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Abstract

The proper linear spaces on 17 pointz are classified. The computation is based on the
paramebers of the geometries and makes extensive use of tactical decompositions, A
specific one, the tactical decomposition by ordering (TDO) which has been invented
by I, Betten and M. Braun in [5] is presented in full detail, The TDO may be seen
a5 the final step of parameters of the geometries. In the current article, the authors
show how the TD can be used in order (o construct geometries, This new metbod
starts by caleulating all possible TD-schemes which the requested geometries may
have, In a second step, all peometries for a fixed TDO-scheme are constructed. This
two-step approach is a versatile tool which may be applied to other construction
problems, too. The corrent work may be seen as an extension of [3] where all linear
spaces on 12 points were classified.
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1 Introduction

A lrnear space 18 an incidence structure 5 = (V, ) with a set of points V
and a set of subsetes of V called blocks or lines B such that the following two
conditions are satisfied: Each line contains at least 2 points and each pair of
points lies on a unique line, In this article, we require the set V' to be finite and
denote the number of points by v and the number of lines (or blocks) by b. A
linear space is called proper if cach line containg at least three points and no
line has length v (the last condition just execludes the linear space consisting
of a single line of length v).
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Whereas the number of linear spaces grows rapidly with v only few of them
are proper. Ch. Pietsch showed in [16] that there are 232 929 linear spaces
on 11 points. The current authors determined the 28872973 linear spaces
on 12 points in [3]. All proper linear spaces on up to 16 points are known:
A, Brouwer (6] computed them for © < 15 and G, Heatheote |14] did the case
on 16 points. The current note handles the case v = 17,

Historically, linear spaces were studied among others by 1. Doyven who enu-
merated all linear spaces on at most % points (see [8]). The linear spaces on
10 points were enumerated independently by D, Glynn [10] and the second
author in 1990, The book by L. Batten and A. Beutelspacher [1| contains a
lot of drawings of linear spaces on small point sets.

2 Some More Notions

A linear space is called regulor if for each 7 = 2,... ¢ the number of lines
of length j through a peint p depends only on 7. We denote this number by
|p|; and call it the j-degree ([p] is the usual degree, i e., the number of lines
through p). In [2], the current authors determine the regular linear spaces on
up to 16 points with only few (but probably large) exceptional cases. In the
meantime, one open case could be settled, compare the work by A. Betten,
. Brinkmann and T. Pisanski [4]. We denote the parameters of a regular
linear space by (v] [ple, [Pla, --- o [ple) 88 introduced in [2]. We will alse eall
this the type of the regular linear space. The choice of p is irrelevant according
to the definition. Clearly, a regular linear space is proper if [pls = [pl, = 0.
So, the proper regular linear spaces can be obtained by collecting complete
subcases of the list of regular linear spaces. The number of regular linear spaces

of type (v] [plz, [Pla, -, [ple) is denoted by #(v|[ple, [pls, - . [plo) -

A linear space is an (1, 1)-design if the degree of all points equals a constant r.
H. Gropp has studied (r, 1)-designs with at most 12 points in [13]. From

ol = jf_:'p];-

we get that a regular linear space i8 also an (r, 1)-design (the terms on the
right are independent of the choloe of p 80 is the term on the left).

Fundamental is the notion of a configuration. A configuration of type v.be
{or: (v, bx)) is an incidence geometry on v points with b blocks of size k such
that each point has degree r and each pair of points is contained in at most
one block. A configuration with v = b (and hence also r = k because of the
well-known equation vr = kb for configurations) is called symmetric. In this



case, the type is simply indicated by ©,. The notions of regular linear spaces
and configurations meet sometimes. For example, a configuration 163 is also a
regular linear space with parameters (16[72, 16). This is due to the fact that
a configuration can be embedded uniquely into & linear space by adding lines
of length two: if a pair of pointa is not yet joined in the configuration, join
it by a 2-line., The totality of all these additional 2-lines forms a graph, the
configuration graph, This graph is regular and its degree is called the deficiency
of the configuration {compare Gropp [12]).

Table 1 shows the numbers of linear spaces known so far. The number 3,004,881
of spaces of type (16|72, 16) is taken from [4]. The sequence of numbers of non-
isomorphic linear spaces and proper linear spaces is contained in the article
of H.-D. Gronau, R. Mullin and Ch. Pietach in the Handbook of Combinato-
rial Designs [11]. The number of proper linear spaces on 17 points is new

Table 1
Mumbers of Linear Spaces

proper
v total | proper regular regular
2 1 0 1 0
3 2 0 2 0
4 4 i 2 Lk
3 3 0 2 0
6 1 0 4 0
T 24 1 i 1
& G9 0 4 0
9 354 1 ! 1
1) b2 1 14 Lh
11 232,029 1 33 (0
12 || 28,872,973 B LR 3
13 7 241 4
14 1 22 192 ]
15 114 245,773+ # (15]15,30) Ed

+ # (1530, 25)
+ # (1545, 20)

16 398 | 3306477+ # (16]24,32) 25
17 161,425 Lk




and will be presented in more detail in Section 7. The following cases of
regular linear spaces on 15 and 16 points, which are in fact configurations
are still open: (15|15, 30)=156304, (15]30, 25)=15525;, (15/45, 20)=15,420y and
(16)24, 32)=165324.

3 Tactical Decompositions of Finite Incidence Structures

The kind of geometries we are interested in is a very general class of species.
Dembowski in his influential book [7, Section 1.1] defined parameters of inci-
dence geometries according to regularity conditions (H.m) and {F.n). These
conditions ensure that the number of points which are common to m blocks
(or the number of blocks which all contain n fixed points) is nonzero and does
not depend on the choice of the m-subset of blocks [or n-subset of points).
Thus, (R.0) and (R.0) are equivalent to V # ® and 5 # @. (R.1) means that
all blocks are non-empty and have the same size. (H.1) means that all points
have the same nonzero degree, Dembowski introduces integers s and ¢ and calls
(&,1) the type of the incidence geometry. The integers s and ¢ shall be maximal
with the property that (R.1),...,(R.5) and (R.1),...,(R.t) are satisfied but
(R.s+ 1) and (K.t + 1) are violated. In this notation, a t-design which is not
a [t + 1)=design is exactly an incidence geometrv of tvpe (1,1t). He shows that
up to duality t-designs with large { are of particular interest.

By definition, & linear space satisfies (R.0) and (R.0). As each pair of points
is contained in exactly one block, (R.2) is fulfilled, too. But without (f.1) we
only have the type (0, 0) for linear spaces in general. We may get (00, 2) if every
point 18 contained in the same number of blocks which is true for (r, 1)-designs.
If in addition all blocks have the same size, we get the type (1,2) and this
leads to 2-design. Note that even the type (2, 2) is possible: In this case, the
linear space 8 a symmetric design with A =1, i. e., a projective plane.

Let us hegin with some introductory remarks on tactical decompositions and
applications on proper linear spaces,

Let V = {pi,... ,0x} be the set of points and B = {B,,..., By} be the set of
blocks of a finite incidence structure 5 = (V, B). For a finite set M we call any
decomposition of M into disjoint subsets Py, ... , Fy such that M = L
a set partibion of M and write P F M., A decomposition of the incidence
structure 5 is a set partition P = (P, ..., F;) F V together with another set
partition (@ = ((y,...,0y) F B, Moreover, the decomposition is said to be
point-tactical if for any § < g and any § < h the number

a; = {Be@|peBY (1)

is independent of the choice of the point p € F; (thus, the number depends only



on { and 7 and — clearly — the decompositions P and ). The decomposition
is block-tactical if for any 1 < g and any 7 < h the number

&i = Hpe F|pe B} (2)

is independent of the chowee of B € ¢y, A decompoesition which is both, point-
and block-tactical is simply called faectical In this case we get two integral
matrices A = (ayy) and B = (&) describing the decomposition. Together
with the sizes of the point- and block-classes ([P, ..., [Fgl), ([&h], -0 o [@al)s
we call this the scheme of the decomposition. For a tactical decomposition,
the equation

|Bi| - a5 = Big - |G (3)
holds for all i =1,....9,.=1,... k.

A trivigd decomposifion is obtained by the discrete partition of points and
blocks, where each point and block forms a class of its own. In this case, the
numbers above coincide and we get oy ; = & ; = myy where my; is the (2, j]-th
entry of the 0/ 1-incidence matrix, which is 1 if and only if i € H; holds. We
call this the discrete decomposition.

Another trivial decomposition exists for any incidence geometry S5 = (V, B).
Weput g =h=1with F, =V and , = B and obtain the decomposition
P = (F) of points and ) = ((} ) of lines, This decomposition is tactical if and
anly if the column and row sums of the incidence matrix are constants, usually
denoted by & and r, respectively. In this case, the decomposition schemes are

(4)

where we indicate in the top left position which kind of numbers is contained
in the scheme. We call this last decomposition the all-in-one decomposifion.

In the sequel, we will often show incidence matrices for proper linear spaces. As
such a matrix is not unigue we will always show canonical incidence mafrices
for the geometries, This means that a specific permutation of points and blocks
iz applied which takes the incidence matriz into its column-lexicopraphic
maximal form.

Example 1 The smallest proper linear space is the configuration 75, the
projective plane of order 2 (which has an automorphism group of order 168). In
Figure 1, we have the famous picture of this plane together with the canonical
incidence matrix and the all-in-one decomposition. &

Example 2 As there is no proper linear space on 8 points the next example
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Fig. 1. The Fano-Plane

is the unique one on 9 points, It is better known as the affine plane of order 3
and has an automorphism group of order 432, This proper linear space is also
a configuration 9412, and we have the all-in-one decomposition in this case
as well. In Figure 2, we show a drawing together with the incidence matrix
and the decomposition schemes, Clearly, 3, = [Py co, /|Gh| =9-4/12=13
according to Equation (3). @
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Fig. 2. The Affine Plane of Order 3

In the following, we will make use of tactical decompositions of all kinds, in
particular those which are point-tactical, but not block-tactical {or the other
way round). We also need the well-known ordering of set partitions, Therefore,
let P, P'+ M be two partitions of M as a set with P = (P, Py, ..., F;) and
F'= (P, F;, ... F,) and put

P<P e ¥i=1..,9g33<h: FCF,. )

We call P a refinernent of P as the classes of P are uniong of complete
classes of P. We also say that P' is coarser than P. It can be shown that this
ordering gives a lattice of sef partitions. For anv two set partitions P, P - M,
the infimum P A P is formed by the non-empty intersections of the classes of
P with the classes of P’ and the supremum P v P is the finest set partition
of M whose clagses can all be written as unions of whole classes of P and of
whaole classes of P,






