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ABSTRACT

We describe a computer asarch for the constroction of simple design=s with
prescribad anlsmorphizm groups,. Using our program package DISCRETA
thia search wields designe with parameter setas 7-(33, 8, 100, 7-(237, 9, 60), 7-
(6,9, 4) for A = 54,63 81, T-(26, 8, 6, T-(26,9 &) for A = 45, 54,72, T7-
(24,9, 4) for A = 40,48, 64, 7-(24, 8, 4) for A = 4,5,6,7,8, 6-{25.8, A} for
A = #6435, 54, 63, T2, 81, 6=({24, 8, &) for & = 3,40, 54, 63, T2, S=(10. 6. 4], amd
G-( 19, 6, 6), Inseveral of these cases we are able to decermine the sxact number

of isomorphism types of designe with that prescribed antomorphism group. o
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Reymorde: b-deiign, Kmmer- Megner method, idamarpheem prabilem

L INTRODUCTIONMN

Simple t={u i .l_:l r|i.~5:igm| which are consirocted via |nrn_|\-e'. sedn tend io have |nrn_;ve‘.
parameters, ai least for ¢ = 3 ['.t-"j-] Im 14984 5. 8 :'I.l:-q“'.n.-.rm-: and Th W, Lewws
1hd [‘JI_I: presented the frsh simple I':i--:|H1E1|:-: which were found ||5-i1|g a presri bed
Frop al automorphisms. They emploved 2 method of Kramer and Mesper [|:'I-]
wharh constructs the set of blocks of the Hi.-.xign as a union af orbats of a prescribed
group on sets, In contrast o the method of large sets. the designs found with a
prescribsed group temd to bave sinall parameters. Sinee then, several oiher G-designs
hawe been found the Kramer-Mesner method, In many cases  also the number of
isomorphism types of designs with prescribed antomorphism group could be deter-
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rimesd le. Id. 18, 4. 21. Eﬂj. A survey on the search for d=designs with small o
15 contained in the adicle of O L Kreher in the CRO-Handbook of Combinato-
rial Designs [3] Further resulis are reporied by the fist author on his homepage
http: /fvew. matheZ. oni-bayrenth. de/betten/OESIGN/AL . html. Using some re-
fined methods for constructing Keamer-Mesner matrices and solving large systems
of Diophantine linear equations T-designs with parameters 7-(33 8 10} and pre-
eeribed group of automorphisms PILZ, 32} could be found by the end of 1994
[4] At that time. B [}, McKay noticed that there exist thousands of such designes
and estimated & tobal of abowt & million designs of this type, Meanwhile, the third
author could completely settle the existence question using refined fechniques for
enumerating designs (cf, [27]). He was able to enumerate all 4 996 43 designe of
that iype which = surprisingly close to the estimated numbser, The full set of de-
signs can be obtained electronically via Infernet from our homepage for this articls
(se= below)

[on this article, we show that simple T-designs exist for even smaller parametes

Theorem 1.1, There et evaclly 7 isomorphesm dypes of ssmple 7-026, 8, 6] de-
signs with awlomarplism group PG L2 ). There exest exactly $989 and 37932 rao-
marism fypes of somple T-(20 9, 4) dessgrs with automorplusm group B0 L2 25),
i each case, for A = B4 and 63 respectively, Thers exisl mang ssomorplasm Lypes
of simple T-(26 9 81) designs with awlomorphism group PUL(2 25). There eost
simple T-(27. 9, 60} designs. There enst eracily | ssomorphosm fyps of smple 7-
(24,8 4) desvgns and eracily 138 isomorphism lgpes of stmple 7-(24. 8, 3) designs
with awlomorphosm groap PSL(E 33). There emst af feast 5390, 196, and 63 rso-
morphasm ypes of siple T=(24, 8. A) designs for A= 6, 7, and 8 respectively, with
automerphism greap FALE 28], In addiion there emst eractly 4 semorpliasm
bypes of srmple T-(24, 8, 8} designs weth owlomorphesm group PoL(2 28, There
exal ernclly |13 ssomorplosm tppes of simple T=(24, 0. 40) desgns, therse emsl era
acily DG teom orphasm Dypes of semple To[24 9 48) designs, and thers exsl al Teas!
Lkds asomarploesm fypes of simpde T=(24, 9. 64 designs with aalomorplism group
PorLi2 23). There exvsl sompile Te(20 8, A) designs for A = 45, 54, TL

The full sei of solutions for 7-(24, 4, A) designs with prescribed group of asto-
morphisms FSLIE 2] s nod yeb known, but this set seems to be very large,

The T-[27, 9. 607 amd 7-[25, 9. A designs are constrocted by a method of Tran van
Trung [26] from other designs. see also [0 L Kreher [14] However, we do oot get
resulis on the number of samorphism iypes in these cases, In general we also do
ot know the aotomorphism group of these designs. This means that we could mot
directly construct thess designs with the Kramer-Mesnar methoed Using standard
canstructions like forming the derived or the mesidoal designs we obtain s lot of
new parameter sets for simple f-designs with § < 7 from Theorem 1.1, Remarkably,
there pesult & kot of parameter sets of b-designs with an odd number of poinis.

While we were constructing new designs, we also proved a lot of non-existepes
ressul = which are nob incladsd in this overview,

We lurther mention that the 7-(26 8, 6) designs with automorphizm group POL(2
are the only ones admitting PSL{2. 25) a= an automorphism group, Besides ihe
T-designs we alaos found same new G-designs,

25
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Theorem 1.2 There erasd crnelly 9, 49, 476, 1284, and 3069 somorpliosm bypes

of srmple G024, 8, X) dessgns with aulomorplosm group PGLIE 2 for A = 36, 45 54,63,
and T2, respectively. Thers arisl eeactly 342 isomorphism bypes of simple G-(25, 3 306)
designs, exactly LB isomorphism bypes of simple 6-[20 8B 45) designs, and here
exial simpde G-{20, 8 A) designs for X = L4 63, T2, 81, admilling the oulomorpliosm
group POLCE, 23)p in each case. POL(2 28)p is bhe permalalion group on 25 poinls
which is oblained from POLCE 23) in ils nofural aclion on 24 poinds by odding an
addibional fived point,

There are no 6-(25, 8, A} designs admitting PGL0E 3)pfor A= 9 14 27,

2. THE KRAMER-MESNER METHOD REVISITED

A standard tool for constructing t-designs goes back to Kramer and Mesner [13]
[0 this method, owe assumes a group A of antomorphisms of the desired $-(uv. k. A)
designs. In other words this particular group 4 is prescribed and one = looking
for designs admitting that group as & symmetry group. OF course, this is a risky
buziness as the set of designs satislying this additionsl condition may be smpty.
However the assumption of such a group of automorphisms reduces the size of
the problem encrmously, allowing to tackle problems which would otherwise be too
hard to atiack

Lot us skeich this method briefly, The group A s a permutation group on the
underlying set I which we take as point set for our design. Moreover, we also have
A acting on k-subssts of 1. A design (¥, B) admits A a= an antomorphism group
if and only if A maps blocks of the design onio blocks, that =, the set of blocks of
the design consists of full k-orbits of A;

B=K{ KM UKA
with K. . | K, being base blocks of the block orbits in B, respectively.

Now one has to consider the covering of tssubsets of by Blocks of the putative
design.  For T any f-subset and R oany k-subset, lot T be contained in exactly
m(T, K4 k-subsets of K4 It is easy to see that m{T, K4 = m(T" K] for
T' =T with an arbitrary & € A, that is. the number m(T, K4} is independent of
the choice of the sat T in its A-orhit

To ensure the eonditions of & design it s suflicient to check that & eollection of
k-arhits aovers & sat of representatives Ty, 0 . Ty of f-orbits exactly X times each
In order to ensure this condition one forms an b x » matrix M3, indexed by f-orhit
amd k-orhit represenbatives. respectively. with r:r.l[':l"] ﬁ._i;‘l] m it 1, 3-th position. We
i.'.i\” ||'Ii!li il ri:: HTI.ITIEF- Hﬂ-mr.r I'I'I.i'llT;I

'I:!hn-mﬁng Al lechion of k-orbifs can be interpreted as ml:l]1ip|3,lir|E the mainx by
a 0fl-vector ¢ of lengih r. where a | means that the corresponding k-orbit should
belong to the design. Sech a eollection of E-orbits forms a designs il and only i
.‘-:lrr"'rt = (A ... A) where X is repeated b times on the right hamd side. Nop-simple
designs are obtained by allowing solution vectors with integer entries larger than |

Ab Bayreuih. the authors are developing a sofltware package DISCRETA for the
construction and handling of discrete structures with §-designs being an outstand-
ing but not exclusive topic of research. Using & double coset construction technique.
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the Kramer-Mesner matrices are evaloated wsing a pew implementation of the Laii-
erspiel (snakes and ladders) [!l]. Morsover, the system provides an LLL based
exlver of systems of Diophantine linear equations with unkoowns only in 0/1 {cf
aleo [16. 27]). See [3] for & short overview on the algebraic background and ithe
gaeneral principles which are applied A major improvement of the solver = to stard
with the computation of an LLL-reduced integer basis of the kernel of the given
Kramer-Mesner system and then io enumerate all integer linear combinations of
these basie vectors yielding 0f1-solutions of the Keamer-Mesner matrix. We apply
improved algorithms for LLL-reductions [of, [23, 24]) and base the sxplicit enu-
meration of solutions on an algorithm in [11]  Last but not least we may leave &
open as it s considered as a wariable in the system of equations Thus the system
alzo suggesis appropriate parameters which sometimes lead to wnexpected resulis

A decisive feature of HSCHETA is a graphical user interface written in OSF-
"I.I'I:I']”" AII ll'.l;nﬂ!li A I'IIF |'.nr||rn-|]r.-:| rmm ITiFEms \';l TTICHIR S E:Iiﬂlk;ﬂﬂ. MI‘IF\.‘.’l‘I'I’I‘:T.
i hess =ysheam has a \'ﬂrit‘.l}l of Eroups available, most of them |'|-=in5 p:lnl.rru.-.l:i.-.ri:r:cl
I'I_'F' iﬂ'ﬂ_ﬂ}'.r I'IIJI'I'IL'!IHFH. F'nr EIIITIP]F:. W AT rﬂrl‘l‘l I'Iiﬁﬂn.'.l'l‘l kil‘l(lﬁ n-r Iil'll'.ﬂ.r _Eml:l'r.lli fn'r
reasanable dimension and sze of the finite fisld, THSCRETA allows ta baild Wk fEw
Eropes Fresn thesse uning standard constructions like ‘fmnlinE the direrd sum or the
direct product. Morsover, ane may choose batwesn different equation solvers, e.g
the LLL algorithm, a solver written by B D, MeRay, and a linear programiming
p:vl.l.'hl.p;lf |.|.mu]'rl= [l] Tl mrrlpulu’] data can be stored amd b n-:[.mrled in various
formats like TEX or HTML. A database of design parameter sets s also imcloded.

Lot us pow polnl oat some additional remarks which might help simplifying the
canstruction peoblem  First, we may enlarge the Kramer-Mesner matriy by one
further row, containing the orbit lengths of the k-orbits. We know in advanes thad
ai-(u, k A) design has exactly

I
p = Lel oy
(*)

hlocks S, this additional row in the system ensures that the orbit lengths in the
design sum up to b Often one can conclude that not all k-orbits in the design can
hawe full length | Al So. one may start with choosing among the short arbits, that is
those with length less than | 4] Suppose we take PUL(2 32) as an automorphism
group of a design with paramters T<[33 8. 10}, cf. [3] The namber of Bocks in such
a design i= & = S3EEH). The orbits on Besubssts have lengths 16380, 81840, and
240, Let ap be the number of orbits of length [A] /7 in the design. Dividing

b=a, 163630 + a; 31340 + ax - 20440

Ly G we et
'iﬁl = -ﬂ-l-rlu-li-q- iy .

Obwioualy, ag 3 0 and sinee there exists only one orbit of this length, ag = 1 5o,
there pemmains the restriction

Gh=a; - 24+ a
In the saluiion |.h.|'|ﬂ'|EII|.lI'!'|J in [3] we have ay = 27 and a = 11

In the case that 4 = PSL{2 p} is prescribed az an automorphism group of a
Steiner system with parameters 5-(p 4 1.6, 1}. Grannpell Griggs. and Mathon have
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shown in [ﬂ] that if 5 15 mot a divisor of 4] then each Goset has a trivial stabilizer
im AL Do this case any f-set may have a stabilizer of order at meost .

Clonsequently. there are only orbits of lengths [A]fn for o= 1,2 3.6 on the st
of B-subsets when pe {11 23, 47 T1. 83 107 131}. S0 we obiain the equation

(pt Upip=1{p=2{p=38=b=(p+ Diplp=11/2: (ay + 222+ az /3 + aq fi})

wher= the -:||-$|'-|En ha= my ﬁ-—nrhiu nf 1nnEt|1 |.-‘1 I|r: for e = 1.2 :'I.lﬁn. This= i.-.qll:ll:inn
redduees Lo

(p—2)p—3)/60 =60+ 3 0y +2- 04+ @,

If # 2 3 mnd & then 6 does pot divide the l=fi hand side =0 that some ay for ¢ > 1
must be greater than 0 Further restrictions may be dedocesd in special cases, For
example, p = 47 yields @y = ag mod 3

B. 0 MocKay remarked that the additional squation invalving the lengihs of
arhits ran be miterpreted as an approcomation of all (esets by the keseis of the
desired design This parallels the constroction of Kramer and Mesner to describe the
possibilities of approximating fesnbsei= and leads bo an interesting generalization
For ) < & < 1 one can look af the approgimation of ssets by E-orbita These
additional equations appear naturally wlhen setbing up the Kramer-Mesper aystems
foor the designs with reduced § I8 05 well koown that a f-design is also s s=design
for 0 < & <0 §. The resulting enlanged system of hnear squations now has different
values of & on the right hamd side but must bave the same 0f l-solution vectors,

3. ISOMORPHISM PROBLEMS

The secoand important remark concerns the question of somorphism of designs.
Ofien. & more or less complicated system of invarianis is used io classification
purposes Knowledge abont the full automorphism groups 8 considered as 8 poor
means of classification (cf. [7]). However, in [21] the full automorphism groups
are used as a tool for determining the somorphism types It is easy o see that
two designs defined on the same point set with the same sutomorphism group
can only be mapped upon each other by an element of the normalizer of that
group, Unfortunately, the Keamer-Mesner method only finds designs having al Jeast
the prescribed astomorphism group A, 5o in [21] & Moebius inversion technigue
i= applied to find the designs with given full sutomorphism group and then the
ahove argumemni 15 applied. Howewear, this requires a 1|'|n-r-.1-||E|'| knnw|m‘]g-.-. all ihe
full lattim= of NIJ]‘JEH‘.II:IT.I-I bestween A and Sy, So, o Theorem 1.1 we olmmed the
existence of T isomorphism bypes of T-(26. 8 6] desgns. In fact, we found fwice
as many =aluiins of the system of equations. In addition, we found that thers
were o =olutions for the granp ~ f'f.l::!.!. 50 for this parameter s=t. Since this s the
anly proper subgroap of Seg containing L2 ﬂﬁ] (mee foir example 'ﬂ]'l all eur
soplutions lawe the latter group as their full automearphism group,. The normalizer of
PiL{2 25) is PILZ, 25). which has orbits of length 2 = |PPL{2 25) (PGLIZ, G)
on the sel of designs with automorphism group PGLIZ, 25) We remark that there
are oo additional solutions for the group PSL(2 25). such thal oo overgroup of
FEL(2,20) different. from POLC2, 25) appears a= the full automorphism group of &
design with these parameters, The most simple case is when PI'L{2, 25) is known
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o b an antomorphism group, Then by this argument all solutions of the system of
equations are pairwise pon-isomorphic designs, This applies (o the 3988 solutions
for T-(26.9 64). Also, the cases where PU7L(2 23] is & prescribed automorphism
group can be handled in this way Interestingly. in some important situations this
approach can be much simplified. =0 that we can solve isomorphism problems of
designz with only very local knowledge of subgroups,

Theorem 3.1, Let 7 be n fimbe group acting on a set X. Lebf o), 00 € X and
g & 7 such that J-.f = ra. Lei o Sylow subgronp P oof O be contamed e She stabilizers
Ngl(e) and Ngies]. Then o} = re for some n e Ng(F).

This result i= an slight generalization of Hilfssatz 1V 20600 [10]. For convenience,
wa repeat the proal here,

Proof.  Since PT < Ng(e)? = Ngi(red) = Na(rs) and also P < Ng(rs) there s
some i & Ng(ry) such that P? = P* by the Sylow Theorem Then gh=' = n £
Ng(P) and g = nh. Therefore £, = 27 = 7% and 27 = 2 =1z, O

Let us apply this theoreom to the case of f-designs. Here, (7 is the full spmmetric
group Sy inducing an action on the set. X of all {<designs with point set V. Assame
the prescribed antomorphism group 4 contains a Sylow subgroup P of v, Then
by Theorem 3.1 two designs zy. rg bhaving A as an astomorphism group may be
mapped upon each other by a permutation g only if there exists some n € Ng, (F)
which maps #; onto ey [T even Mg, (P} is contained in A4 then all designs fxed by
A are pairwise nod somaorphic. So. in this case the solutions of the system of lear
equations given by the Kramer-Mesper matx form a full set of representatives
Trom all somorphism types of designs admitiiog 4 as full automorphism group.

If for example, A is the holomorph of Oy that s, the normalizer of Oy in
Byo which 15 isomorphic to the semidicect product of Oy with iis automorphism
group with respect fo the natural action then all designs on 19 points admitting
A as an antomorphism group are pairwise non-isomorphic. Thus, there are exactly
2535 imomorphism fypes of B[19. 6, 4)-designs and 17193 =omorphism types of 53
(19, 6. §)=designs admitting this antomorphism group.

An important case where the condition of Theorem 3. 1 s fulfilled is the projective
group POL(2, p) for some prime p. This group i= the permutation representation
of the general linear group & L{2, p) on the set of all p 4 | subspaces of dimension
1 of the underlying wector space V¥ = V2 p). It has order [p+ Ljpip — 1} and
contains & Sylow p-subgroup of the full symmetric group 5,40, The normalizer N
of & l-dimensional subspace T of V¥ in (7L(2, p} has arder p(p — 1)* and contains
the centralizer of 7" and V[T as a normal subgroup This centralizer is just of order
p and therefore a normal subgroup of N, If we reduce module the center 2 of
L2 p) which 1= of order [p = 1) we obtain that PZf2 s a normal subgroup of
NESZ and NEZJE has order pip=1), Now this is just the order of the normalizer of
a Sylow psubgroup of 5,4 such that PGL{2 p) contains the normalizer of & Sylow
subgroup of S.4;. This means that whenever we construct objects with PGL[2 p)
acting as a group of antomorphisms we know that all these objecis are parwise
noniscmorpHie.

Let us consider the famous Witt 5-{24. &, 1) design. of which the automorphism
group Moy contains PSLI2 23) as a subgroup This subgroup acts as & group of



