17 is contained in exactly A blocks, The quadruple of integers (v, £, A)
ig called the parameter set of the design. The integer t is the point regularity, v is the size of the
underlying poimt set, & 15 the block size and A is the mdez. The number of Mocks, b, 15 determined
by t,v,k and A as b= Jll:ﬂl.l' I:':] A design with A = 1 s called Slegrer Systemn, Certain designs are
g0 obvious that one considers them ag trivial. One of these is the complete design which consists of
ol k-subgets. It is a t-design for all § < &, The parameters as a k-design are k-(v, &, 1), with b= [ﬂ
Lot ug recall some more parameters of t-designs. For nonnegative integers © and j with i + j < £,
and for T and J fixed disjoint subsets of points of size ¢ and 7, respectively, the mumber of blocks
containing I and disjoint from J is a constant, denoted as A; y. Ray-Chaondburi and Wilson [6]
proved that

fori+j<t (1)
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We consider the following relationships between designs: Let T = (V, B) be a (v, &k, A) design
with 1 <{ < &k < v. Then T yields further designs:

(i) The design T also is a (£ — 1)-(u, &, Arq) design where Agg = £=H5 We call it the design

with respect to smaller £, or simply the reduced design red T

(11) If r is a point of V, the dersved design (with respect to the point z) is der, T = (W {z}.B:)
where B, = {8z} | B £ B, ¥ € B}. Each derived design has parameters (f — 1)-{v — 1, & —
1, A) {regardless of the choice of the point & € V). Put Ager = A

(111) If r is a point of V, the residual design (with respect to the point x) is res, D = Wz}, B¥)
where 8% = {B | B € B, ¢ ¢ B}. Each residual design has parameters (t — 1)-(v — 1, &, Apes)
where Apeg = lﬁf_—l iregardless of the choice of the point = © V). For the purpose of forming
the residual design, the assumption & < o 18 required. Note that

-]"rul:l.=-'!"|:1|:r+ -]"rle:=-':'"_-"'-rm- iﬂ::l

Since the parameteor sote which we obtain are indopendent of the choice of =, we define the opera-
tors red, der and res in a more abstract way, namely as maps between parameter quadruples: For
t=(v, &, A), we let ved t-(v, &, A), dert-(v, &, A) and resé-(u, &, A) be the parameter set of the reduced,
the derived and the residual design, respectively {provides these designs exist]. Note that for pa-
rameters of designs, the operations derivation and forming the residual commute, since it makes no
difference in which order we delete the points. Also, the reduce operator commutes with these, since
considering a design as a lower -design does not change the design itself. Henee for nonnegative
integers h, i and j with i +i+ 7 <t and j < v — &, we can speak of the design parameter set

red” der’ res’ t-{w, Kk, A),

which is obtained from (v, &, A) by reducing fi times, deriving 1 times and forming the residual §
times. For the rest of this article, we are going to exploit the structure which is indueed by the
three operations red, der and res on the set of desipn parameter sets,

2 The poset of admissible design parameter sets

Not every quadruple of nonnegative integers £-(v, k, A) is a valid parameter set of a design. Certain
nevessary conditions on the parameters are 80 undamental, that parameter 2643 which satisfy these



have a special name. Bofore we give the definition, let ue introdues

Amasc (£, 0, k) 2= (E:D (3]

which s the largest index A, which a (v, k, A} design may have (exactly the complete designs

attain this bound).

Definition 2.1 Let ¢, », k¥ and A be natural numbers. The parameter set ¢-(w, & A) is called
admissible if (ADM1), (ADM2) and (ADM3-s) hold for 0 < & < t where
(ADM1) t< k<,
(ADM2) 1< X € Amaa(t, v, k) = (£25),
;:I =A[1‘J—R]|::l:‘—ﬂ— Levifm—t4+1)

{Eﬂ {k—ajfﬂc—a—l}...{k_i+1}=.-’u,u=

(ADM3-5) A

The last condition comes from the fact that in every §-design, and for any nonnegative integer # < f,
the number A; g of (1) is integral. This is also the index of the (¢ — s)-fold reduced design, A L.

A parameter set which is the parameter set of an existing design is called realizable. Clearly
every t-design has admissible parameters but not every admissible parameter set is realizable. For
example, Kibler in [3] shows that the admissible parameter set 13-(32, 16, 3) i not realizable {other
examples would include the parameter sets of projective planes of order 6 and 10 which are known
not £o exist].

For £ < k, the parameters of the complete design as a ¢ design are (v, &, Aqax(f, v, k). Hence
for fixed f, v and k with ¢ < & < v there always 15 at least one admissible parameter set. The

A A (£, ) ( = b/ (:))

which is a rational number between zero and one, describes how complete a t-{v, &, A) design is.

quokient

Lemma 2.2 Lef D ke one of e operators red, der, res, which is applicalde fo e admissible
parameter set t-(v, k, A). Let .DI:E-I[::,.‘:: JL]} =t'-(v", K. N). Then

A A

Amax (B0, k) T Amad 0, K7

In particular, .El'[‘_!:-['r.l1 &, J.‘,I] 15 complete if and only if (v, &, A} 15 complete.

Lemma 2.3 If t-{v, &, A) is admissible with ¢ > 1, then redd=(v, k, A) and der t<{v, k, A) are admis-
sible, too. In addition, if & < v, then resf-(v, &, A) 18 admisgible oz well.



Proof: Let I be one of red, der and res, and put .Dl{t—[f.l, k. .].}I] = t'-{v", ¥, }'). By Lemma 2.2,
1< A< Amaclt 0, k) implies 1 < X < Amae(t', o', &), which is (ADM2).

(i) The parameters of redt-{v, k, A} = {f — 1]-{ﬂ, J.:,.x"“‘;'l:j are integral by [ADM3-(t — 1)).
Moreover, by induction the parameters of iterated reduced designs are integral as weell;
vedired t-(v, k, A) = red™ " -, k, A) is admissible for i < ¢ — 1. Finally, t — 1 < k < .

(i) dert-{v, kA = {#=1-{v—1, k=1, 2). For 0 <5 < ¢t =1, red* der ¢-(w, k, A) = derred® t-{v, k, A)
is integral, (ADMI) is valid since é — 1 <k —-1<wo—1,

(i) If k < v, the operator res is defined. 'We prove that res §-(v, k, A) = [t—l}-( - Lk AT m l]}
5 admissible, Using (2] we got Ay = A#—_ﬁfl—:‘ = Mg = A 15 inbepral. In addition, ¢ = 1 <
k< v —1. 8inee (Auxs)der = [Ader Jres 18 integral by (i), (ADM3I) follows by induction.

O

Whe deduee:

Corollary 2.4 Let #-(v, k. A) be admissible. Then, for nonnegative infegers h, 1 and j safisfying
h+i+i<tandj<v-—Fk

red"der‘res’ t-(u, b, X) = (£ =i — 5~ B)-(0 i — G,k — 5, Aeenes )
18 admissihle
Henee the concept of a family makes sense:

Definition 2.5 (cf. Fig. 1) Lot -{v, k, A) be admissible. The family of design parameters generated
by t-{v, k, A) 18

Fa.mi]yl{t—[il,.l:,,i]l] = {rmi"dnfrmﬂ—[mk,ﬁ.j hijel h+i+i<t, j=v— k}.
We give some more information about family members;

Theorem 2.6 The paramefer sefs t'-(v', &', X' in the family generated by £-(v, &, A) are character-
ezed by fhe following condfions:

fol 0=t <,
fii] ¥ < v <u,

(i) ¥ < K <k,



fir) k— kK <o—w' <¢—4,

fi] A = Ao st pew =i

it | -f : ._\5\5\
|IIIEIK”£__ <% g
-

Figure 1: The family of a &-(u, k, A)

Proof: Let £-(v", &', X') be a parameter set satisfying (1)-(v). Thent = k=& and j := v—v"={k=k")

i<v—k—(v"—¥F)<v-k By Lemma 2.4,

and hi=t—-t'—i—-j=1—¥ — (v —v') are nonnegative integers with A +i+j=1t—t' < {, and

red*der'res! t-(v, k, A) = (£ —i — 5 — h)-(v — i — .k — iy M—i_gs)

= Er- [f-lr-. H ] ":h'lf‘ +ik— R -1 — (k- H]}

and thus -{»/, k', A") € Family(i-{v, k, .5'1]:!. A routine check uwsing Lemma 2.4 shows that all design
parameter sets contained in the family of a t-(v, &, A) satisfy (i)-[v).

Consider the following question: given ¢, k and v, what are the possible values of A 1n admissible

t-{i, k, )7 Before we can answer thig, let us introduce the number

Then

k—a
AL v, K) = m{ (i)

d (2). (22)) ‘ v= "“”}'

AME v, B) =AME v, v — k),

Ak, v, k)=AXD, v, k) = AME v, v) = 1

ad

(4)



for all £ < & < v. The following result gives a characterization of admissible parameter sets. In

particular, it shows that given !, k and v, the smallest index A for an admissible parameter set
t-{w, k. A) is DAL, v, K).

Proposition 2.7 Let £,v. k and X be nonnegative raftonals with k < v. The following conditions
are equiialent:

i} The parameter sef t-(v, k, A) 15 admissible.
(i) ved® t-{v, k, A} is integral for 0 < i< t, where £ < k and 1€ 4 < At v, k).
fFg) too, kA e M, ANME v k) | A<k and 1 £ A < Agaelt, v, k).
o) dert=(u, k, A) and resd-{v, &k, X) are admissible.
{v) redt-(u, &, A) and dert-{v, k, ) are admissible.
fvij redt-{v, k, A) and resé-(v, k, A} are admissible and £ < &' where res-(v, &, &) = £'-(v/, &', A7),

Progf:
(i) & (i) : Asres't-(v. K A) = a—(u,k, A-{'-E%'E-%

) with & := ¢ — 1, (#) and (i) are equivalent.

{1} & (#32) : If £-(w, k, A) is admissible, then for 0 < s < ¢, the number J.-f'k‘éﬁ%
[ 5 |

divides X for all these s, Therefore AX divides A

is integral. Thus (4~*

divides Jkl{::;:l which implies that

The ather implication is clear,

e ((320.4320)

{i) & (iv) : By Lemma 2.3, (i) implies (iv). On the other hand, assume that dert-{v, k, A) and
rest-{v, k, A) are admissible. In particular, Ap., = "lﬂu%] ig integral. Then (2) implies Ag =
Mer + Aps 15 integral, so red #-{v, k, A} 15 integral. It remains to show that Ay is integral for
1 <i<t Ift=1 there is nothing to show. 50 assume t > 2. We apply (2) to get A_» =
(Area)der + (Ared)res = (Mderred + (Ares )red, parameters which are integral by our assumption. So
Agr I8 integral. We can proceed by induction.

{i) & (v) : By Lemma 2.3, (i) implies (v). Now assume that redit-(v, k, A) and dert-(v, &, A) are

admissible. In particular, Age = A I8 integral. Moreover, ¢ < &k sinee t — 1 < & — 1 holds for
the derived parameter set. Also, A < Ay (v.t, k) by Lemma 2.2, The conditions {ADM3-5) for
()< s < ¢ — 1 are satisfied, and hence £-(v, &, A) is admissible.

(1) & (vi) : Again by Lemma 2.3, (1) implies {vi). Now assume that red (v, &, A) and res (o, &, )
are admiassible. By (2], A = Ager = Ared — Ares 18 integral which is (ADM3-t). The assumption £ < &



implies t — 1 < k, hence ¢t < k < v, (ADM2) follows by Lemma 2.2. The conditions {ADM3-s) for
1< s <t —1 correspond to the conditions for the parameter set red t-(v, &, A) for 5 > 0.

Since the parameters of the complete design are admissible, the previous result implics that

AME LK) | Amaxit, v, &) (4]

It is useful to introduce the poset of admissihle design porameters, denoted as P, as the transitive
closure of the relationships induced by the operators der, red and res on admissible parameter sets.
This means that we have

-’ KL A £ i-{u, kA

if and only if there 18 a sequence I, ..., Dy of operators chosen from der, red and res such that
D - -~ {-DI {I'{“I k -':ll-]] e ] = !Il"-r.“il ki‘ """::I'

Note that the families of Definition 2.5 are just the order theoretic ideal in the poset F.

The gquestion arises whether there exists a largest family containing a given parameter set. In
terms of the poset P, this questions amounts to whether or not there always 15 a maximal element
above any given element. The purpose of this section is to settle this question. We note that the
complete design is the derived design of an infinite number of complete designs with larger block
size, This means we will have to exclude complete designs from our consideration.

We introduce the inverse operators red ~', der™! and res™! [(cf. Fig. 2). These are only partially

(F+ 1) (v, , AE= (o Ufo+ 1k + 1,00 [+ Defv+ 1,k A5

ot
L " )
HHK f,-""f
L dnr"ff res !
~N |
(o, k, A)

A S
ﬂ:-d./ I:L'_'r res
- \\“
ra L 1~H“'hvln.
[t — 1}[11,;:,1;:5::,‘{] ft— 1o —Lk—1LA) (- LU-jv- LEAZED)

Figure 2: The operators red=!, dert! and res*’

defined functions as we require the image to be admissible:



Definition 2.8 Let (v, &, A} be an admissible parameter sot. Put
(i) red ™ "t-(v, &, X) = (t+ 1)-{, &, .-\f,—f] if admisgible
(11} der_]:l-l[::,k: A=t +1)-{v+ L k+1,X) if admissible and

(i) res™ (v, k, A} == (£ + 1)-(w + L, k, AzE2L) if admissible.

If one of these functions is defined, we say that the given parameter sef extends under that operator,
Let us return to the study of maximal slements in the poset P, A related but much harder
problem 15 bo determine whether a design can be extended, i.e. whether there exists another

design whose derived design is the given one (for example, Cameron in [3] determines which square
designs are extendible). Of course, for a design to be extended, the parameter set of the extension
must be admissible, ie. the operator red ™' must be defined. Hence admissibility of parameter sets
give necessary conditions for extensions of designs. Let us quote two results in this context, which
were mentioned by Dembowski [4, p. 76, 77). We should recall that the parameters A; ; of (1) are
integral for admissible parameter sets,

Lemma 2.9 Let t-[v, k,A) be on admissible i-design parameter sel. Recoll that b = Agg denotes
the number of bocks of o design, and r = Ao o5 the number of Nocks on o pomd,

{1} A necessary condition for der™! to be defined s that blv + 1) s divisible by k + 1.

(ii) Assume t > 2. A necessary condition for ves™" to be defined is that A p(k — 2) is divisible by
w4+ 1-kK

MNote that Alltop [1] describes further conditions under which t-desipns can be extended,
The following analogue of Lemma 2.2 iz easily proved:

Lemma 2.10 Let t-(v, k, A) be an admissible parameter set. Assume that D (t-(w, k, X)) = £'-(v' k', X')
is admissible for gome D € {red ™! der™" res~'}. Then

A _ A
J'l'l'l#“:- Tty k] B -:'l-nup: {I’r, llr-. kr] :

From this we deduee that
=t D= rl:-l:l_],

X Amax{t, v K T '
A f“[“ ] -’l:]:I _frj:?r.h where f;f:-.k - 1 if D = der™, (6)
max k¥ 3
ety D =re

Mote that -f!i:::-.# is just the factor by which the index changes under the operator 0.

The next result follows from commutativity of the six operators {red®!, dert!, res?'}






