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Abstract In [4] we constructed and eoumerated all proper linear spaces on 17

rints nsing the so-called TDO-methad, This method & also strong enough for

the constroction and ennmeration of all proper linear spaces on 18 poings, In the

present note we list the results, We get 2412 880 proper lingar spaces on 18 points.
AMS subject classification: Q6B 03B30, H1EH

1 Imtroduction

A linear space on g sef of © poants s a set of subsets called lines such that
each line containg af least two points amd any two ponts are contained in
exactly one ling (of, [1]). A linear space is called proper if all lines have at
least theee and ab most ©— 1 poants. All proper linear spaces on ot most 17
points have beon classified, [9), [12], [4], see alse [11]. In the present aote,
we extend this classification to the eollectlon of proper linear spaces on 18
polnts. The number of lnear spaces on o polots, subsegquently denoted by
PLIN{v) grows weey [ast with & The nwmbees PLIN(#) or 2 < o < 18 are

v ||2|3]4|56]7|8|@[10[11 12[13)14] 15| 16| 17 | 18
PLIN{(w |[0j0f0joo[1[o|1]1 |1 |3 |7 |1 [119]398|161 925|2 412 800"

In our computer programs for the construction and analysis of finite geo-
metries we meke extonsive use of the well known notion of a teckicel de-
composition [TD) of an incidence matriz, see [10]. An importent tactical
decomposition, which we eall TDA, iz induced by the orbits of the sutomor-
phism group, [§]. Another tacticsl decomposition is defined by a succossive
ordering process which we call TDO. It is cononical and may be caleoulated
very quickly, [E], [2], [3]. Bach tactics]l decomposition may be deseribed by
its TD-scheme, and these schemes are good invariants for the structure of
grometries, In order to construet goometries we go in the opposite direction:
we start with a given initial parameter set and refine these parameters step
by step. See for instance [3], where we procesded up to parameter depth 2.
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Continuing this refining process we will eventuelly reach 8 TDO-scheme {or
a sot of TDO-schemes). (From these schemes we then generate the related
geometries, Here, a TDM)-scheme may or may oot be realizable, and if it is,
it may produce stveral geometries,

Using this mothod, we constructed in [4] all proper linear spaces on 17
points. By the same method it is even possible 1o construct also the proper
linear spaces on 18 points, In the present node we list the resulis in this case
and point oul soane spevial spaces and situstions,

2  Table of Results

In this section, we present the classification of proper linear spaces on 18
]_:ui.rlt.s. lI||"|r|;: :n_-.ﬂ:r [N} -1. E'l_l:r a]] l;].-l_-:ﬁ.rlit.il;,:lrlu al:ld rll;_ll‘lil_ll:lb uuud 1 t.hr.: :I':_ln]li,;rwil:ll._l;.

Tabl= 1 diprm the mumbers of ProgsT limesar s for the varions line
caspd, Loe distributions of block lengths. For Instance [4'" 3% means that
wi look for & linear space which has 18 blocks of length 4 and 15 blocks of
length 3. Similar as in (4] we compute for each line case the set of possible
taectleal decompesitlons which may arise as TDCY of linear spaces of that type.
We took only those lne cages Into the table wheee the parameter caleulation
produced at lesst one TDO-scheme. In the first throe columns we give the
numbser of the case, the line caze and the number of TDO-schemes one gets
in this cese. Since many line cises do not lead o TDO-schemes we get gaps
in the {original) numbering.

We call & TDO-schome diserele if all clazses of points and all clesses of
blocks have only one element, In this case the TDO-scheme coincides with
the incidence matrix of the space and nothing more is to be done, Ooly those
TDO-gchemes which are non-discrete have to be banded o the generator
program. The number of non-diserete TDO-schemes for each line case is in
column 4, For instanee the 740 TDO-schemes in ling cose oo, 16 split into G0
non-discrete TDOs and 740 — 60 = 680 discrete TDOs.

T column 5 of the table we st the oumbser of linear spaces which are
congtrucbesd from all pon-dizerete TDO-8clheEmes o the 1'mumuji|:|5 line
case. In column 6 we Hlilﬂ,! the totsl ouwmber f_u]_: L isl_ll:rlm-j_:hisl:rl} o linasr
spaces for the reapective ling case, 1. e the sum of the npumber of diserets
TDO-schemes amd the mumber of geomedries constructed from all non-diserete
TDO-schemes:

number of geometrles = colunn 6 = column 3 - column 4 + column § .
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Tablel, Proper linear spaces on 18 points by their line type

line # TDD # GED £ GEQ

. CHRE # TDO . . total
6  (4°3') 158 419 BT 2488 160 520
T (4%3%) 1139617 198 2667 1142076
B 4T3 407 400 240 115 796 B23 046
9 (4737 166 614 73 am 166 D20
10 (439 170 060 203 2171 171038
11T (473 174848 ™ IRR 125 061
12 47T 48 164 236 428 4B 356
13 (47377 14330 148 170 14358
14 (4™ 3" 3623 165 27 3665
15 (4" 3%) T 6l [} T46
16 (4139 273 oy 164 LT
17 4™ Em 15 B L 14
15 @4 alh ) 5 2 F
19 (43’ 3 3 ] 2
21 (47T 2 2 0 0
22 (4% Ay 1 1 ] ]
12 (e CTE] 27 Bl T
33 (57453 1413 T al 1408
M (574735 1713 132 194 1776
(I 118 4 3 117
M (5t 43 1) 74 i 154
a7 (5 4mg) 35 [} 1 0
38 (24T 14 10 5 9
an (54t aty 2 1 il 1
a0 (54 [ [ 2 2
41 (574173 1 1 1 1
42 (574t 4 4 1 1
43 [574T 3T 1 1 1 1
54 [5°4°3'7) 1 1 0 0
55 [a%474Y) fi fi 1 1
5T (5473 [ i F] F]
63 [5%4'%3') 1 1 0 0
T3 (av4*3h) 1 1 1 1
BF (6T 473 1 1 AGD 460
B6 (64737 2 5 20522 20622
BT (67437 7 506G 38 64 TTI2
ER (67 4% 3 10112 TR ETT) TEEL]

continued o pext page
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continged from previous page

line TDO GED GEQ
— CAaBE # TDO #.u-u:l. #.u.:l. #mtal
& (6" 4" 3 351 ] 16 345
o (GraP 3T o7 30 [ET) 1061
91 (G 4' 3 330 [ 4 361
T B5T 30 67 55
03 (G 43 3z 3 33 62
a4 (6 47°3%) 57 24 [Tl 137
95 (64739 1 1 1 1
5 (6 43" 2 1 1 2
w0 (64" 1 1 0 ]
102 (6 4930 2 2 0 0
1o (6 5473 146 44 115 1T
111 (6 5 4% 5% [ T 10 11
112 [0 5 437 25 13 12 4
114 (6T 574559 1 1 i 0
116 (6 57 470 37 1 1 ¥ 0
IR (B AT AT T T [ o
17 [6T5%473™) 5 5 ] 3
157 (6745 3T 30 1 ¥ F
158 (6F4 37 1 3 3 1
163 (6747757 B o L] 0
T (6* 3% 1 1 12 12
2T (4T3 1 1 1 1
6 (7430 10 4 17 23
T (TH 43T 1 1 [ ]
ITE (11430 13 1 1 T3
slpm I:-ir] -1.” 3!!} 3 3 1 1
total: 2258630 2367 156618 2412800

T Tkl E., wi list for emch loe case the disteibotion of auLI;:IrI:II_Irp.I:Ii.ﬁrI:I
ErOap orders Tor the El_::_:l:u.-l:.‘l,ri.-l,-a which come from the moo=discrete TDH -
schemes. O cpurse the linear spaces which correspond to the disceete TDO-
schemes all have a trivial automorphism group.
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TableZ. The distribution of automorphism group orders

oo, TDO nad.: distr. of aut. group orders

G TN ]'I'l"l'HIEI]E'ﬂIEH‘ﬁ-E

7 2057: 11970, 058 3T gF

& 1 L5T065: 111JHTBI2ID1213F51{HJ;[!

9 EE T S et el 1 &

10 FITL 17 2T BT 45 g 127, 187, 367, 64
11 TRE: ]“":E“”',ﬁ,ﬁ‘

12 428; 196 290 oFF 48 gl 197

13 170 1%, 2191 37 6%, 18"

14 HIT- 1“:2”“,33161

15 i 1%, 2% 3% 412 g

T3 I6d: 1°F 2% 370 47 @ BT 127 a4°
17 G; av

18 2 24

[T T

a2 B4; 14, 2% 38 g

13 53 24 3" §¢

kTl 10d: 17,2777 30 4% g1

45 & 24§

36 T0; 297 3% 417 g™ 1% 187 3g7
ar 1: 7

18 & 24,6

40 6, 12

41 1: 6

42 1; 20!

43 1: 2

55 1: 4l

57 4: 3 @' 12', 36

73 I 10at

55 d'm: ]ﬂil 21!!1 3?1 1511'}1154: g'l . ]EHI ]E'I . 2431 ?E]

a6 oggzy; | TTOTT QUERE oFT T80 gf gfF 1ol oyl

AT Hid: 199 oITE

B8 304; 179, 2T gFE 4TE g
&0 14: 1%, 3"

a0 184: 159, 2117 ¥ 4 GF 137
91 40; 14,24 41

a2 g7 19,280 40

93 33: 27 4T 67, 87, 247

continued an next page
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continged from previous page
oo TTHhnad.: disce. of aut. group oeders

04 04: 10,29 317 4% g% a’ 127, 187, 242 T2
a5 1: 3

i 1= 3

110 115: 14,2, 3" 4% 8!, 8" 12!

111 1 210

112 12: 1%, 2%, 6*

118 B: 20,67, 87, 127 247 73

129 2. g7

15% 3, 24

207 12: 81, 167, 24°, 487, 727, 1447, 2407, 4327, G487, 130457
a7 1: 207

276 17: 15,2 g

7T G: 17,3, 21"

278 4: 14,21 6!

280 1: 2

3 Some Special Situations and Geometries

3.1 The Largest Case

Casze no. 7 yields the largest number of geometries. Here one can see the
advantege of the TDO-method, Among the 1139617 TDO-schemes only 198
are non-discrete and need further attention, They generate only 2657 linear
spaces, S0, the overwhelming part of this case consists of discrete TDO-
schemes, and after having constructed the TDO-schemes, nearcly all the work
is done,

Because of the high number we did not. zave all geometries. We put into &
file those geometries which came from a non-discrete TDM-scheme, the other
geometries which correspond o diserete TIN-schemes were only counted, We
use the following nodation for the geometries suved in [6); The first oumber
is the number of the line case, the second number denctes the TDO-scheme
andd the third number is the number of the geometry generated by this TDO-
scheme, For instance 10-151-288 is the linear space no, 288 which is generated
starting from TD-scheme po. 151 belonging to line case no. 10, OF course
this pumbering s not cancnical but depends on the algorithm which has been
usel.

3.2 A Highly Productive TIM)-Scheme

Very remarkable is cose no. B, especially the TDO-scheme no, 249 (the last
one), This special TDO-scheme generates 114672 proper linear spaces, i. .
nearly as much as all 249 non-diserete T O-schemes I,.ugm.l:mr. We present
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this TDO-seheme here, First in the form that it came out from the program
celeulating the TDHO-schomes, and then in the permutated form which we
took for the geneceting process,

Finally we display one of the 114672 peometries which were generaied
fromn this specific TDO-scheme (cf. Fig, 1).

TDi-scheme:
|1 G 1 12 6 &6 12
411 20 4 0 0 o
2IOOF 1 0 030 0
1{1 01 O 0 6 0
12010 21 1 &

Transposed and permuted T )-scheme:

i 12 2 3
G11 2 O 0
1210 3 O O
Gl 311
Gl 3 1 0
1210 3 0 1
111 @& O 3
111 @ 3 @

This TDN-scheme is remarkable in another respect: [£ was the only one
where the generation of the geometries proved to be really hard. We had to
find a good permutation for the scheme, had to transpose it and we took
another generation program (generating by respecting some canonical order-
ingl. In addition, the tests we took in botween had to be well chosen.

Remark: The chosce of the permutation of the TDO-scheme and the
choiee of the intermediate tests may affect the computing tirme enormonsly.
Tt seems a cracial problem to find good criteria for these chodces. Otherwize
one has to crry out long experiments to get a suitable conditioning for the
COrmpater ran.

Special attention was alzo peeded for the following TDM-schemes: 9-1,
10-161, 10-23 and 16-97, Line ceses 85 and 86 were done by transposing and
using the order preserving program.

There is a second TDO-scheme which produce] many linear spaces,
namely TDO-gcheme 86-1. We display this scheme together with one of its
geometries in Fig, 2. We choose the geometry 86-1-24786, which has the
largest automorphism group (order 24].
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Figural. One of the 114672 geometrics of TDO-sehemen 8-249

3.3 The 12 Latin Sguares of Order 8

Line case 207 leads to the well known 12 Latin squares of order 6, see for
instance [7] and [11, p. 99]. Compare alzo [2] where we have explained how &
Latin square may be viewed as g linear spaoe: We label the rows and eolumns
and digits by v .... .75 and e;....e5 and d;, ... .dg. The Latin Sguares of
order & are the linear spaces of line type (6%, 3%) where the three 6-lines
are special; They are {rq,... o re)s {20000 oo} and {dy, ... dg}. The 36 3-
lines eorrespond to the entries of the Latin Square. Any automorphism either
permutes the thees 6-lines or not. IF i€ fixes all three, we call the automorphism
inmer,

These 12 squares have ruther large automorphism groups. Using the TDA-
schemes of the corresponding linear spaces, we get the orbits on the eotries
of the Latin Square from the orbits on the 3-blocks in the space.

One Latin Square (of. Fig, 3, using d; = i for i = 1,... ,6) hos special
properties, The automorphism group has exactly two orbits on the entries.
The diagonal elements of the square form one orbit (indicated by small vir-
cles), and the other orbit is formed by all of-disgonal elements. The auto-
mrphim Lroup = of order 240, |._|;|_-.|:||_:|111.|;_uj by the three permuotations o, §



18 A Beiven and [0 Betten

s5eoEs
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. TDN-sehems:
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E] ;n =
11
1

Figure2. A geometsy for TDO-scheme 861 [with | Aut]| = 24)

amd . Here, o and & generate the subgroup of Inner automaorphisms lsomor-
phic to Sym,,. This group is extended by 7, the mapping which interchanges
row i with column ¢ (i = 1.... .6). Recsll that there are two non-equivalent
subgroups Sym, < Symg. One of them acts transitively on the six elements
and the other one is the stabilizer of Symy on one element. It is remarkable
that this special Latin square displays both actions, The group Symg of inner
automorphisms acts transitively on the six rows vy, vy, s (E0d Blso on the
six eolumns), The other action with & fixed point happens on the six digits:
the digit. 1 = dy is fixed and Symg acts on the five other digits dy, dy, o0, da

in the natural way, Formally, we have the following isomorphism

E}rm*,.._l___ o) = Symg > Symg — S-J’fﬂ[.:g......i.j-u
[r rarpraty] = = oy = (dy dy dy ds dg).
(Fimarare) = H — dy = (dydydy dg)

between these two types of groups Sym,.
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e Sl “IEEEEE
11;-15 =) O ] O EI:E'
£z i] ] 3] ]
:E:E I:II:I I:|I:I I:II:I =] a I:II:I I:II:I
on O Ci = = = |:|:|
5 ] ] I ] ]
s =
-E I:||:| I:I|:|I:| =HE = I:||:| [=] 5
_'H pl o i] “H . i]
(1) 2(3(4|5(6
2l@6[5[3]4
361245
415(2[1)(6|3
503/4]6[1)2
6(4(5(3[2|D
Aut = {o, 8,1,
0 e,
A om fy faa,

oy = {r Py e TaTe) orr = oy o o3 0a) orp = {dy oy o dp ey,
Bimi{rirsrarzl Brw{oicscace)  faow {dadsdads),
row (e raes)ir eabira e dive o ){re o)

Figured. The TDA-decomposition of the special Latin Square

43
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3.4 Some Geometries with a Rather Large Group

Besides the Latin squares there are 26 linear spaces in the list which have au-
tomorphism group order > 20, Here are the numbsers of these spaces together
with the group order (in brackeis);

9-1-108{21), 42-4-1{20), RE-1-24TRG(24),  94-24-14(24),
9-1-5{21), B7-5-1(36), 03-1-14024], 118-7-1{24),
10-151-263(36),  T3-1-1(108), 03-3-12(24), 118-7-2(72),
10-151-288(54),  B5-1-372(24), 04-1-8{72), 217-1-1{20),
16-97-7(24], 85-1-464(24), 04-1-13(72), 277-1-6{21).
16-97-8{24), 85-1-468(72), 04-1-14{72),

36-32-13(36), 85-1-469(24), 04-24-2(24),

Among these apaces Chose species might be of speclal Interest, where the
automorphlsm group has only few orbits on points {(or on blocks or on Dags).
There are 4 spaces with exactly two poiot orbits. Let us illusirate these 4
spaces, We dizpley in each case the TDO-scheme, the TDA-scheme and the
incidence matrix with its TDA, In addition, generators for the automorphism
group acting on the pointz 1.... .18 are shown (labelled by capitel letters
A B.C L) Al groups are soluble and & presentation for the group is given.
This presentation is adapted to a composition series, i. e, we bave

1<{A)={A. B A (A B,C) 4. . < AutS

where & I8 the linear space in gquestion and suceesslve factors of this serbes
have prime order. The ordes of the group I8 thus the product of the Indices,
i e the product of the exponents In the Aet eolumn of the preseatatbon. We
identified the groups In the table of small groups contalned o the algebea
software package GAP [13] (Version 4). This catalogue ks based on the work
of H. 17, Besche, B. Elkck and E. {YBrelen. We denote the a-th geoup of ordes
mi In this catalogue by mfoapn.

The Linear Space 010-151-288 The sutomorphism group has order 54
amdd is isomorphic o 54¥capd, The TDA-scheme is isomorphic to the TDO-
schene, 1o, the automorphism FALHE i geas mo mefinerment.
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ﬂh ] . nCHh 11
_E'l o of o EEhEEh
| 1] L qm_Eb
5 o]
3 = %' SIEEFIEEEE B
o I = EE-EE 5] H
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|E| =] ] 7] 5,
E || Ci E'__
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|9 3 27 3 B =id A" = 4,
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gl 0 61 D' =id A" =4 B —aBCT =¢C

Aw (LEB{2ETIIE4)(00 18 17310 16 14){12 13 15)
B o (375136401012 11313 16 18){14 17 15}

€ = {d6){5 T)RHH(11 12)(13 14)(15 16){17 18)

D= {123){407){568)(11 14 16){12 13 15)

The Linear Space 0T73-1-1 The automorphism group has order 108 {iso-
morphic to 108#caplT) and TIHD-scheme and TDA-scheme are somorphic,
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TDA-scheme and the AY = id,

TD-schemes B =id A% = 4,

o =id, A¥ = 4 BY = B*,

n:l MV"H‘ -"| nH‘ ﬂﬂ.lc:ﬁ‘ ‘:“1
E'=id A" =4 B =B "=, D" =D"

Al i | T
e B ]

]
913
92

A= {18025 7){364){10 11 18){12 12 17)(14 1615)
Bo={2751{364){10 15 12){11 14 13}{16 17 18)

C = (46){56 T8 (10 11){12 14){13 16){16 17)

D= {123){407){568){12 17 12){14 16 15)

E = (23){4 T)H6)12 1513 14)(1617)

The Linear Space 085=-1-468 The automorphism group has order 72 (iso-
morphic to T2#gapdd). The TDO-gcheme and the TDA-scheme are isomor-
phie.

E L1
111
[=] a].=[=[=]
(= [=] =) =1]=|=]
% al L
] =, o 5] =] =,
o [+
o o = o [ o
] a
] ] =] = ] 'Ll:!
] [ [ [ [
o = ] = ]
=, ] &,
[+
[
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TTrA-scheme A = id,
and the ) 5
T v B =id, A¥ = A,
— o T _
13 36 4 ' =id A" =4, B =B,
6§11 0 6 0 PeidA”=A B =B =0
12|01 6 1 EF=iA"=B8"=ABC"=C, D" =D

A= (ZA(I5HTEH L1 12)(13 14){15 16){17 18)
B = (L6}(35)(7 100(8 9)(11 13)(12 14){15 18){16 17)
€ = (TLE16)(8 14 15){812 18){10 11 17)

D= (L6} (243 5){11 17)1{12 18){13 16)(14 15)

E = (123)(4 56)(T80)(12 13 14)({15 18 16)

The Linear Space (8d4-24-2 The austomorphism group 18 lsomorphie o
Symy of order 24 [= 24#£gapl2]. The TDA-scheme = a bit finer than the
TD(kscheme. In the natural actlon on four polots, the generators can be
identified 82 4 = (12){34], & = (13)(24), O = (124) and D = {12}, for
cxample.

T e
== ms
oo L =
L - a Dﬁ:
2l = =[] = [
_ﬁ_ﬂ a o] o I:||:| [
5. =, [= = 'g" 5] a =,
o [ of ] N 5
|:|'I:||:I ul:ﬁ‘ o
| [=1| 1
T s heses
[1 12 18 4
6(1 2 3 0 A? = id,
Iz(pr 3 31

B = id, A¥ = A,
TTrA-gcheme: & = id, A" = B.B" = AR,
nﬂ 1:-]1, .I'H‘ -". ED .-'1”1 GH‘ cl
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A (2E){IE)T LB 12)(9 LOH LD LT)(14 LE(15 16}
B = {14367 14){E 13309 16} 1 153)(11 183 12 1T}
o {L 23]{3-1-5]{1’ L5 IE]{E Id!a]{ll'_'l IFLL)1G 1T 18)
D = {26){35)(712){E 11){9 10){13 14}{17 18}
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