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Abstract

Rahilly families of pre-difference sets have been introduced by Rahilly, Praeger,
Street and Bryant as a ool for constructing symmetric designs.  Using orderly gen-
eration, we construct Rahilly families for various groups up to equivalence. For each
eguivalence clags we determine the somorphism type of the corresponding design,
Some designs may be new, whilst othere were already known in which case we identify
them, For each design we test whether it admits as an automorphism group a regular
extension of one of the given groups. If this is the case, the pre-difference set for the
given group 1% also a difference set for the regular extension. We prove that there are
examples of designs with a Rahilly family of pre-difference sets for a group which do
not admit a regular extension.

Keywords: Hahilly family, symmetric design, orderly generation, difference set,
half-regular automorphism group.
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1 INTRODUCTION

Difference sets in groups can be used to construct svmmetric designs admicting a regular
group of antomorphisms (ef. [1, VI Theorem 1.6]). We say a group & acts half-requlorly
on a set {2 if it is semi-regular on ¢ with exactly two orbits. We call a symmetric design
half-regular if the design admits a group of automoerphisms acting half-regularly on the point
sett. It is well known that such a half-regular group of automorphisms alse acts half-regularly
on the blocks.

Rahilly, Praeger, Street and Bryant [10] introduee a method for constructing half-regular
symmetric designs. They define Rahilly families of pre-difference sets within groups. These
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families generalize the concept of a difference set in a group. We present a brief summary of
Rahilly families in Section 2. By construction, a Rahilly family for a group & gives rise to a
syrmmetric design admitting & as a subgroup of its automorphism group acting half-regularly.
Rahilly families can thus be used to obtain certain symmetric designs,

In this article, we describe a computer search to construct Rahilly families for small groups,
Starting out with a putative parameter set we choose a group & of feasible order acting
regularly on itself. Using the technique of orderly generation, we compute Rahilly families for
such a group. We describe the method of orderly generation in Section 4, and in Section 5 we
apply this strategy to construct Hahilly families as subsets of the given group. In addition, we
consider Rahilly families up to equivalence, as introduced in [10). As Rahilly families in the
same class lead to isomorphic designs, we are only interested in finding one representative for
each equivalence class, The equivalence classes can be described as orbits of a larger group on
the set of all Rahilly families. Our algorithin is able to construct one particular representative
of each class, which is called the canonical representative. It 18 the lexicographically least
Rahilly set in its equivalence class. Moreover, we determine the group of auto-equivalences,
that is the group of equivalences of the Rahilly family with itself. This group plays an
important role in further investigations of properties of the corresponding symmetric design.
In Section 6 we present our results, We construct Rahilly families for groups of order 18 and
20 leading to 2-(36,15,6) and 2-(40,13,4) designs. In addition to the equivalence classes
of Rahillv families we determine the ispmorphism types of the corresponding designs, Fur-
ther properties, including the action of the (Tull) automorphism groups, are also presented.
Whenever possible, we identify previously known symmetric designs, We find half-regular
gymmetric designs which do not admit a regular group of automorphisms. This proves in
particular that the set of designs which can be obtained from Rahilly families of pre-difference
sets 18 larger than the set of designs obtainable from difference sets [Theorem 6.1).

2 SyMMETRIC DESIGNS FROM RAHILLY FAMILIES

In this section we recall the basic definitions from [10] and summarize the results which are
important for our purpose,

2.1 RaAHILLY FaAMILIES

Let T = (V,B) be a symmetric design with parameters 2-(v, k, A). Thus the point-set
V =1{p.pa.... P} has cardinality » and the block set B consists of v blocks, By,... , B,
say. Each block consists of k elements of V' and every pair of points is contained in exactly
A blocks. The design can be described by a 0/1-incidence-matriz. This is a v ® v matrix
whose (i, j)-th entry is 1 if p; is contained in B; and 0 otherwise.

Any relabelling of the points results in a permutation of the rows of this matrix (and any
reordering of the blocks corresponds to a permutation of 1ts columns). The antomorphism
group, Aut(D), of this design consists of these permutations of the points which preserve
the incidence matrix up to a reordering of 1ts columns.
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Assume that T admits a regular group & of automorphisms. Then any block B € B can be
chosen as a base block in the sense that any other block is the image of B under an element
of G. A (v k& A)-difference set A for a group G of order ¢ i3 a k-element subset of 7 such
that each g € GY{1} can be expressed exactly A times as ed ' with ¢, d € A. It can be shown
that the blocks of a symmetric 2-(v, &, A) design with regular group 7 of automaorphisms are
exactly the (v, &, A)=difference sets for ¢, On the other hand, each (u, &, A)=-difference set A
for a group & gives rise to a svmmetric 2-(v, &, A) design admitting & as a regular group
of automorphisms. The blocks of this design are obtained from A by putting B, = A%,
By = A% ete. where gy, g2, .. Tung through the elements of .

Rahilly, Praeger, Street and Bryant in [10] consider half-regular symmetric designs T ad-
mitting a half-regular group & of automorphisms with orbits V), and Vs on the point set 1,
As mentioned above, & acts hali-regularly on blocks, with block orbits B, and B;. Hall-
regularity enforces V)| = V| = |B)| = |Bs| = |7| = §. Choose a point p; € W, for i = 1,2,
and call p; the base point of V;. Any other point of V; is the image of p; under some element of
(=. As & acts regularly on both, ¥, and Vs, we can identify V; with the set {g = {1} | g € G},
fori=12

Choose blocks B, € By and B, € B,. Define four subsets Ay for 1,5 € {1,2} of & such that
Vi B; = Ay x {i}. (2.1)

Then ky = |Ayl for 1,7 € {1,2}. Moreover, kyy + ko = kg + ks = k and kyy = ke and
kyz = kg (see [10, Proposition 3.1]). These four sets are examples of what Rahilly et al. [10,
Definition 2.1] call a Rahilly family of pre-difference sets:

Definition 2.1 Let v, k, A be positive integers with & < v and v even. Let 7 be a finite
group of order T and let A fori, 7 € {1,2} be a subset of G of size kj; such that kyj+kaj = k.
Then A = {Ay | 4,7 € {1,2}} 15 called o Rahilly family of pre-difference sets for G wnth
parameters (v, &k, A) if

fa) for each g € G\{1} and i € {1,2} there is an integer A(g) such that 0 < M{g) < A
and g can be written exactly A;(g) times as od ™" with ¢, d € A;; and eractly A — A(g)
times as ef~' with e, f € Ayi, where {i, j} = {1,2};

(b} for ench g € G and {1,5} = {1,2} there is an integer A(g) such that 0 < Ag(g) < A
and g can be writfen exactly Aijly) times as ed ™! with ¢ € Ay andd € A and eractly
A= Xjlg) times as ef " with e € Ay and f € Ay,

Rahilly families are useful for constructing half-regular symmetric designs: Given a Rahilly
family A of pre-difference sets for a finite group & of order £ we obtain a symmetric 2-(v, &, A)
design T = (V, B) by putting V' := G = {1,2} and defining

By ={(g.1)| g g Au}U{(e.2) | g€ Ay}

for i = 1, 2. Then ¢ acts half-regularly on V via (x,1)? := (xg,1) for all (x,¢) € Vand g € G,
(see [10, Proposition 2.3]). This action vields two orbits on blocks, namely B, = BY and
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B, = BY. We put B := B, UB; and denote the design constructed in this way by D(A).
It is a half-regular symmetric design by [10]. As mentioned before, half-regular designs give
rise to Rahilly families of pre-difference sets via Equation (2.1). If A is a Rahilly family
of pre-difference sets obtained from a half-regular symmetric design D in this way then the
syrmmetric design D(A) 18 equal to D (see [10]).

2.2 REGULAR EXTENSIONS

Let D be a half-regular symmetric 2-(v, &, A) design admitting a half-regular group & of
automorphisms with Rahilly family of pre-difference sets A = {4, &yz, Az, A} A group
it of automorphisms of T with (¢ < i and which is regular on V is called a regular exfension
of &, It can be shown (see |10, Proposition 7.3|) that if such a group exists then there is an
element v € / such that Ay U rhy 18 a difference set for R (in the usual sense).

Now let A and A be Rahilly families of pre-difference sets in a group & and let D{A) = (V, B)
anc] D{ﬂ.] = [ij, ﬂ'] denote the m:rﬂ'ﬁ].rmuiing symmetric designs with parameters (v, k, A).
As & acts half-regularly on V' and V, we can identify both with G x {1,2}. In [10], the
authors investigate isomorphisms between D{A) and D(A).

We begin by quoting some definitions and results from [10]. An element 7 € Sym,; fixing
G = {i} setwise for i £ {1,2} induces two bijections from G onto itself, namely the maps
mi, where (g™ 1) = (g,1)" for all g € &. The permutation = induces an isomorphism from
DM A) to another symmetric design. It is said to tnduce an automorphism of 7 if for some
w € Aut{)

=a; - g¥

holds for all g € & and i = 1, 2.

Definition 2.2 An isomorphism « from D(A) to ‘D[fj.] for which there erxists € Aut()
and elements (aq, @z, 01, 02) € G such that
7t (g,1) > [a; - 9%,4)  and ﬂi-.ﬂ}}—ﬁﬁ-cj

for all 1,7 € {1,2} is called an equivalence befween D(A) and D(A) with associated auto-
morphism ¢ and associated translations {a,, ag, e, e3).

The following theorem [10, Theorem 5.1] shows that equivalent designs are isomorphic amd
states a criterion when a permutation in Sym,, induces an isomorphism between designs.

Theorem 2.3 Let A and A be two Rahilly families of pre-difference sels in a group G with
parameters (v, k, ). Let D(A) and ’_D[i]l denote the corresponding symmetric 2-{v, k, A)
designs with block orbits By, By and By, By, respectively. Suppose that the permutation © of
G = {1,2} fizes G x {i} setwise for i € {1,2}. Then 7 induces an automorphism of G, and
an izsomorphizm from D(A) fo D(A) which maps B, to B, and By to By if and only if 7 18
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A corollary of this theorem [10, Corollary 5.3] shows that if # is an equivalence then w fixes
the base point p; if and only if a; = 1. Let E{&) denote the subgroup of Ny, p(i) fixing V)
and Vy setwise. Clearly, the set of all equivalences is a subgroup of E(G) of index 1 or 2. It
was shown in [10] that these two groups are in fact equal.

We are interested in constructing symmetric designs defined by a Rahilly family of pre-
difference sets admitting a half-regular group of automorphisms . When searching for
designs with a given set of parameters one is generally interested in finding these designs
up to isomorphism. In our case however we construct half-regular symmetric designs up
to equivalence as their equivalence classes can be used to determine whether or not these
designs have regular extensions.

The conjugate Rakilly family of pre-difference sets for @ is the family A defined by A, =
Aas, Ajs = Ay, Ay = Ayp, Am = Ayy. The design F[i}l is called the conjugate design of
D(A). The designs D{A) and D(A) are clearly isomorphic, as we are only rearranging points
and blocks. By (10, Theorem 6.3, they are equivalent if and only if Nayp(G) is transitive
om 1,

For a group &, the equivalences of a half-regular symmetric design with itself are called
puto-equivalences. Theorem 6.4 of [10] shows that the group of aute-equivalences coincides
with E{G).

The existence of regular extensions for DA is related to the existence of certain equivalences
batween DAY and D{A).

Theorem 2.4 (10, Thearem 7.1] Let D[A) be a symmelric design with holf-reqular group
s and Rahilly famidy A of pre-difference gete. Then & has a regulor ertension if and only
if there erists an equivalence m from D{A) to D{A) with associaled outomorphism 8§ &
Aut{G) and associated translations (1,2, 0~ u® - z) such that 2* = z and 8% is the inner
automorphism of G induced by z.

3 Comruring RasiLLy Faminies 1

Assume that 2-(v, k, A) is a valid parameter set for a symmetric design with 50 ki, Fizy o,
K3z, A satisfying the numerical conditions of Section 2 for a Rahilly family (with &y +&s = £).
We want to compute all possible Rahilly families for these parameters using & given group &
of order 5. We fix a labelling of group elements gy, go, ... . 9y and let ¢ denote the left-regular

representation of G oon itselfl
G
¢ E .
4 (ﬁa;)

for 1 < 1,7 = 2, satisfying the requirements of Definition 2.1. These sets are constructed
via a backtrack-search using the methods described in this and in the following section. We
apply & four-fold backtrack search, starting with constructing all possible &4y, For each

Our aim 1s to list all subsets
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