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Abstract
[n this short note simple 8-(40,11,1440) designs with automorphism group PSL{4,3]

are presented, The designs are constructed with the method of KRAMER and MES-
MER an a cornputer using the softwars package DISCRETA |2
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A simple £-(w kb A} design T (V.5 is a st B of k-subssta of a v-set W
such that each f-subset of V ie contained exactly A times in B. A recent
overview on existence results of f-de=sign= can be found n |G|, In this paper, we
show the existence of 3-(40,11,1440) designe with automorphism gronp A
PSL(4.3). The construction applies the method of KRaMER and MesSNER |3
using the software package DISCRETA [2]. There exist more than 100000
designs with this set of parameters and this group of automorphismes. We were
not able to copstruct all desjpns=, yet, By List |8 or Liebeck, Prasger, Saxl |7
the only overgroups of PSL{4.3) in Sy, are Ay and PGL{4.3). Both are no
automorphism groups of any 8 {40,11,1440) design. So, the full automoerphism
group of these designs 15 PSL{4,3] and the isomorphism types are the orbits
of the normalizer PGL{4,3) on the set of these designs. Since each such orbit
haz size 2, bhere exizt more than 50000 isomorphizsm types.

In a Arst step we constrocted the Kramer-Mesner matrix .-'l."ﬂ for B-[40.11.4)
designs by prescribing the group PSL{4,3) as group of antomorphisms. For
the definition of Kramer-Mesner matrices see |5.

The group PSLI4.3) of aorder G0G5280 is generated by the following permu-

tatione, which can be found in the bst presented in the CRC Handbook of
Combinatorial Desjpns [3, p. 603):

Pr‘upn'ni submijtted to Klzeyvjor f"mprfnl‘ N _!"L'!'Jru.':rl!.-' Jaag



(1357011 1315 17 1921 23 25 27 20 3] 33 35 37 30)

(24681012 14 16 18 20 22 24 26 28 30 32 34 36 38 40)
(1200264 13) (2 28 38 30 22)(3 8 30 16 32)(5 7 27 14 15)

(625 23 37 9)(10 17 11 40 35){12 34 18 24 31)(19 36 21 33 20

"This group has the following number of orbits on s-subsets of the =et W

[1,2.... 40}

] |[] 1 2 3 4 5 & 7 H 8] 10 11

#osorbits (101 1 2 4 6 12 24 53 111 263 563

Thus, the Kramer-Mesner matrix M} for 8-(40,11. A) designs has 53 rows
and 568 columns. Now, the theorem of Kramer-Mesner [3] tells that each
A-(40,11.14407 design with automorphism group ]JST-“.::‘-) corresponds to a
solution of the diophantine linear system

MA x = (A h . N where =2 {0,117, (1)

In a second step this system (1) was salved by an explicit enumeration al-
gorithm based on lattice basis reduction as deseribed in [11]. This algorithm
quickly found more than 100000 solutions. [n this note, we |jst the orbit repre-
sentatives of the first solution of (1), given by the algorithm. For each orbit we
give the lexicographically minimal representative and a subacript indicates the
stahilizer order of this set. Fach representative consists of an intervall 1, ... ¢
and some further points. Thus, only € and those further points are listed. As
an example, the full base block of the first orbit {1,2,3,4,5,6,7,8,9, 10,17},
i= represented as {., 10,17}, Its stabilizer order i= equal to 2, which means
that the length of this orbit = 6065280 /2 = 3032640,

"This design consists of 178 orbits and the number of blocks equals &
67 1GE]G0,

Finally, we give some information on intersection numbers for this specific
parameter set. Intersection numbers of desjgns can be used as & too] for clas-
sification. Il one finds different intersection numbers, 1t can be deduced that
the corresponding designs are pon-isomorphic. A more extensive treatment of
intersection numbers in that context can be found in [1].
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The base blocks of the selected 8-(40,11,1440) deslgn.
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0,17} 4.8,10,11,12) . {.7,9,13,15.198},  [.6,8,0,10,23, 31}
o1ty {L8,10,12,15  [L7608,15,. 22}, [L6,8,9,10,25 31}
Jozoy, LGB 10,1206, {78018, 15.25), {6,809, 10,29, 30}
0,35} 4,8,10,12,10 Y [, 7,9,13,15, 26}, [.6,8,9,10,30,31]
011,16}, 4.8, 10,12, 26}, [.,7,9,13,15.27},  {.,6,8,09,10,3], 32},
011,18 {.8,10,12, 34 (L 75,13,15,. 300 [.6,8,9,11,15,25]
911,200 {L B 0000422 (L9, 13,0727 {68, 0, 10,15, 26}
0,011,923, 4,810,014, 34y [, 7,9,13,17.33}  [.6,8,9,11,15 32}
11,24, {810,015, 25} (LT 913,07, 34 [L6,B, 0, 10,17, 200
LB,11,30}, {.8,00,08,26),  [.7,9.13,17.35},  [.6.8,9,11,18, 23},
LA R I 0 e [T B LAIT 3R (LA E BT TS 34
0,11, 34 ), {8, 10,17, 26}, [.7,9,13,19.27}, [, 6,8,9,11,19, 20},
0,011,837 4.,8,10,17, 30 [, 7,5,13,19.33);  [.6,8,9,11,19, 34},
012,16}, {8 10,1219} [, 70,18, 10088, L0680, 10,21, 52
0,014,017 4,8, 10,15, 16 s [L7,9,13,20,32} {L6,8,9,11,25, 31 2
0,14, 18} 4.,8,11,15.30}, [, 7,9,13,20,38}, [. 6,8 0,11 30 38},
L0, 14,28) 1.,8,10,20,21)  {.7,0.13,22,97),  [.6,8,0,11,31,32}
L1454 (LB e 2T (LT B4 18, 35 (L6 B 8, 10,31, 38 s
LB,14,368) 4.,8,14,15,33 [, 7,9,14,35,.38), [L6.8,9,12,17, 20},
015,10 {8, 14,16,20 [, 7,5, 15,16,17}; [, 6,8,9,12,21, 38},
09,1524}, .8, 14,18, 28},  [..7,9,15,16,19}, {..6,8,0,12,32 37},
L1833 {106, 27 (LT B 18 19 26) {688, 14,23, 32}
LB, 15,353} {8, 14,1727y [, 7,08.15,25 28}, {.,5,9.9.1.1,25. 6}
0,15, 39) L8, 14,19, 208, [ 7,9, 16,198,200, {..6,8,05,14,30, 37,
,0,15,30%, 1.8, 14,10, 26}, [, 70,17, 19,22},  [.6.8 0 1432 33},
016,17 e 4,8, 14,19, 28, [L6,8,9,10,10, 16} {.,6,8,9, 16,17, 20},
16,18 2 {8, 14,20, 24}, [L6,8,9. 10,11, 18}, {.,6.8,9, 16,17, 37}«
L0,17,23), 1,8, 14,20,26},  [.6,8,9.10,11,19}, {.,6,8,0,17,18, 20},
C17,35) 2 {8, 14,20,30  [L6,8,9.10,11,23}) {.,6,8,9, 17,29 34},
18, 9T g 4.,8,14,24,35) s (L 6,8,9,10,11, 31}, {..6.8,9,18,29, 34},
0,019,925, {8, 14,26, 28}, [, 6,8,9,10,12, 15}s {..6,8,5,19,21,25}a
L0103}, LL815,16,.27), [ 6,8,0,.10,12, 18}, 16,8, 10, 14,28, 32 -,
019,40 {.,8,15,16,33Y, [L6,8,910,12,23% [.6,8,11,12,19,21}y
0,020,201}, 48, 15,17, 200, [ 6,80 10,1232}, {68 11,12.19, 24}
(0,20, 34, 1.,8,15,17,33Ys [ 6,8,9,10,12, 34} [.6,10,11,14, 15,2614
,0.20,30), 1., 8,15,17.37) s [.,6,8.9,10,12 30}, [.6.10,11,14. 15,30},
(0,024,253 {.,8,15,20,37)s [ 6,8,9,10,14, 19}, [, 6,10,11,18, 19,20} 5
026,40} L,7.9.11, 13,17 [L6,8,9,10,14, 23}, {..6, 10,11, 18, 19,23},
L0,26,33}, 4,7,0.11,13,19), [ 6,8,9.10,14, 30}, {..6,10,11,18, 20,23] 5
0,97, 34}, {,7,9.11,13,27}, [.,6,8,9,10,14, 39}, . 6,8, 17,24, 27,20},
0,027,897 L7000, 14,19, [ 6,8,9,10,15, 33}, [ 6.8,19,2],28, 20},
G029 35 {7010, 15, 18 e [ 68,910, 16, 28} {6, 10, 14, 15, 16,26}
0,29,37}, {.,7.9.11, 16,28}, {..n:s:.u.m: 17,18}, §..5,8,0,16,18, 34,38} e
9,37, 39} {.:r:sa.u:n. 19t [.6,8,910,17,26%) [ 4.6,9,10,17, 18,22, 35} 108
(L7010, 19,22}, [, 6,89, 10,20, 30},



For subsets I and J of Vwith [{| = ¢ |J| =jand D <¢ 4 j < ¢ define
Aj=|{BeB|ICBEAJNE=0}

Then the intersection triangle A, ; with 0 < i+ j < ¢ for 8(40,11,1440) designs
i= the following:

ATLIEHLED ABESGEOLE 345ES163T 24BZ2a628 1T42T3 121130000 E30GOGA0 GOLES0E0 AT4SSTI0
1B4ET1244 19TS4EQES 100128104 TITOGIEY EEEOTS4E  SROAN4G0 CRETIECO | ETEIM60
ATEZEDGD  EL]TIED  2TRAI0D0 20OBO40  |SZITTE{  L1106BO0  E143500
11Z08TROD BTASIED  ER420B0 SIT]1SE 4030824 BO5IT00
423810 1552280 L=51824 lz40e7z qTTLEd
471240 EIASG BILGEE ianes
A0TEY BAOL LA ]
11880 10440
1440

For an arbitrary fixed me-subset M of ¥V the j-th irfersceiion number of
with the design T i= defined for 0 < § < i as

(M) = |{B€B||MnB| =i}

MERDELSOHN [9] gave the equations

k )
3 ("_)aj[M] = ("_‘),:L,ﬂ for allé = 0,1.... .1 (2)
— g 7
F=i

KAOnLER [4] expressed acl M), o (M), ... . o:[(M) In terms of o (M), ..

a,(M). Here, for M € B, e, e = k, KOHLER'= equations read as:

ﬂ'u[ﬂ-ilf:l = 10061704 — lﬂgl::ﬂf:] — gﬂlu[ﬂf] — A5 El[][-ﬂ-f:]
VM) = BIN00936 + Gag{ M)+ 80a(M) + 3960, (M)
2( M) = 160180020 — 36 agl M) — 315a10(M) —1540 a1, (M)
(M) = 204 B5340 + 84 ag{ M) + 720 aa( M) +3465 o1 (M)
Al M) = 150448320 —126 ag{ M) —1050a,(M) —40500,, (M) (3]
) (
) (
) (
) (

8 B BB

]

(M) = 62802432 +126 ag( M) +1008 o) (M) +4620a), (M)
(M) = 16532208 — Sdag( M) — 6300(M] —2772a, (M)
AMY = 2019600 + 36ag{ M) + 240a(M) + 990, (M)
(M) = 237600 — Dag{M) — 45a(M] — 1650

5k

£

Nate that a (M) = 1 i and anly if M is a black of the design. [(Otherwisze,
ﬂ'lll::M:] = D:]



The global intersechion numbers fJ_';”]I:D] af order 5 of the design T are:

al”(Dy: ‘{{:;,-,.. L B.e (‘f) | 1B, .0 B ,].‘

In [1] it i= shown that these glohal intersection numbers satisfy the following
aystem of equations

k . ) _
3 (‘:)ujﬂm] (:) ("‘:”) forall i — 0, 1,...
= :

which is derived from the generalized MENDELSOHN systemn [9,10]. The main
source of information on higher order intersection numbers (= [10[. For 3 = 1
these equations are exactly the equations (2). For higher values of & only the
right hand side of the systems differs. As in [3), u.[;.'nfl'a" | I IE:'IZE':I can be
expressed according to [4] and [10] in terms of fJE'I:'I|["E:I. Cae -:'.'l,_ ,li'l'?':l (note
Lhat u':'ﬂfE':l (0 for = = 1). Here, we give the equations for s = 2

al (D) = 3373 1TATAT 088720 —  all(D) -  9al2(D)
(D) = 21444 269700 D560 | f!n.‘ (DY + &0ag (D)
ol (D) = 5375 34TRAG 508400 — 36al (D) — 315al (D)
ol (D) — G8TAL 335377 020400 + 8dal (D) + 7200l (D)
ol (D) = 50486 399913 349600 —126a; (D) —1050 a5 (D)
al (D) = 21077 046762 032160 + 1264 (D) +1008a0 (D)
g (D) = SSATO1G5T2 078880 — Bday (D) — 630a); (D)
(D) BTROTTEI6 207200 4 36ay (D) + 240ai(D)
ag (D) TOETOA06 034800 —  9a, (D) —  45al (D)

For the above design, DISCRETA computed the following values:
-5.1,. [D:I 2165 140 BRERO0, uﬁ'[ﬂj A0924 g44400

These global intersection numbers |:-:'.'|. ]fi:':l u, I:'E']) can be used as a finger-
print of a design. If for two designe T, Dy

|::-’l,|:“'l|:’L"| i u'i.',;] [’L",j] 4 (ﬂg ||:'D., HII:T:I" ::I

then the designs are non-isomorphic. Among the first 400 golutions computed
by DISCRETA there are 380 different values of (u_i;’(i::;..a‘,;,’m;).

L]
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