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Abatract. We show the existence of simple 80351, 10.95] and S(31,10,100] designs. For =ach
valae of & wme show & dechgne i full detall. The desigae are constracted with a preccribed groups
of autemorphisms FPELSE, 3) asing the method of Kramer and Mesner (8. They are the first 8=
degigane wirh small parameters which are known sxplicitly. We da nat wet know i PSLI3. 5] e the
fuil! gromp of sstomarphisma of the given designs, Theres are altogether 138 designs with A = 23
and 1668 deslgns with A = 100 and PSL4{3,5) as o group of aufomarphisme We prove chat they
are all pairwise non-isemarphic. For this purposs, o bl scoaunt on the intessctian numbems of
these designe e glven. The prood = dose In cwo differest ways, Ar fiet, & quice geseral group
thesretic absarvation shoms that there are na issmarphisms, |n & secand approach se ase the
ack imtersection types as Invariants, chey claseify the designs completely.

Keoywords: f-design, Kramer-Mesner method, interssction number, isomorphism problem, group
aoTham.

1. Imtroduction

In this paper, {-=desmgns with prescribed antomorphism grooap are constrocted The
miethod was introdoced by Kramer and Mesner i [8]), We choose as groop PSL{E. 3)
amd wonstrect 3-(31, 10 A) deskigns with two different. values of X, We get 1653
designs with A = 1K) and 133 designs with A = 8 Some questions immediately
Arise:

1. Are the designs all distinct, e pairwise non-isomorphic, or, if not. which of
them form a transversal of the isomorphism classes?

2. What s the Tull group of automaorphisms of sach of the designs?
3. Are there more designs Tor other values of A7
4. Are there more designs with a possibly emaller group of automaor phisms

[ the following sections we will answer question | twiee and gquestion 3 partly.
Froblerm 2 would be easily solved if it were known that PSLi3, 5) 5 a maximal
subgroup of Sy . Note that this fact would imply that 1 is frue. Indesd we will
show in Section T that designs with the same sutomorphism group are Bomorphis
il and only if they are somorphic under the normalizes of this group.
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The plan af this paper is the following: In Sections 2 and 3. the method of Kramer
amd Mesner iz briefly sketched, We will give a list of all arbits of the group on -
ribeets which is nesded to describe the designs. In Section 4. we pecall basic facts
ahout parameters of designs and about intersection numbers, We introduce the
equations of Mendelsohn and Kahler, Morsover, we define intersection numbsers of
higher order and list the relevant generalizations of the parameter squations due to
Trean van Trung, Qiu-rong Wa and Dale M Mesner, We alse define global inter-
section numbers and use the generalized equations to provide means for checking
i hem,

The following two Sections & and 6 are dewobed to the S<(31, 10, 100) and 8
(31,00, 93) designs, respectively. For each of these cases, the parameter squations
are shown. As the numbers involved tend to become quite large in some cases, this
can be of great help avoiding tediows hand-caloulations. In fact, all these caleala-
tions were done by a computer using & long-integer arithmetic, For each value of
A F designs are listed in full detail. They shouald serve as examples, The interested
reader may recomstruct the full set of designs wsing our program DISCRETA [2)
which s freely available on the internet, The nombsering of designg s imposed by
the order in which the solutions are compuied by the equation solver of DISCHRETA
{this program is deterministic, so that the order is always the same). Ses [17] for a
mure detailed treatment on solving large equation systems with integral cosflicients,

Finally, in Section T the two annowneed proolis of Problens | are given, Tlee frat
applies group theoretic methods together with some (small} computer caleulations
The second is a more combinatorial one. 11 wses intersection nombers as invariants
tor sliow that ne two designs are somorphic,

Froblam 4 is bayond the scope of this paper.

2. The: Group amd its Orbits

We denpde the slements of the fi=ld If}'l""l:."_’l-] by 0.1,2 5. 4. The alsmenis of the
projective geometry POre(b] can be identifisd with the onedimensional subspaes
of FF(5)". We number them in the following way using representatives (o b o)
for the ope-dimensional subspace {{a, b, c)") generated by scalar multiples:

ETIN R Ik CETRN RS EETERIRIE IO R Wi 4 1)
TR K asizn iy G 1, 1) P A A=A, 4, 1)
Azl 10" =501 17 =02 1) 422517 AlL=(4, 4,10
420101 =401y #2121y Mmaaany
5243107 IFENR A, 19222 1) M40
a={4. 10" =000, WN=(E 217 A=i041)
7= 1" =011 21=i4,2. 17 BW=il4,17

The group PSL3, 5). represented as a permutation groap an Pisa(5) s generated
by the following permuotations
[TEEHFAS S 1216 1127 28409 17 20 1M E2 241 13 21 1530 23 29)) 14 2619 30 18 25),
(135 46)(8 13 1523 28){5 19 29 14 24){ 10 25 1530 200 11 31 26 21 15),
(1456)(821 18 16)(9 30029200 10 14 15 24){ 11 23 26 28)( 12 17 27 22){ 1331 {18 25),



SIMPLE 3-DESIGANS A

(ET2TANZ11H(3D22 15004 10 12 18)( 58 17 23)( 13 25 18 14)( 16 31 {2030 24 28),
The group is of order

(5% — 1)(6* — 5)(5* — &™)
h=1

=[5 4 B4 1)(3" = 1](5 = 13a* = §72000 iy

We are now going to construct i-{e, & &) designs on the st V¥ = Pig(5) of
vortioes and with A = PSL(3, 3) contained in their automorphism groups, Thus
the parameter v s 31 and we wanb to construct B-designs e § = &, Moreover we
put & = 10 and leave & open, in fact our method of construction shows that A = 93
amd A= 100 are fine

Clonsider a putative design 0 = (V. B) which has 4 as a subgroup of ils anfo-
morphism group In this case the ==t B of blocks decomposes into a collsction of
Tull orbits of A on kesets, In order to describe the design. we only nesd o know
which orbits {among the total set of orbits of A on the set (|} of all the k-subsets
of the set V' of points] belong to the design Therefore, we label the A-orbits and
refer fo thess pumbers later on. Inoour case, we compute the orbits of PSL{3 5} on
i=subsets for all @ which are less than or egqual o L0 Table | shows the nombser of
arbits,

Fabde 1. Namber of arbits of PSL{2, 5) an d-eubeets of Plg(6]

i [p 8 2 3 4 &5 & T & @ 0
Foorhiteod A4 || 1 1 1 2 # & 11X 22 42 92 174

The following table shows all 10-arbit= of 4 on V. The stabilizer order is indicated
by asubscript, The orbit length is the index of the stabilizer in A We give the lex-
icographically minimal representative within each orbit. This list of representatives
is not lexicographically ordersd . due to the fact that we do ot generate orbits via or-
derly generation. Instead of orderly generation, we use an algorithm Lestersgmel [12)
[snakes and ladders] to provide orbit representatives and further knowledge needed
for the evaluation of Kramer-Mesner matrices (see below]. As the representatives
all start with the sequence |2 3 4. .. of consecutive numbers only the lasi of
these numbers is shown The first part is replaced by the symbol © |7 So, the =t
{1,2 3.4 5.7 16 20 24 28} is displayed s { . 6.7, 16 20,24 238},

: 1 {802, 130 Ph L0 T 8,8, L8 B
B:{...,0 7, 06, 30,24 28}ene L4 ... 8 0% Ldly &7 {... 6 T &%, 14, 18},
% ..., 10} IB: {... & 0% 194 %8 |... B T &9 1% 15},
Wl 0T H LR L RN LH: . 8 T R I, 18 FH L0 T 8,017,104, 18
4,0 12} 7 4. 8,78 @ 0% 28} B0: ... 6 T &% 13, 22}
B:{...,A 7,8 1%, 18, 20} LB ..., B TR 13, 04, 1R}y &1: ... 6 7 89,13, 14},
&: {r...,s.-r,a, u,m.n{, 19: ... 57,8 12, 14, 28}, &2 {r...,s. 78,9, u.mll},
T{....6 7,8 1%14, 76]y 20: 4., 5, 7,88, 018, 16k, BB ... 6 T 8,9 18 22,
& ... ,6 789,18 17} al: ... BT R @, 08 98, &4 ... B T 89 1% 14},
@ ..., 789,18 80}y 2w ... B, T8 12,18, 20}, a5 {I' ,s.-r.a,s.-,mz'rll},
b ... .6, 7,48, 1%, 18, 2]y 2% 4... 5,788 0% 24 #6: ... 6 78914 8]
B ... ,5, 7,889,192, 21 24: 4., 5,788,017 17k AT ... 5 7 8,913 87],
b ... ,6 7,889,139 78]y 96 ..., B, 7,8 13, 14,24} 4 a4 {56 7 8,913 23],
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[ .. 6 T.8% 10 18] a5 {... .4 7.8 17 18,20 24]; 131 (... 4,784,132 7, %],

A0 ..., 6 7,8, 10, 15]s a5 {. .., 4,78 1%, 19,81 ; 13% {.. .. 4,789,192 13, ||,

Al ... 5 7,85, 14 18]y a7 ..., 4, 7T, R B, 1%,13,20); L3 {.. ., 4,788,619 15 19];

47 ... 6 T,8 @ 14 FT]4 At .. 4, TR B 1T, 16,18)y 134 {....4,T,89,1%2 14, 18],

43 ..., 5 T7.8,9 14 16}y #s: {... 4 7.8 19 18,91 24}, 136 {....4,7,88,1% 19 5T}

dd: ... 6 7,8, 1& 16, 2% ail: 4, TR B, 1F, 18,18}y 184 {.. ., 4,7,88,1% 18, 31 ]y
43: . .. 4, T8 12,16, 20,78}y Bl .., 4, 7.8 12, 13,21, 26} ur { .. AT 8 LE 18 70,21},
AS {4 T8 IZ.16, 20,3}y B3 {. . 4 T.8 812,71, M}; 138 { . A.T.8 17 0, 71,784,
AT: ... 4. 7,8 1%, 16, 21,96}y 8% L4, TR B, 1T, 16,80 uﬁ- [ 4788 18 1T 21 ]y

A {4, T, 8 12,14, 25,76}, B4 JATR R IR, 1T, 38} 140 . AT A LT, 14, 18,23},
A9 { .. 4 T.8.9 172 18,96}, &5 AT A 175,80} 41 {.. . A.T,® 5,18 18, M}y
20:{ .. 4, T, 83,13 18,8y B JATOR 1, D4, 0E ERYy D4 {4, T 8,5, 18, 14, 30}
81:{ .. 4T 8 1% 13,31,25}2 87 TR R TELH, 20 143 {4, T 8 4,18, 18, 1],
374 .. 47,8917 18,34}; B& AT 1, 14, 18 2R}y DA ... AT 8, 1T, 14, 74,230
83 { .. 4 T.M 10 18 a0%; B8 {4 T.R 8 17,7035}, 148 {4,788, 1% 14, F ]
S {4 T8 1,15 18,36}y 100 4, TR B 1R 1A BRly 146 ... 47,8 12,10, 18,30},
a4 T 8 1R 2L, 28 e L AT R B IR R 1T 14T {4, T, 8, 5,14 14, 18,
5 .. 4 T8 1E, 16, 20,98}y 102: JATA B IT, 18 23, 148 {4, 7, 8,5,13 15, 1T}
8T {4 T8 0 16, 20,20 103 .4 T R B 1% 18, 8T s 148 {.. . 4,7, 8 12, 15 74, 15}
s AT A PR IR B, e L L 4 T R B R TR 18]y 18 {4, T 8 8,14, 1T, 18]
mos {4 T R R IR 18,39}, LiEs L 4 T R T IR BATy 181 {4, T R 8,10, 13, 7T ],

&0 ..., 4T 88 18 B0, 380 L08: 4. 4, T 9 08 AT 2A}s  0ER: {.. ., 4,78, L, 16, 10, 200,
LI I I =N (R R 1 AT R B 1T 18 2Rl 1nE {4, T E 8,18 18, 3T
gl AT R E R B I LR AT R B 1R A 2Ry nme {4, T A, LR 1 R, a0,
£ ... 4T, 8, 0%, 16, 190, 23} L08: 4. 4, T & 9 0 16 21}, LEE: {...,4,7,8,9,12, 18, 18],

B ... 8T 8913 08 300 LL0: 4. 4, T B 0, 00, 10, 24}, LBE: {4,789, 18, 15, W},

E5: {. .. 4. T & 9,13 18,39),  Lii-4. . 4,78 9 0% 18 2T}, 06T ..., 4,789,132 i4, 18},

& ... 4T, 8, 0018, 10 20} 113 4. 4, T B 9 0T, 20, 28}, LB&: {...,4,T,8,9,12, 148, 2T},

&7 ... 4, ?.a.y.li.un.iah Pl ..., 4,7 &9, 0% 16 1T} 080 {.. ., 4,7,% 9,12 18, 16)4

B {. .. 4T 89,13 04,078 lid4: 4. 4, T8 9 0%,20 ¥}, @60 {.. ., 4,789,132 i3, 14}

& {I" 78,912 18,388, LL6:4... 4 7,8 9 0% 20, 26}, 161 {I' ., 4,T,& 9,18, 14, 3T

oo ..., 4. T, 8,@ 1% 16,380y  116: ... 4 7,88, 12,14 80); 162 {....4,7,88,14 17,71]s
Ti:{...,4, 7 & 1% 14, 19, i|:||-1. L7 ... 4,7 &8 1820 27}, 068 {.. ., 4,7,849,12 14,37}

T {I" T8 0%, 16,23, 20 )y Lig: J. .. 4, T, B 8 02 26 81}y L4 {I' AT LR, 1A L8, LRy
Ta {4 T 806 1370945 L1684 . 4 TR 6 1218 21}, 166 { . .4.7.86, 19 14, 15}s
T4 ..., 4. 7,83 1% 20,960 130:4{... 4, 7.8 8, 12,14 18]}, 166 { ... 4,788,138 18, 75|50
T3 {...,4. 7,8, 1% 17,200  131:4...,4,7,8 8, 12,21, 31); 16T: {...,4,7,4,8,18, 14, 15];z2
TR (..., 4. T8 1%, 18, 80,98}y  132: (... 4, 7.8 8, 1% 16 18]; 168 [ .., 3 T 8 L% 16 19,30, 23},
TT{ .. 478519 14954, 198 { 4 7.8 6 18 14 1T}, L& {878 1% L3 30,31 94},
T . ..,4. 7,8 1216, 18,28} 124:{... 4, 7,88, 12,18 18], 170 {..., 3,74 1% 14 21,24, 28}3
TEr {4 T8 1Z,16, 21,98}y 12574, 4, TR B, 14,17 26}y 1T {... 3. 7,8 12, 14 71,7821 }4
®o: (... 4780519 18 98%, 128:{ .4 T.8 19,14, 95 98}, LT® ... 8,78 1% 15 18 90 96}
&:{...,4.7,81% 18,304, 137:4{...,4, 7,88, 12 14 28], 173 {...,3 7.8 1% 14 18,20,8L}a
wE .. 4 TR 1 IT, 30k 1A, 4, TR R 1A 21, 2}y IT4 {. .. 3, TR 13, 71,74, 20, M}qe
A {4 T, 83 17 18,30 1384, 4, TR B 1217 18]

WA {4 T M 12 F0 94}, 180 {. . 4 T.8 B 012 18 26}z

3. Orbit Salection

The designs are constructed using the Kramer-Mesner matnx M3, = (my;) which
consisis in our case of 43 rows and 174 eolumns (recall that A = PSL{3,5). f = &
aml & = 10, of Table 1). The entry oy is the mumber of k-subsets in the j-th
arbit af 4 on k-subssts contaiming the representative of the <th orhit on fsabssis,
Hence, the {0 1 f=salutions of the Dhiophantine system of sgquations

MA = = (A . A withe=im =5 . =)andx;e {0 1}forl<j<
{2

are exactly the possible ways of choosing suitable block orbits (the chiosen columns)
which fulfil all the conditions of & -, k. A) design admitting the prescribed auto-
morphism group 4. Namely, such a solution is & collection of group orbits on k-sets
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sich that each representative T of a -orbit s contained in exactly A k-sets from all
the chosen g-orhits

This system was completaly solved by the LLL-based algorithm as descrifed
in [17]. There are exactly 138 solutions for A = 93 and 1668 solutions for & = 1.
Mo scdutions exist for other values of A < 120 for this system of equations

The enumeration of all solutions is a backiracking-algorithm over the integral
linear combinations of the LLL-reduced basis-vectors of the corresponding Kramer-
Mesner gystem In order to speed up the search one can parallalize the algorithm
as described in [6]. Nevertheless, the designs presented here were found with the
sequential version of the program within a few hours

4.  Intersection Mumbers of nnnis'nu.

In this s=ciion we recall some basiec facts abouwt parameters and interseciion nuom-
hers n'h']niﬁﬁ'm-:. We will make use of intersaction numbers in Section 7 when pmurirls
the fact that the ﬁl—-r]ﬂ-:iﬂrlx with PSL(3, d;|::| are pairwise non-somorphic, Tntersec
tion mumbers have a |nn3 history in Hmign theary., sarly resulis were obiained by
Mendelsohn [1(]] and Stanton and ﬁrrrnﬂ: [I -1-]. Thl-._l,r ran b E\.‘.nl‘.r}ll'-lm'] tiw |'|iE;|'|i.-.r f
we will show them soon, The equations of Kohler T support. the evaluation of
these formulae We will also speak aboat generalized intersection mumbers, which
already appearsd in []ﬂ]. Becent progress was made by Tran van Trong, Qio-rong
W and Dale M Mesner [lli].

Let D = [V, B} be asimple {-{w. k. A} design on the seb of points ¥ owith [V] = v
Lat B = {H|... .H'h]- b= ihe bloscks with B E Viore=1. . &

Fix tliﬁjnint subemts T oand J of ¥ owith |.|'| =1, |J|:j and r'+_iI E b D=l

M;=|{BeBICHAINE=8] 3

(4% o=A4 Ay = r the number of blocks which contain & given point and A, o = &),
Ray-Chaudhuri and Wilson proved in [11] that these numbers A; ; are independent
of the choice of the sets I and J {depending only on their cardinalities § and §).
They can be computed by the following formula

A j =J'-(v;f_?'1j.-"(:::) (4)

The Fnll-r.ll.rinE recursion helds for 1+ 3 < f
Aig =M1 =Aij [3)

This is the same recarsion as in the well-known Pascal-triangle of binomial coeffi-
cients, Hers, one also speaks of the snlerseciion riangle of the design, For sake of
samplicity, put Ay = Ay .

For an arbitrary fixed mesubset M of Vowe define for <7 < me

adM) = |[BeB||MnB| =1 ()
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thee i-th intersection aumber of M with T The reference to the set M will sometimes
be omitied. It should then be clear from the context which set. M we are referring
T,

Again let M be an arbitrary m-subset of ¥ Fix an integer € with 0 < ¢ < ¢
Clounting the set

[(F B} ||f|=+ BeB IC BAM]
in bwos different ways one arrives at the equations of Mendelsohn [10]:

Eninfk. m

Y (3)estn=(7) U

(foralli=01, . ). Writing down the system of equations we abiain a rectangua-
larly shaped matrix with integeral coeflicients fomed by the banomial nombsers, In
its first min(? 4 1. m} colummns, this matrix s upper trangalar with all diagonal en-
tries equal to 1, In the case m > § we have some additional eclomns corresponding
to intersection numbers o (M), o M

OF particular importance for our applications are the dlock nfersecfion numbers
Here, M is chosen to be & block By & 8 of the design itsell {and thus m = k)
In this case, oy (Bl 15 always sqoal to 1 sines we allow only simple designs. The
equations of Mendelsohn rend as

i

D (F)astmr = (5)n #)
fori=0,1.., ¢

We remark the following fact for the case m > !, Assume we know the infersection
nambers o (M), o (M) (the Tale interssction numbers).  Then, =noe the
coeflicient. matrix s upper Eriangular and bas ones on the mam diagonal one can
easily rompute the remaining numbers oq (M) .. o (M) (the sarly infersection
numbers)  Kohler gives explicit squations for the early interesction numbers. In [7]
he proves that

ai(M) = ooy (=11 (7] ha
+ (ST (RO e (M),

Tor 0 < ¢ < . The terma carfy amd lale intersection numbers should not be mixed
upr with intersection owmbers of fagher arders wliich will be introduced inthe sequel.

For any By € B, the vector (o 8g). ... ol 8o} is called the blsck sntersection
fype of By (i the design T} The equations of Kahler show that only the essential
bock mitersection numbers are needed, that s (oee( By ). . oo (Ho )l We will
call this vector the essentinl Mook intersection fype.

Clearly block intersection types are constant on orbitz of the automorphism
group. S0 when computing designs as orhits of some sutomorphism (sub-) group

(9)






