TACTICAL DECOMPOSITIONS AND SOME CONFIGURATIONS 1y

Anton Betten and Dieter Betten

The study of configurations or — more generally - finite incidence geometries is best ac-
complished by taking into account alao their antomorphism groups. These groups act on
the geometry and in particular on points, blocks, flags and even anti-flags. The orbits of
these groups lead to tactical decompositions of the incidence matrices of the geometries or
of related geometries, We describe the general procedure and use these decompositions to
study symmetric configurations vy for small ». Tactical decompositions have also been used
to construct all linear spaces on 12 points [2] and all proper linear spaces on 17 points [3] .

AMS subject classification: 05825, 05830, 51599

1 INTRODUCTION

A configuration C of type (v.. by) is an incidence geometry with » points ¥ = {p,.... . p,}
and a collection of b k-subsets of ¥, called blocks: B = {B,,... B}, B: TV and |B| =k
fore=1.....0.

An incidence (or flag) is a pair (p.B) € ¥V = B with p € B. Counting incidences in two
ways gives vr = kb, A configuration with v = b [and hence also r = k] is called symmelric,
Symmetric configurations are denoted o, for short.

An isomorphism ¢ between two geometries Cy = (P, B;) and O3 = (F, B;) 15 an incidence
preserving map between the point sets. Let ¥V, = {pll]”. Cea ,pi].:'} and ¥y = {;-II]!I, cea .piﬂ}.
So, for each block B € B, with B = {pr-”, cew .F-'E:]} B = {j.-E:W.. . .p,r-::'w} 15 a block of B,

|
An isomorphism of a geometry with itsell is an aulomorphism (or collineation). The set of

automorphisms forms a group with respect to compaosition of mappings, denoted by Aut{C).

An incidence geometry ¢ = (V, B) gives rise to a 0f1-matrix, the incidence matriz. Put
N = {n;;) with n;; = 1 or 0 whether or not p; 15 contained in B, Relabelling of points
regulta in & permutation of the rows of this matrix, rearranging the order of the bocks vields
a permutation of the columns of this matrix. Thus, the incidence matrix 15 unigque up to
reordering of rows and columns.



In this note we often draw incidence matrices by rectangular grids using little boxes to
indicate incidences (see below|. However, we stick to the original definition of a 0/1-matrix
when talking about the row- or column-aumas of V.

2 TacTicaL DECOMPOSITIONS

Let F be set, A set partition P = (P, Py, ..., F.) s a sequence of subseis F; © P called paris
{or classes) of P with F;N P =@ for i # 7 and U:=] F; = X. Usually, one allows rearranging
the parts of a partition. Sometimes, the ordering of the parts is considered significant, in
which case we call the partition ordered. The namber ¢ 15 called the length of the partition,
denoted by f{ P). For P a partition and ¢ a natural number let. F} denote the i-th part of P
if ¢ < /{ P) and the empty set otherwise. For P a partition let ||P|| = (| P [ Fsl.. .0 . Fm]
he the vector of class lengths.

A decomposition of an incidence geometry & = (VB is a pair of set partitions of points

and blocks, Let ({1 A] € TI{V)] x TI{B] be a decompaosition of & = (V. B]. For i < £({}] and
< fA) put

ﬂ‘._lj =|{EF51|FE H]‘
with p £ 1, fixed. In addition, put

G, =1{pef|pe B}

for fixed B € {1;. The decomposition (2. A) is called row-lactical, if for any ¢ < £{11) and
J < A A) the number o, ; is independent of the choice of p € £}, The decomposition ({2, A)
15 called column-tactical, if for any ¢ < £[0) and § < A the number 3; ; 15 independent
of the cholce of B € A;. The decomposition is called taclical (T if it is both, row- and
column-tactical,

Any decomposition allows to reorder rows and columns of the incidence matrix in order
to group together rows and columns according to the classes of the decompositions. Thus,
any decomposition gives rise to a block decomposition of the incidence matrix N, The
submatrices of size |F;| x |[;| are the decomposition malrices.

The matrices containing the a;; and the 3;; extended by one row and column indicating
the order of the point and block classes are the row and column decomposition sehemes (or
Th-schemes). Let {2 A)] be a decompaosition and put £{01) = v and £{A) = 5. Then the
row decomposition scheme and the colomn decomposition scheme have the following arrayvs
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For a tactical decomposition, the equation
I§8:| < o5 = Bis - | g (1)

allows to switch between the row-tactical and the column-tactical scheme. This equation
ia proved by a simple double count of the set of incidences hetween pointa of class {}; and

blocks of class A
] - i = |{{p, B) € §4 % & | p € B} = 35 - | Al

We give some examples of tactical decompositions:

1. {The Desargues Configuration): In the Desargues Configuration we have two triangles
in perspective position. In the figure these are indicated by a shadow., We also dis-
play the corresponding incidence matrix which is decomposed tactically. The tactical
decompaosition 8 described by its row decomposition acheme,

-1@mnu 133 3
E;u DED” 1[0 3 00
HDHEE‘ 3101 1
HrEEEEEH 301 2 o0
A DEE 3010 2

2, [T]lt' cull-t']: The incidence matrix for the cube can be dcrunl]:lu:-jr:] inta three block-
paris.
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3. {The affine plane) The afline plane of order 4 is a composition of five parallel classes.
[ts incidence matrix may therefore be decomposed in the following way:
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4. (Kirkman aystem on 15 pointa] As another example consider the seven days walk of
Kirkman's schoalgirls. [t may be indicated by the following TD-scheme:

nﬁ“nm!ﬂ
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A very useful procedure for studying geometries comes from design theory. Therefore, assume
the point p is fixed and consider the two sets of blocks

der,(C] = {H\p| Be B, pec B}
and
res(C) == {BEB|pd B}

called the point-derivation and the point-residuum [with respect to the point p). Often, der
and res lead to tactical decompositions, for example for the ST S5{13), STS({135) and ST5(19)
we get,

|EE|I] |725 |943
60 F | 9
1 5 1 1 6 1 5

w0 we get configurations 125205, 145285 and 18448y as point residuals reapectively. Tt i3 well
known that there are exactly 5 configurations 12,204 and 787 14428, [1]. One can consider
them as regular linear spaces of type (12|7,20), (14/7,28) and {18(9, 48], where the 2-lines
mtersect i an additional point. The number of configurations 18:48; 15 unknown I:iL should
he very large|.



Another procedure ia block derivation. Therefore, fix a block I and consider the sets
dery(C) == {B\H|B € B, Bri H # 0}
amid
resu(C) == {B e B|BNH =}

They are the block derived and residual geomelries. For the 5T5 on 13, 15 and 19 points,
we get

|1 15 10 |1 18 16 |1 24 32
31 5 0 3|1 6 0 31 8 0
o 3 3 1210 3 4 160 3 6

Here, we find configurations 105, 124165 and 165325 as block residui. There are exactly 10
configurationa 10y and 574 configurations of type 124164 |:whir.h are regular linear spaces of

type (10/15,10) and (12/18, 16) respectively].

Point derivation in Steiner Systems 5(2,4,13) (the unique projective plane of order 3, see
hl’.‘]ﬂ“‘]- S'IZE.-L lﬁ:l |:L]1E umigue afline p]am: of arder -1} and SI:‘E.-LE-"S] [cumpar-: ﬁp:rru::r [F-f-]:I:
gives

|49 5 15 |8 42
10 50 R
11111-1 21 7

Here, we get configurations 1339y, 154 and 24:42, as residual structures {a]l with a parallel
class of lines of length 3]. They can be seen as regular linear spaces of type (12|0.4. 9],
{15)0,5,15) and (24]0, 8, 42) where the 3-lines intersect in an additional point. The configu-
ration 154 occurring here is the affine plane of order 4 with one parallel class removed. There
are three other configurations 154 a3 we will see in the sequel,

Block derivation leads to the following TD-schemes:

|1 12 |1 16 3 |1 28 7
i1 3 41 40 41 7 D
90 4 12|04 1 21|00 4 4

The configurations 214 occur as residual structure in the last case. In the first case, we get
the affine plane of order 3 as a derived structure. The middle one has configurations 12,164
a4 derived structures,

There algo exist tactical decompositions for flag-derived structures, For the 5(2,4,13),
5(2.4.16] and 5(2.4,25) we get

|1 3 9 |1 4 12 3 [t 721 2
T30 [t 400 1[17 0 0
S B A0 o400 (L0 7 0
90 13 12(01 3 1 21|01 3 4

Here, we find configurations 93, 122, 215 and 21,.



3 THeE TDA AND THE STRUCTURE OF GEOMETRIES

An important way to obtain tactical decompositions of an incidence system D = (V. B) is

by considering the aorbits of a group of antomorphisms A of & This means that we start out
with a group A < Aut{S) and consider the twa set partitions

ﬂ_'lfﬂﬂ and ﬂn_ﬂlu"ln"r"l.

yielding the decomposition ({1, A} which we call A-decompaosition (here, X'/fA means the set
of arbits of the group A an the set X'|. The decomposition induced by the full automorphism
group, the Aut{S)-decomposition, is called TDA (faclical decomposilion by avlomorphisms).

3.1 Lemma FLet & = (V.B) be an incidence struclure. Let A < Aut(S) be a group of
automorphisma. Then the A-decomposition iz factical.

Proaf: Let p € £}; and B € A; be a point /block pair from the i-th point and the j-th black
class, Then for any a € 4, p* € P, and B* € B, and pe B <+ p" £ B" holds. From the
fact that a induces bijections on }; and A; we deduce that the number of incidences in each
row s a constant, o, ;, and the number of incidences in each column is a constant, 3,;. 0O

We consider as an example the decomposition by antomorphisma of the two Steiner systems
on 13 points (compare also Mathon, Phelps, Rosa [6]]. One is cyclic and has an antomor-
phism group of order 39 (cf. Figure 1]. The other one has an automorphism group of order
G. This group leads to a rather fine TDA-decomposition [ef. Figure 2],
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Figure 1: TDA decomposition of the cyelic STS(13)

One decomposition is always possible, it is called the trivial one and consists of the diserete
decompoaition where each point and each block form a single part in {1 and A respectively.
This decomposition is in fact the A-decomposition in the above sense if the antomorphism
group A is trivial. The matrices (a; ;) and {3 ;) from the row-tactical and column-tactical
decomposition scheme coincide with the incidence matrix of the geometry,

T]’lﬁT‘t‘ are UL]]’:F dﬂL’U[]I[JUH;LiEJ]]H '|'.'|II‘I‘L'-|:I 'L].Lil ralk ]]EL’!‘:‘SHT“_‘,‘ COTIes ﬁ'urn LJ!'hi.L!‘l Ur(ﬁl’lﬂi[l autoror-
phism (sub)groups, For example, each configuration admits another trivial decomposition
W]’liﬁ]’[ ]]-HH LJ[I]_}" Qe dﬂL'LiI[]I]JUEiLi.IZJ]] r[l-iﬂ.-]'ila 1|ﬂr[|::l_'.-' Ll:lﬂ 'I'l-']]U]t' ‘Irll:}‘ldﬂrliﬁ 1[]-&1.-!'11; T]’liﬁ 1!‘] 1.-]]':
decomposition with r = a =1 and {};, =V and A, = B. Here, o, ; = r and 4, , = k.






