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Abslract

Kramer-Mesner matrices have been uwsed as a powerful tool to construct #-designs.
In this paper we construct Kramer-Mesner matrices for fixed values of k and ¢ in
which the enfries are polynomials in n the number of vertices of the underlying
graph. From this we obtain an elementary proof that with a few exceptions SE' iz a
maximal subgroup of S[’SJ or A[;}. We also show that there are only finitely many
graphical incomplete &, &, A) designs for fixed values of 2 < £ and k at least in the
cases E =4+ 1, =3, and 2 < ¢ < Kk < 6, All graphical f-designs are determined
by the program DISCRETA for various small parameters. Most parameter sete are
new for graphical designs, some also for general simple t-designs. The largest value
of t for which graphical designs were found is £ = 5 Some of the smaller designs
which are block transitive are drawn as graphs.
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1 Introdiuction

Consider the action of the symmetric group S, on the set V = [:ir} where

X ={1.2,..- n}. This defines an embedding of 5, into S[ﬁj with image group
H
S Any subser K of 1 can be considered as a labelled graph with edge set
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K and vertex set X. The orbits of S on 2 are just the isomorphism classes
of graphs and thus such an orbit can be described by drawing an unlabelled
graph. If a collection of these orbits for a fixed k& forms a &-design then this
design is called a graphical design {on n points).

We give appropriate collections of isomorphism classes of graphs such that
the resulting collections of subsets of V' form a t-design. The condition for a
design that each t-subset of V7 be contained in the same number A of blocks
in this context means that each labelled graph T with ¢ edges and vertex set
X occurs exactly A times as a subgraph in the selected collection of labelled
graphs, We don't allow a multiple occurrence of the same graph, i.e. we only
congider simple designs. Usually, we also are not interested in the complete
design consisting of all graphs with & edges or the empty design. So, without
explicit mentioning we mean by a design an incomplete non-empty design.

There are a few papers considering this special kind of designs. It seems that
W. 0. Alltop [1] first constructed graphical 2-((3), k, A)-designs, where K is
the set of edges of a cvcle of length kand n =2 = £ — 3.

Chir approach uses Kramer-Mesner matrices which are named after an in-
fluential paper [17]. In fact, the method is a systematic version of finding a
tactical decomposition of a structure by means of the antomorphism group of
the structure. Similar approaches have a long history which we do not want
to trace back here. We only report that in the early 70's M. H. Klin [15]
already used Kramer-Mesner matrices (as they are called now) with polyno-
mial entries to describe graphical 2- and 3-designs for showing that S/ is a
maximal subgroup of 5[;] with only a few small exceptions. A new version of

this result is part of the present paper. Besides the note [14] with the finite-
ness theorem which was published in a local journal not known even in the
former USSR his results never were published. A similar approach of poly-
nomial matrices for another class of groups can alse be found in the report
of L. H. M. E. Driessen [11]. Moreover, Driessen gave graphical 3-(10,5, 6),
3-(10,4,1), and 3-(15, 5, 30) designs. In [3], Chee also shows 3 Kramer-Mesner
matrices with polynomial entries for graphical f-designs. Only, there is no
indication in that paper how these matrices can be found,

Important contributions to the theory of graphical designs were made by L. G,
Chouinard II, E. 8. Kramer, and D.L. Kreher [9], who determined the graphical
designs for A =1,2.

P. J. Cameron and C. E. Praeger |4, example 1.4), obtain a flag-transitive
graphical 2-(78,15, A} design from the Petersen graph, enlarged by 3 isolated
vertices. Two further examples for graphical designs have been published by
E. 5. Kramer [16] and Y. M. Chee [T]. Kramer’s design has parameters 3-
(21,5, 3) and Chee's design has parameters 3-(28, 5, 30). Additional material



has been reported by Y. M. Chee [8].

Starting from Alltop’s approach [1] we show how polynomial Kramer-Mesner
matrices can be obtained. We use our program DISCRETA to construct such
matrices for smaller cases, The graphical designs cbtained for 2-(v, 3, A) and
3-(v,4,A) are used in an elementary way to determine all overgroups of S
in S[;] following Klin [14,15]. Nowadays this result can also be obtained from

the classification of finite simple groups [20],

From the polvnomial Kramer-Mesner matrices we obtain some results on
graphical designs for infinitely manv parameter sets, It was known that cthere
exigt only fAnitely many graphical designs with parameter sets of type 2-
(v, 3, A), 2-[2,4, A), 3-(v, 4, A), and none for 4-(v, 5, A), (8], [6]. We show that
there is also no graphical 5-(v, 6, A) design and, more generally, for each k there
exist only finitely many graphical (v, &, A) designs in each of the following
CASES:

w k=141,
o f=12
o 2 kB,

The proofl leads to conjecture that such a Aniteness result might hold for
all fixed pairs (f, k). Then, there would exist only sporadic graphical designs
for these parameters. We thus determine many such sporadic designs and,
surprisingly, find examples even for £ = 5. The results are reported in two
tables in Section 6.

2  Preliminaries
If X is any finite set and & a natural number then
(3)={K | K c X,|K| =k},

X#:{EI]|I21"'1I].'::I -‘:ICI Fﬂl’.l?l.ll 'I:}_
A tuple (zy,23,...,24) € X* is injective if all components are pairwise differ-
ent. We denote

Xk ={lz1.22,..., 3} | (1, 73,..., 7)) injective tuple from X*},

Let & be a group acting on X. In particular, there is always the full symmetric
group S(X) on X. We denote the image of ¥ € X under g € & by x9. Then



{7 also acts on {f:} by K¥ = {27 | r € K} for K € {':}, and on X* by
(Ta, T2, ..., 7e)? = (xf, 28, ..., 2} for (1, 7a,...,7) € X* We denote by G
the permutation group induced by ' on [:ﬂ Especially we will use this for
G = Sy, the symmetric group on {1,2,...,n}. A, is the alternating group on
11,2,...,n}.

The set Xﬁj i closed under 7, since each g € 7 acts as a bijective function
on X, Therefore we have a mapping

:,g:xj‘lf.u ' :-[:i}:{.‘q,:r:g:...::;k]l O E TR ST Y |

which commutes with the action of . We denote by & -orbits and kyy-orbits

the respective orbits of G on X2, and {f} Usunally kyy-orbits are also denoted
a8 k-orbits. We will follow this convention when no misunderstanding is likely.

A kp-orbit @ of injective k-tuples is fefally symmetric, if with each
(Zy, T3y 2g) € P also each (E4e, 250,..., 20+ ) € ¢ for each permutation
w of the k components. Thus, for a totally symmetric kp-orbit @ we have
|| = kI |wi{®)].

Fora K € [::::I the setwise stabilizer of K in & is
Neg(K)={g |geG forallz € K 2% € K},

It is clear that Ng, (K) = Auf(l"), where Aut([") is the automorphism group
of a graph ' = (X, K'). We also call this the normalizer of K in . Then the
pointwise stabilizer of K in & is

ColK)=1{g|g¢e G for all x € K 2% = x}.

We also call this the certralizer of K in . The centralizer of K is just the
kernel of the permutation representation of Ng(K') defined by the restriction
of the action to K. @ is totally symmetric if and only if for each K £ &
Neg(K)/Cp(K) = 5. G is called k-transitive (or simply k-transitive), if
there exists only one ky-orbit. If (7 is k;-transitive but not (k+ 1)-transitive
then & is called eractly ky-transitive. & is called k-homogeneous if there exists
only one kjp-orbit.

Remark: Do not mix the notation of an exactly &j-transitive permutation
group with that of a sharply kj-transitive permutation group (the latter is
defined, e. g., in [10], p.210),

For £ = 2 a simple t-(v, &k, A) design [ defined on a set V' with |[V|=v iz a
set of blocks B © (::] such that each T € (';]I is contained in exactly A blocks



of D. The maximal value of A is (}7}). A design with this value of A is called
the complete design, otherwise it 18 an incomplete design. The trivial design
consists of no blocks. If A is just half of the maximal value, the design is called
& halving of the complete design. Generally, the k-subsets not in a design D
also form a design, called the complementary design 1) of [,

For the rest of the paper we denote X = {1,2,...,n} for some n € N, and
V= [:“:f} A subset B C V is considered as the set of edges of an undirected
graph with vertex set X. A graphical i-(v, &, A} design [7 i3 a simple (v, &, A)
design admitting .S'If] as a group of automorphisms.

3 Polynomial Kramer-Mesner matrices

A group A of automorphisms of a design I, or more exactly a subgroup A of
the antomorphism group of a i-(v, k, A) design [ acting on the point set 1V
has orbits on the set of blocks of the design. Thus, the design is a collection
of A-orbits on {U If a t-subset T is contained in m(T, K*) elements of the

orbit K4 of K € I::]I then also each T for @ & A is contained in the same

number of elements of that orbit. For a collection of A-orbita on (;:] one only
has to test for a set of representatives of the t-orbits if they appear in exactly
A elements of the selected orbits, This observation has been formalized by
kramer and Mesner [1?:-

Theorem 1 {Kramer, Mesner 1976) A t-(v, k, A) design exmists with A < 5,
as a group of automorphisms if and only if there is a {0,1}-solution vector u
fo the diophantine sysfem of equations

Zm{fﬂ-, Kj'f"]uj = A
3

where the T; and the K run through o system of representafives of the £-orbits
and k-orbits of A, respectively.

If only one k-orbit already forms a design, Le. u has only one nonzero entry, the
design is called block-transitive. In this paper we consider the case of 4 = S:'
where V' = g’:} for X ={1,2,...,n}. These designs are graphical, since they
can be visualized by graphs. We give an example of a block-transitive graphical
2-(10,4,2) design, which is taken from [9).

(=11



Each pair of edges of the complete labelled graph on 5 vertices appears exactly
twice in the following 15-element set of graphs with 4 vertices.
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Under the action of Sfl on the set of labelled graphs on 5 vertices the shown
graphs form one orbit. This is therefore just an isomorphism class of graphs
which can be represented by an unlabelled graph.

o

V7

If a graphical design is formed by more than one orbit we have to draw a graph
for each orbit, A first example of this kind has been attributed to R, M. Wilson
by Kramer and Mesner [17|. It has the parameters 3-(10,4,1} and is shown in
the next figure. We denote this design by D(3, 4).

The 3-(10,4, 1) design (3, 4)
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The design £{3,4) and some other cases appear in 3] and [21| as a nice
illustration of the notion of a design. Further examples can be found in Hand-
book of Combinatorial designs (8] or be constructed by DISCRETA. We have
listedd many such designs in Section 6. These usually have so many orbits that
drawing the graphs is not feasible.







