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ABSTRACT

The 23,872,973 linear apaces on 12 polnts are constrocted, The parametsrs of
the geometriss play an important rola. In ordar to maks ganeration aasy. we
oonstenct possible peramater sets for geometries first. (poraly algeabraically).
A fterwmrds. the corresponding genmetrios are trisd to constroct. We define
line: types, point types. point cases and also refined line types. These are the
first three steps of & genecal decom position according to the paramesters which
wa sl T, The depth of parameter precalenlation ean ba varied, therahy
obtaining a handy toosl to react in o Hexible way to difforent geades of difficulty
af the problem.  © (Yooar) Johm Wilsy L& Sonsz, Ime.

Kegwarda: linear apase, porameters, finite incidenne geometries, tactical desompositian,
Tk decampositian, Thaphartine equations
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L. INTRODUCTION

A linear space P on v points is a collection B = {By. . .. Bo} of subsets of P
called ocks {or lines) such that every block has ab least two points and each pair
of points is contained in exactly one block.

If & point p & P is conbained 10 a block B € B we also say that *p hies on B
or “B passes through p” or “p and B are incident.” The number of lines passing
through a fixed point pis called the degree, denoted by [p]. The number of lines of
|i.-.n51|'| j rnlmins Ihrnugh i 15 called the _F-ufﬁi'rm-.. [,F].:‘ for short. A sysbarm af hlocks
which satisfies the modified axioms such that each line has at least two points and
any pair of points s contaimed in al most one block = called & prelimear space

Usually. such & st of points together with a distinguished set of subsets is called
mncadence geametry A priorl, all points are equal and so there 15 2 notion of egquiv
alence {called isomorphism) which comes from exchanging points. To be preciss,
two such geometries are somorphic if and only if one can be obtained from the
ather by a bijective map of the points which pressrves ineidencess, The isomoe-
phisms of a space with itsell form a groap. the aulemorplism group When we
speak about equal or different. linear spaces we mean somorphic or mon-isomorphie
omes respectively

Sometimes, we also need the nobtion of the dual geometry. 1 can be obtaimed by
reversing, Lhe roles of points and blocks and keeping the relation of inadence The
dual of the dual i= always isomorphic to the original space The dual of a linear
space & only a prelinear apace, in general. (ften one s interssted in obtaining a
complete sef of (different) linear spaces on a given oumber of points. Let LIN{v]
be tlee number of elements nswch a list. For our porposes 36 s important o verify
that such a list of linear spaces on v points s both complele and arredundand, tat
15 no apace is missing amd all spaces in the lst are pairwise differsnt.

The linear spaces on very few poinis are easily hsted; on the ampiy sef, there 15
cane mpace conatsting of oo blocks, O oa single point, there s again one space with
o Blocks, Chnoa bwoepaint set there s one linear space formed by a single 2-line
Juining botl points On three poiots there are two different spaces. The fimst one
s lime of lengtl 3 joining all the points The other one has three 2-lines forming
a triangle COn four points there are tlhires spaces: one d-live a 3-line and thres
Z-lines and six Zlines, So, LIN(e) = L L L2 3 for 0 < v < 4.

Often one visualizes & linear space by dreawing the blocks as lines and the points
as modes in the plane, Sometimes it s necessary not just o deaw steaight lines bt
o allow alss arcs amd cincles for the blodks, Inoa lod of cases. varioos 2-lines are
camitbed Troom the drawing becanse they are redundant [one can always reconstruet
the two-lines if they are lefi out). Figure | shows all linear spaces on five painis

An mcrdence malrir of a geometry (linear space] 15 the 0, lematrix M = [myy)
of size v x b with my; = 1if and only if point o, 7 les on line 7. that s, pyoand By
are incident. For aesthetic reasons however, we replace ones by litile boxes in the
drawings of this article. An empty square stands for a 0. that §s. a sonscidencs.
Figure 2 shows incidence matrices of all loear spacs on five points, Ineidemes
matrices are a handy tool for putting linear spacss on a computer. Butl one s Taced
with the problem that there can exist different incidence matricss for one and the
same space. Namely permuting rows and columns of & given incidence matrix does
ot change the space but often leads to other incidence matrices. It is therefors
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Fl&. 1. The Linear 3paces on Five Points

useful to introduce so-called canenical soeidence malrices. Such 8 matrix is delined
tx be the lexicographically least representative among all the incidence matrices of
a given space The canonical form i= unigque and there exist algorithms to computs
it
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1.1 Historical Motes

The systematic enumeration {and construction) of linear spaces has been started
by Dhoyen [| |] in 1967 He constructed linear spaces on wp to % poants. [ took mors
than 20 FEArS wntil 3. Betten and . [1'|_l,rn11 combimaed in 1SS0 and |'.n1'||p|||:1.-.r| the
5350 hnear spaces on 1 points [il‘ltll‘:]'ll‘:ﬂl!']l'.l‘ltl_"']. The next step was the compoiadion
aof linear spaces on 11 points: 1) Betten and M. Braoan [5] invented the “TO7
I'I'II'.|.|'I!'.II'I 'H'I'III'.I'I ;H TIIH.iI'I.I!‘l Al I]Emithﬂl I'n-r 1:I'ITII|'HI|iI'IE E S El'llf!ll'l il'l'l:'?luri.?l.l'" |mﬂf1|| ‘I'n'r
a preclassification of the geometries Withow the wse of isomorphism lesis they
were alle to give a lower bound for the nombser of linear spaces on 1] poinis. As
a matter of fact, there wers only six spaces more namely 22 920, as compuoted
indepandant]ly by Ch. Pietsch [lﬁ] and [} Beiten together with 0. Kuolse  The
book of L. Batten and & Beotelspacher '|' containg a lob of drawings of linear
spaces o0 small point sets,

Sometimes, linear spaces with certain properties are studied. For example. a
linear space is called propar if it does not contain 2-lines. The proper linear spaces
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com up to 15 points are constrocted by Browwer ['u'"] The proper linear spaces on
1 poinis are also known (of (. Heatheoie [|.-'1]:I Recently. the current anthors
determined the proper linear spaces on 17 points [4].

Caming and Mischke [49] look predominantly at linear spaces where all lines have
the same length and which have an astomorphism group transitive on lines {and
imprimitive on poinks) SGropp 1.3 stcies [:I", I]-Hﬂignu which are linear spaces
whose poinis all have -r]l-.grm r.

Apcther important elass of linear spaces iz the following & linear space is called
regidar if the j-degree of a point depends only on § {and not on the point). In other
words: the j-degrees are all equal in the spaee Tn this case. pesiriction to the lines
of length j gives & configuration for each j. In [2], the current authors determine
all regular linear spaces on up to 16 points {with only few exceptional cases),

The sequence LIN{v). is contained twice in the CRC Handbook of Combinato-
rial Designa [10]. There is a general section aboat “pairwise balancesd designs as
linear spaces™ which is dus to H -D. Gronao, R.C. Mullin and Ch. Pietseh [12] and

a seciion aboul classical geometries by A, Beatelspacher which containg a short
passage on linear spaces [6]

1.2 The Plan of This Article

The general strategy for this article = the following In order to compute linear
spaces we start with the parameters of EmmrﬂTiH. By parameiers we mean for
instance the distribation of lines of differeni ||-.n51|'| in e geomekry |Im-:r Section 'l.::l
Hut we will g further and consider also finer parameters. We call them parameters
ol I'IiEI'H.'.r kind and they cam be sither poant or line parameters. Point types, for
instance. specily the number of lines of any Ei'-'\-.-.n 1nnEth puxinE I:|'|rn-1|_E|'| a fimed
podnt. These point types may ocear with different muoltiplicities in ihe space and
the distribution of point types is called point case (see Section 3 ) We will also
inbrodduwce refined line cases which describe ow the points of different type are
lescated om tle lines of different lengih, This will be done wsing a lot of examples
i Seciion 4.

Frecaloulating parameters up to & cortain step proves o be useful with respect
to eome important points; Fiest, the generation of spaces becomes easier if much
about the parameters is known, Strictly speaking generation means the process of
computing certain 0 l-matrices which serve as incidence matrices for spaces of that
tvpe. Generation 1= done by I::l]-ﬁnﬂ mbo account several constrainis: wsuaally, the
TTFW H.I'II:I i.'.l!'.IIIITIII'I == I'nr 1|'Iﬂ¢.'. sl r-ll'.iﬂli e FH'HIP.'FII'IH':I !;!'.II'I'H.'J II'I'IH'. CHEIE I'Il.'d SV
TTiCETE 11l.l'rli'.|_"' 1|'I¢'.n.'. may I'II'. A ﬁm-.r '|'.|an iﬁl‘lﬂil‘lE n-‘f TawW= I.I'II:I m|||rr|nu l.11l!'] I I'II': n1|m]'.||=.'r
n-f' il'li.'.ilill'.l'llﬂ i!i 1:I'II1I'11 'H';tl'liﬂ tI'II'. Areas I'Il:| |]1i5li Hm:nrrlrﬁm'-ninn. Mﬂn‘.’l'l'l’ET. NN ImAay
always assume Lhat within each part of such a partition of poings (or '|'.||n|'.|u::| all ifhe
WS I:ur codurmns, reapectively] are sorted lexicographically decreasing. Proceeding
i this way one may reduce the pomber of possible matrices considerably inoa lod
Url_'-ﬂ.‘l'-"'_"lﬂ. A !'I-H'JGJI:ITJ I:I:IH:J.UF IJEHEFI': j-ILhIII. I.L"I:iIIH IJE‘:IJJIL'.EEI-it]IJI:IE'I- i.H |]LH||. T_'HI:IUIIi.G:HJ EIJI.'I:I:IE'I-
can often be sasier computed wsing them, The classes of o decomposition give o sort
of precoloring of elements and these colors have to be respacted during the seanch
for canonical forms, A coloring s good if it has & lot of different eolors and in this
case Lhe search for the canonical form = simplified Third it is & priori clear that
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spaces with different parameter sets are not somorphie. Therefore, approdimation
via the parameters will break the probdem up into a ot of small piecss which can
be handled independently and more easily.

We should also mention possible drawbacks of this method: Clearly, there iz a
certain amount of overhead in computing parameters, The computation may take
a while and not each parameter case iz realizable as a linear space  Therefore, we
will develop various tesiz for realizability in the sequel. These tesis are able to
reduce the amount of cases considerably, 16 is also advisable io allow vanation
in the depth of parameter precaloulation, Some cases are easier o handle than
others with respect {0 generation purposes, Thus, only few parameters should be
computed in general, Bub there exist hard cases and it showed to be useful o
apply deeper parameter calculations for them. S0 parameter caloulation provides
a handy tool for adapting io different grades of difficulty of the problem, One
is able to react in & flexible way by choosing an appropriate depth of parameter
precalculation.

Section 3 displays our resulis. For v = T-12 the number of linear spaces 15
shown acrording to the line type.

IE should be remarked that the method of parameter precaleulation really anti-
cipates the so-called TDO process (of. [5] or [3]) during classification of geormetries
This means that for any geometry belonging to a fixed parameter set of kind one
two or thres, computing TDCY reveals exacily these parameters in the first three
sleps, Bometimes these parameters already coincide with the TDO {we will see an
example of this case in Section 4.2) (Mberwise we gel al least an approximation
of the T which is still wseful. This i= an approximation from the top so the
TIMD iz always a refinement of the decompositions obtained from the fist few
parameter cases, The parameter precaleulation can be extended to arbiteary depths
in principle. For instance, it is possible to compite the complete TDO on & purely
algebraical basis without handling with incidence matrices The TDO is the final
siage of all parameter precaleulations. There is no further refinement possible due
tor the fact that it is factical  The TDO-decomposition s eham clereatse in the sense
that the automorphism group respects the classes, Howewer, it may ocour that the
orbits of the awtomorphism group are indesd strictly finer than the TDO,

Recently, the method of parameter precaleulation has been applied inoits full
generality going as far as computing TDO-parameters in all cases This means that
there was no fixed limit in the depth of parameters and that the program was able
tor iy a quite general step of parameter refinement which generalizes the methods
presentad here. Howsver for the baginning it ssems to be of great help to start with
sovmie explicit parameter casss bafore going further. The corrent. anthors determined
the proper linear spaces on 17 points using this more general approach [4]

2. PARAMETERS OF THE FIRST KIND

Let (P B) be a linear space on o points, Define

a; = ¢ lines of lengihiin (P &), (1)

The vector & = {ag. ag. ..., 4, ] is called the fine fype of the space [P, B]. Line types
are also called paramelers of the firsl kind of the geomeiry Often, it is convenient
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for ddenote line types in exponential notation, that is. (277, 3% o™} Exponents
I may not be explicitly written, terms with exponent 0 are leflt out. For sake of
brevity, ane may even omit the 2-lines. They are redundant and one can computa
their number from the rest as we will see soon

Example: The linear spaces on five points have the following line cases:
] [24.‘1]. I:_.E" 41, |:'3"' a. [Ell::l.

Ome can visualzs the distinction between lines of different l=ngth in the incidenes
matrix by introducing bold lines a= in Figure 3 Thus we gei a partitioning of the
hlnck set inbo classes, We will also partition the point s=t 10 a like manner  We
call sweh partitionings of points and for blocks decompositions They can be sither
poamt= or hlodk-tactical or even both This means that the number of inodences
of one representative of a given point- (ock-) class with all elements of a given
block- [poini-) class = independent of the choice of that particular repressatative,
The decompesations which we are working with are not always tactical. As our
partitions come from structural data of the space. the group of astomorphisms
will respact them. In otler words there s mo aotomorphizm @ semding a line
aof ome type to a line of anobther type (and no point of one type may be mapped
onto a point of ancther type) In [3], such & partitioning is called a characteristic
decampasrtion. Throughouat this article. bald lines in incidence matrices indicats
chararteristic decompositions

] |:||:|I 0 | o Emin

o D] T | e

FIL:. 3. Linear Spaces an Five Paints with Lilfereat Lengih Lanes Sepacated

olo|

So. the limear spaces on five points can be distinguished by their line type This
i5 no longer trae for the spaces on six ponts (cf Fig. 4). Table | shows the (aumber
af | linear spaces on 6 points by their line type There are ten geonsetries. the lins
type (37) is realized twice (no. 7 and 8 in Fig. 4). Clearly. the two geometries are
nonissmorphie as the first one has a point of intersection of the two 3-lines whereas
the other one does not have such a point.,

TABLE I. Limsar Spaces on & Pointe by Line Typas

Lime Clase fElian Line Case #{:'m
1: (6] 1 CERE 1
T (2% ) i TR A i
& ad [ A& (A 1
£ ("4 1 @ (2" a 1
5 (A% 0 i 2% i

Tatal: 10
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Fl{z. 4, The Linear Spaces on Six Faints, Incidence Matricss by Leaving Cae The TaneLinss

[ the following, we will b= concerned with a parely algebraic task of precom-
puting line types. Afterwards some geometric plausibility considerations are made
which reduce the amount of cases to consider drastically.

As each e line joins [:,::I peairs of points and as each pair of points in P s joined

£4() - ()

2.1 The de Brujin § Erdis Test

by exactly one line we get

Not all line types which fulfil {2} can be pealized.  For instance. we saw already
that thers s mo linear spacss aon six points with five 3-lines It is & challenge to
precompuie putative paramster sets in such a way that the probability that thess
rets are realizable as linear spaces is high.

The following important theorem is & first step in that direction

Theorem 2.1 ({De Brujin, Erdos [8]).  Let P = (V. B} be a linear space. If B
s different from the ine of length v hen b 2> o holds.

The theorem of de Brojin and Erdos gives even more but we nesd only this par
We dedues that there cannod be a linear space on six points with only five lines,

Thers are a bot of proofi of the theorsm of de Brojin and Erdos some of which
came up recently, Probably the most beautiful one is due to Conway  See Metach [15]
or van Lint and Wilson [19] for more,






