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Abstract. Up to mow, all known Stelner S-designs aee on g 4 1 polnts where g 5 3 (med 4) B a
prime pawer aned the design is admicting PELIE, 0] &= & group of antomorphisms. In ths articls we
present o Ga 86 6,1 design admitting FOL2 17 & O as & groop of antomorphisms. The design
e ndgue with this sintemarphiam group amd even Foae the commuutalior graap FELID 1T e Ty ol
this autemaorphizm growp thers axicte no further design with thess parameters. We pressnt the
imcadence marmE al -arkits and black orkata.
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1. Introduction

For a long time, the only known t<designs had § < 5 asdmibbing some group FSECE, )
as a growp of antomaorphisms, The full astomaorphism group conld be larger as in
the case of the Tamous Witt designs [21]. Assmus and Matison [2] contnboted such
designs for the cases q = 3, 48 derniving them from codes, The new designs had
valuss of A greater than 1 and in several cases consisted of jost one orbit of the group
PAL2, q). The seanch for t-designs at that thme was closely related o the search for
transitive extensions of permutation groups [14] 5o, Assmouos and Mattson pointed
ok that their new G-designs are not “orbit-designs” e, PSL(2 g) is nob transitive
on the set of blocks of the design. & few years later, Denniston [100 8], Mills [18]
Grannell, Griggs [11], constrocted Steiner Sesystems, e Sefp + 1k 1) designs.
again using some PSL(2 ) a5 a prescribed group of automorphisms  Denniston
moticedd that several orhits of the group on k-subsets had to be combined 1o obiain
sich a design Maore generally using the classification theorem of finite simple
groups Praeger and Cameron [7] showed that no block-teansitive 8-{w, &k, A} design
exista and conjectured that even no block-transitive 6-(w. & X)) design does exist.

In order to comstriet f-designs a= & combination of various arbits, Kramer and
Mesner introduced s famous method in [15]  Using this approach. the authors
developed & sofiware package DISCRETA which alresdy bed to the discovery of
seversl new f-designs with large ¢, that is. & > & (cf. [20, 6, 5])

A difficult task in fimding new f~designs by a software toal like DISCRETA still
ie to predict a group of automorphisms of the designs. In [8], all Steiner S-designs
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were on § + | points with ¢ = 3 (mod 4] and ¢ & prime power, All these designs
admit PSL(2 q) az a group of automorphisms. Denniston [10] Grannell, Griggs,
Mathon [12 13], Schmalz [19]. and Mathon [17] looked for further values of ¢ to
construct new Steiner 3-systems  In this acticle, we slightly modify the permoatation
presentation of FSL02 17) vielding an action on aset of v points, where v=1 15 not &
prime power, S0, we present s simple 3-036, 6 1) design admitting PGLIE 1T = Oy
as a group of automorphisms

The design 15 unique with this automorphism group and even for the commutator
group PSL(2 17) = fdy there is no other design with these parameters, We describe
the Steiner system as a collection of E-orbits of our given group and show the
incdence matnx betwesn faorbits and the k=orbais of the r|i.-_'¢i_gn DISCRETA shows
that there exist 3034, 6. A) designs for each value of X with 1< & < 31 [and this
preseribeed group of automorphisms).

The interested reader may consulé our WWWepage listing many f-designs espr-
cially for ¢ 2 6 and allowing to downlosd DISCRETA for varous platforms:

fatip: / Fmabhe B wni-tayreuth, de/bebien/IESTEN ST itml

2. The Group

The prescribed group of sotomorphisms G as order 9TH2 and i8 somorphic to
Porli2 17) = O% lis permutation representation is obiained by taking two copies
Xy ={L. ., 18} and Xy = {19 . ., 36} of the natural point ==t of POL(Z 1T
with the same action of this group on both sets, A permutation of order two
interchanging the corresponding points is taken as an additional generator of the
group. Thus we obtain the following presentation by generating permutations,

7=
P BN PAZI S ET S ST 25| (B IENDITINO IR0 2R VEIRD1FIL 1452
{1639){ 1634 {1 T 35]{ 1835,
(IR ASTATLE IS 16 1009 6 1 8021 35 29 3033 25 55 30 36 34 38 27 3452 ¥ 35)
(3B 14EW IO TG 1A LA ITT 15 13 1130081 206 2102 34 57 29 0306 1 35 35 39050 50 EX),
(2R4SRTAIINIL 12031415 16 17 1&)[ 2021 222334 35 26 27 38 2930 31 53 %% 4 35 34,
(THIISISEET ITA 1416 126 L0 L0 TE)] 19 21 2036000 2T 000 2595 2052 540 50 24 00 J836] )

Mate that this kind of direct prodect groups already led to other important -
designs, s Tahble |

We have first used POL(2 %) = Ty to fimd lange s=ts While in the case of an
L5[2)(t. k. w) the value of X in the (-designs is as large as possible up to complermen-
tary designs, in this article we are interested in the smallest possible valoe A = |
We have obtained some cases where A = 2 ar A is the least possible value A A 5o far
the above Steiner systam is the only one we could derive from this kind of groups
In the table, we list some parameter sets of designs stemming from varioons Kinds
af direct product groups Some of these parameter sets are new, whilst athers have
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already been found wsing groups of different. type  In this table, (M) denotes
the permuiation epresentation of the Mathisa group Ay on 12 points

Tahia |, t=[lesigne from Direct Pradect Groops

A4 Faramster Grauap Hemark
4 4-{12,5.4] AR R LD 572004, 5 1), [4]
1 He14.4.1) Hol[Dr]g % Fag [KY
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IR (B0 I0AM)  PSLI29) % Idy  LS[2]{4, 10,200, [14]
T A-(TLESIN  (PEL{ZE) x Jd;)4  LS[2)(6 9. 21), [16]
Bk i 20, 9 BRI (PSL{E9) & M |4+ LS[2)E 9 22), [16)

1 e 2 ) FPEL{2 111 % (g
1 A-{24. 8,184 I My yly & Tdy

Lt Befl 24,9, TOSOH [Mn]ultflfz

1 A 388 2] Pralife, 13)] x g
1 LSRN FUrL 2 16 = (s
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] ] 406 5) PLUE 18] & Oy
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i S B 2] PLRLUE ER) w iy
1 A BEE. 3] FrL{2. 365 x (i3
3 e ST FI'I{3 3T = 3

3. Steiner Systems with Preseribed Antomorphism Groaps

[n order to explain the choime of blocks yielding the 50366, 1) design we make
sormie remarks on the conmection between the design amd its automaorphism goowp.

Lemma 1 Let 7 be a group of aulomorpiesms of a f=(v, & 1) Siermer system D =
(¥, Bl. Then the mapprng & {1:-] = B mapping each f-subset of the underlypmg
parnt s=t Voombo e unigue biock B £ B contamming T commntas wrth the aclions
af &5 on [I':] and sn B, n porteewlar, for each T & [1':] s stabilizer Stabg (1)
s comtarned m Slabg (@7, Lhe stablizer of the block confomrmg 7. Any fuo -
subsels of o Wock B wlich ave an the same orbal ander G omust e oo the same orbal
urnder Stabg [ 5.

The G-{36 6, 1) design consisis of 15 orbits of blocks under the action of
Porli2 1T) = O, 16 s easily veryfied that for each block-oebit representative B
the sum over all [Stahg{ )| f|Stabg(T)) for T C B a representative of a Seorbit is
&, as required by the lemma. The block orbits can be classified with respect to the
afders of the stabilizers in @7, The stracture of the group action allows & relinement
by the number of points belonging to the same orbit of PGL21T)
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S0, each S-subset T intersectis the sets X and Xy in & certain number of points,
which we call £; and {3, mspectively, Any g € PGLI2 1T} C G maps thess sets of
intersection only inside X; and & € 7% C 7 may exchange both sets, Therefore, we
may take the set {£;, 12} a5 an invariant of the orbit,

4. The 5-(36, 6. 1) Design

There are 48 orbits on G-sets which are shown in the first column of Table 2, The
Steiner systermn consiste of 10 aut of 269 orbits of & on $-seis. A block of the Steiner
system can be described as a G-subset plus one additional point in the block, S0, the
first 15 rows of the table belong to S-orbit representatives which are to be extended
by one additional element to obiain the unigue block of the design that conbains
that J-set. We list the additional point in the third row at the top of the table The
remaiming G-orbats of & can be found in the following rows, The index appended
tor a B=orbit representative denotes the order of the stabalizer of that 3-subset. The
entry corresponding fo the sth arbit of Sesets and the j<th block orbit counts the
mamber of tirmes an block of that partiular orbi contains the fixed representative
of the Heorhit.

In Figure | we present graphs A. . .. H showing the sphitting of Gorbif represen-
tatives into orhits on Sesets. We get a bipartite graph with nodes corresponding
tor 3 and Georbits of the group, respectively. Here, we draw the Georbit at the top
amd the 3-orbits at the bottom. The labels ab the nodes display the stabilizer order
of ench representative in &7 Let K be a orbit representative of blocks of the de-
sign., The number of bonds reflect how many times elements of the jeorbil appear
as subsets of K [so. altogether G bonds]. The f-orbit types are indicated at the
Lyt vk

Figurs ), Splitting of Blncka intn S-Orhite
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