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Chapter 1
Introduction

[n this chapler, we discuss some hasic propertics of designs and their parameters.
For further study, | recommend the books of van Lint and Wilson [27] and of
Cameron and van Lint [8]. Facing only the theory of designs and incidence strue-
tures, there are also the books by Beth, Tungnickel and Lenz [2] and the famous

book by Dembowski [ 10].

1.1 Incidence Structures and /-Designs

AN incidence strictizre 15 a system B of subsets of a set V whose elements are
called pojnrs, The subsets ane called Blocks, An incidence strocture is called
Sinite, 1f the set Vis finite. In this work all incidence stroctures will be finite,
The number of points is denoted by v, the number of blocks is abbreviated by the
letter b,

The incidence relation is the relation of inclusion between points and blocks.
We call a point p £ Voand a block B & B incidens iF p £ B holds, An incident
point £ block pair (p, ) is called fag, A non incident point £ block pair (p, #)
15 called ans flag. The relation of inclusion and therefore the incidence structure

itsell is often coded by a matrix, the incidence matric. Let py, ..., e be the
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points and By, ..., B, be the blocks of the incidence stucture, The incidence
matrix is the (v = B)-matix & = (q; ;) with w;; = L il p; € 8 and zero

otherwise. On the other hand, every (¥ l-matrix N = (n; ;) of size v = b defines
an incidence structure (V. 81 with v points and b blocks. We take v points and &
blocks corresponding to the rows and columns of the matrix A7, respectively. The
point p; is contained in the block B il and only ifn; ; = 1.

Acf-lv, kb, A) designis a incidence structure T = (V. B with
iy [V =,
(1) | B| =k foreach block B £ B,

(1) For each {-subset T = V there are exactly & blocks of B containing 7. In

other words: ¥T € [1:'} : 3, BeB: TCBHA.

The numbers ¢, v, & and & arc (amoung others) the parameters of the design. The
number £ describes the peind regidarity, The number & is the Mook size, » is the
index of the design, Mol every parameter set belongs 1o a design. On the other
hand, the may exist several designs for the same parameter set. Two designs
Ty = (V. By and T2 = (V. B2 are called ivomorphic, if there exists a permuta-
tion 7 & Symy;, mapping the set system By onto the set system B-. Here, applica-
tion of the permutation = is understood element-wise, i. e Hf ={8" | B e B
mit 87 = |{p¥ | p £ B} The relation of isomorphism is an equivalence relation,
The isomorphisms of one design onto itsell are called amomorphisms. They form
a group with respect 1o the composition of mappings. This group is called awio-
maorphism group of ihe design. A design with » = 1 is called Steiner sysfem. Ina
design with point regularity ¢ = 1, the number of blocks containing a fixed point

is a constant

r=|[BeB|pecH]

for e WV, the replication numtber:
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The starting point for the development of design theory may be seen in the
following problem of schoolgirls which was posed by Reverend Kideman ( 1806-
1895 around 1850 (el [14], [16], [15]):

“Fijieen voung ladies in a school walk owd three abreast for seven
deayys in succession; it is requived te arrange them daily, so thar ne

twe will walk hwice abrean.”

Labelling the 15 schoolgirls by the numbers 1 1o 15, we are asked o define 7 times
5 groups o blocks of size three out of the 15 numbers such that all 15 numbers
appear in the 5 blocks and any two numbers together do not ocour twice in the set
of all blocks. The necessary condition Iil:"} = 105=7.5. {;} is satisfied with
cquality, so any two numbers occur exactly once together in a block. This means
that we are looking at a design on 15 points mit blocksize 3 and the property that
any two points (§ = 2) occur exactly onee (A = 1) ogether in a block, The design
has the parameters 2-(13, 3, 1) and thus 15 a Steiner system.

A solution to the schoolgir] problem is shown in Figure 1.1, Following an idea
ol Beth, Jungnickel, Lenz [2], the filteen girls are identified with nodes labelled by
the numbers 110 15, These nodes are placed on the periphery of a circle (with one
point in the center af the circle), The three groups of one day’s walk are indicated
as triangles. The solutions for the other & days are obtained by motating the picture
around the central point along the circle in steps of size two, Below the salution
for all seven days is displaved in form of a table.

The guestion whow designs can be constructed has no universal solution, A
method For constructing designs will be presented and discussed later in this work.
Thiz method gorks well even for large parameters, i. e, high point regularity. Fore-

most we are interseted in answering the second question which is the following:

Criven a sel of designs fir the same parameter set and on the same xel

af points V. Determine the isomorphism classes of the designs, i e
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Ml i Ml s Fr Sa So
I 2 3|3 6 5|5 7 22 4 6|6 1 73 414 5 1
610 127 13 104 9 13]1 & 9 |3 11 514112 12 14
T 9 144 8 12(1 11 103 14 13|5 12 9 |2 10 8 |6 13 11
5 8 13[(2 11 9 (6 14 8 (7 12 11(4 10 14(1 13 12(3 9 10
4 11 15 4 1513 12 15|15 10 15|12 13 15|16 9 15|17 & 13

Figure 1.1: A Solution to the School gitl Prohlem
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the clasyes of designs which are pairwise isomorphic is the above

HEORAE,

1.2 Parameters of r-Designs

[n this section we recall some basic results on the parameters of designs. A first
imporlant obscrvation is that any f-design is at the same time alsoa (7 — | )-design.

[ncluctively, it is an s-design forall 0 = 5 =< &:

1.2.1 Lemma fer T = (W, B) be a 1-(v. &k, 1) design and let 5 be an integer with
0=y <7q. Then D is also an s-(v, k, L) design with

=35
" v Ll—x
he =h= (1.1
(=)
(e dp = AL

Putting s = 0, we oblain

p = .il.{;'_—}l =, 1.2}
(i)
for any f-design, as every block contains the empty set,
In any [-design (so in any t-design with ¢ = 1) the number of hlocks con-
taining a fixed point 15 unigquely determined. We put 4y = r and get from

Lemma 1.2.1:
LI
vr = kb | ¢ }..;.:}.1".—_]. (1.3)
In any 2-design (so in any (-design with 1 = 2 we hove

e—1

(251)

k—1

(:01)

(& rik—1)=ldaiv—1)). (1.4

di=r =2



(3] Chapter |

Ifwe regard a r-(v, &k, &) design T as a (1 — 1)-design, i, e, mone preciesely asa

it — L=, k&, k1) design, we call it the design with respect to smaller 1 and write

red T ireduced 1) Fordi = ¢, red' T = redred .. red Dis a (f — i), k., Ae)
i mal
design,

The existence of some special f-designs is so obyious that we consider them
as frivial dexigns. First of all, we always have the complete design holding all

k-subscts, i.e. B = [E] This design is a f-(v, &, fma (0. 1, £)) design with

B —
T .
INax (& _J)

The integer aAmaxto, 7, &1 i5 the largest possible index which a design with fxed
parameters ¢, v and & can have,

Another trivial design is the empiy design without blocks, There i=s also the
one-block design with £ = woand & = 1. The design with ¢ = & = | and
V= ﬂ'] = ¥ is another trivial Steiner System. The design with & = v — 1 and
B = [L,"_"1]| is dalso rivial. Nole that the last three examples all describe complete
designs.

There are some ways o construet f-designs from other f-designs. et always
D=V, B)bear-(v, &k &) design, AL first, the supplementary design supp T0 has

the k-subscts s blocks which do not belong to B It has the parameters
i— ['I.-'.. I‘:.. -:'..mn_\:['l'.. f--‘.'] - .|-".:||

As every design admits the supplementary design of index iq,, (v, 0, £ — &, we
may require our design 1o have an index which is al most %}.m;,x[u, i, k1 The
supplementary design of the complete design is the empty design.

Another design is the complemeniary design D7, which has as blocks the sets
g =V B where 2 muns through the set of blocks of T Later we will see that
the complementary design is again a f-design and we will compute its index in

Cormollary 1.2.6. As the complementary design has blocks of size v — &, we may
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require that the designs we are looking at have blocksize at most :lv. The designs
witht = &k = | and & = v — | mentioned above are complementary designs,
The complementary design of the one-block design has the empty set as a single
hlock.
For a given parameter set, there does nol always exist a design. A uselul test
for verifying whether a putative design parameter set is realizable is the following:
Ifai-iv, k, ») design exists, then all parameters «; of (1.1) must be integral.

Thus, for) = 5 < ¢, all denominators in

must divide the corresponding numerators including A. Here, [a]y, is the falfing

Jaetarial of length b defined as

el i=a (a—1)---la—ib— 11
(with [a]n = 1). A pamameter set -y, &, 2] is called admissible i all &, arc
integral. Let Ad be the smallest positive integer such that

Aj. |1"_-'5|1—.1

[k — sle—s

is an integer For all » with 0 = 5 = 7, Then all parameter sets of the form i-
(v, &k, B - ALy with i € B are admissible,
Let D = (W, Bibear-iv, &k, &) design. For p < WV, let

der, ' = (V. B,) with B, =[B" {p}| BB pc B
b the derived design. In addition, we call
res, D' = (V. B") with B = [B e B | p ¢ B}
the residual design of T)

122 Lemma Let D = (V. B) beat-iv, k, L) design and let p € V be an arbitrary

point. Then



= Chapter |

(i) der, D iva
F=11—=flw—=1,k=1,4)
desigh,
(i) res, Disa
=11 —iv—1.&k 2y —A4)
design, with b, — A = At
Figure 1.2 shows the relation between the parameters of design and the param-

clers of the dreived and residual designs and the design with respect 1o smaller 1.

(v, &k, A)

(= 1o, kb A1) (- U= Lk —1,0) (8= v — Lk A7Ey

Figure 1.2: The Parameters of the Designs T and red D, der D and res D

The [ollowing counting principle s a uselul combinatorial method. Belore
stating the result, we present a small example, Let £2 be a Onite set and let A, B
and " be arbitrary subsets of 2. Assume we want to determine the cardinality
of the set 2 = 2% (AU BUC) using only the cardinalities of 12 and of all

interscctions of the scts A, & and ©. Then, according to Figure 1.3,

1] =|R — |A| — [B| — €|+ AN B| +|ANC|+ [BENC| —|ANBAC|.

The general case is scttled by the Following lemma:
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Figure 1.3: Compuling |£:.!| using Inclusion / Exclusion

L.23 Lemma (Principle of Incliusion / Exclusion or Sieve Formula) Let €2 be a
Jinite set and let Aq, ..., Ay be a set of subsets af €2, Ler =0 h Uf:l A; be the

set af elements af @2 which are conlained in none af the sets Ay, ..., A, Then

£
Q=i+ =0 3 | Am|-

j=1 s 1l 21, k=]

L24 Lemma et D = (W, Bibear-(v, b, M design. Fori, je Mwithi+j <1,
let I [F] and J € [1’] be disjoint swbseis of V. Then the number

;.,-u,-=|{ﬁes|f«;ﬂ,ﬂru=n?1}

is independent of the choice of the subsets I and 1. In addition, 4; n = »; for all

i = tanddy g =a. The recarsion
Ai jrl =hij — iyl g (1.5)
is safisfied fori+ j =<1,

We display the numbers Ai for i + j = f ina triangular scheme as in Fig-
ure |4 The inital values &, = 4, 5 for ) = 5 = ¢ ogether with (1.5) allow the

computation of all values., Other, direct Formulae are the following:



