Dr. A. Betten Spring 2009
MATH 369 Linear Algebra

Assignment # 1

Problem # 1
A father and his two sons are together 100 years old. The father is twice as old as his older son and 30 years
older than his younger son. How old is each person?

Problem # 2

Determine a, b and ¢ such that the parabola y = ax? + bx + ¢ passes through the points 4, B and C.
a) A(2,1), B(-3,1), C(1,0).

b) A(2,-5), B(3,-10), C(4,—19).

Problem # 3
Find the integer coefficients a, b, ¢, d so that the following Chemical reaction formula makes sense:

aC2H6 + b02 — CCOQ + dHQO

Problem # 4
1 1 1
Let A=| 0 1 2 |.Find A~%
1 2 4
Problem # 5
Solve each of the following systems:
a) b)
1+ x9—2x3+414=5 T1+ x9—2x3+3r4=4
2014+2x0—3r3+ x4=3 2x14+3x0+3r3— 4=3
3r1+3x0—4x3—2x4=1 Sx14+T7xo+4x3+ x4=5
Problem # 6

Write each of the following matrices as a product of elementary matrices:

0000 1
T 12 3 00010
a){_2 4}13)0140)01000
00 1 00100

100 0 0

Problem # 7
Page 29: 20c). Show your work for full credit.
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Assignment # 2

Problem # 8
1
Let A= O

1

DO = =

1
2 |. Find A71,
4

Problem # 9
Write each of the following matrices as a product of elementary matrices:

0000 1

L3 12 3 00010
a){_2 4}b)014c)01000
00 1 00100

100 00

Problem # 10
Page 27: 9). Show your work for full credit.

Problem # 11
Solve each of the following systems. Write down the solution set in the form (special solution plus basic
solutions).

a) b) c)
2x1—3x0—06x3—5x4+2x5="7 20—6y+T7z=1 r+2y—32=2
T3+3x4—Tx5=06 4y+32=8 2x+3y+ z=4
T4—2x5=1 +2z=4 3r+4y+52z=8

Problem # 12
Compute the partial fraction decomposition of the function

3x2 + Tz —2

= (z+1)(z2 —4)
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Problem # 13
Solve the following system. Write down the solution set in the form (distinguished solution plus basic
solution):

T1+3r9— 2x3+ dxrya=4

2$1+8I2— r3+ 9ZE4:9

3£L’1+5Z2712$3+17IL’4:7

Problem # 14

1 2 —4
Let A=| -1 -1 5 |. Find A~%
| 2 7 =3
Problem # 15
[ 1 -3 5
Let A = 2 —4 7 |. Find the LU decomposition of A.
-1 -2 1

Problem # 16
The determinant of a 3 x 3 matrix

a1 a2 a3

A= | az1 a2 a3

a3;1 a2 a3

is
1,102,203 3 + G1,202,.303,1 + A1,302,103,2 — 01,143 ,202,3 — (2,101,2043,3 — 03,102 201 3.

compute the determinant of the matrix in Problem 15. Then compute the product of the diagonal elements
in the LU-decomposition (i.e., both L and U). Do you notice anything special?

Problem # 17
The vector is in the set. What value of the parameters produces that vector?

~1 -2 3
ay | 2 |, {1 |i+|0]jlijeRr
1 0 1

1 2
b) |-4], 1lm+10|n|mmneR
0

—_
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Problem # 18
Is W a subspace of V' or not?

Assignment # 4

’ v ‘ W ‘ Yes ‘ No ‘
R3 all (a,b,¢), a >0
R3 all (a,b,¢), a=—c+b
R3 all (a,b,c), a®> +b>+c*> <1

real polynomials

polynomials with integer coefficients

real polynomials

real polynomials, coeff. of 22 is 1

real polynomials

odd polynomials

sequences in R

polynomials with coefficients in R

2 X 2 matrices

2 x 2 diagonal matrices

3 x 3 matrices

3 x 3 upper triangular matrices

2 X 2 matrices

2 X 2 symmetric matrices

2 X 2 matrices

singular 2 x 2 matrices

2 X 2 matrices

nonsingular 2 x 2 matrices

a b 0 b
all b a ,a,b € R all b 0 ,beR
all | @ Pl abedeR|ad—be=1

c d

a b
all e d ,a,b,c,d e R|a=dand b= —c
R, scalars = Q alla+bv2,a,b€Q
R, scalars = Q alla —v2,a € Q

Functions from R to R

all asin(x) + beos(z), a,b € R

Problem # 19

Section 3.2 (pg 133) 11

Problem # 20

Linearly dependent or independent?

’ Set of vectors

‘ Dependent | Independent

(1,2), (3,-5)

(0,0,0)

2t + 4t — 3, 412 + 8t — 6 (polynomials in t)

(1,1,2), (2,3,1), (4,5,5)

Section 3.3 (pg 144) 2a

Section 3.3 (pg 144) 2b

Spring 2009
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Problem # 21
Let V be the vector space of real n X n matrices. Let

U={AcV|AT =A}, and W={AcV|AT = —-A}.

a) Show that V =U 4+ W.
b) Show that V =U & W.
Hint: For a given matrix A, consider (A+ AT)/2 and (4 — AT)/2.

Problem # 22
Let V be the set

4
{P(w) =Y ' € Py, with p(1) = 0}.
i=0
a) Show that V is a subspace of Ps.
b) Find a basis for V.

Problem # 23

Let
1 —1 3 2 0
2 8 —4 -1 5
X1 = —1 , X9 = ) , X3 = 3 , X4 = 1 , X5 = -3
-1 —6 5 2 —4
-1 1 -3 —2 0
Find a basis for Span (x1, X2, X3,X4,X5). Once you have found a basis {by, ba, ..., b}, form a matrix whose

rows are the b; and compute the row-reduced echelon form.

Problem # 24

Let
1 0 1
-1 3 -3
X1 = -1 , X2 = 3 , X3 = 1
-2 3 -2
1 0 4

Find a matrix A such that N(A) = Span (x1,X2,x3). Once you have found such a matrix A, compute its
row-reduced echelon form.
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Problem # 25
Find a basis for the solution set of the system

Ty —4zo +3x3—4, = 0
201 —8xry +b6x3—2x4 = 0

Problem # 26

Find a basis and determine the dimension for each of the following:
a) 2 X 2 matrices,

b) symmetric 2 X 2 matrices,

¢) symmetric 3 X 3 matrices,

d) C as vector space over R.

Problem # 27

Find a basis for each of the following subspaces of P, the space of cubic polynomials:
a) {p(x) € P4 | p(7) = 0}

b) {p(z) € Py | p(7) = p(5) = 0}

) {p(z) € Py | p(7) = p(5) = p(3) = 0}

d) {p(z) € P4 | p(7) = p(5) = p(3) = p(1) = 0}

Problem # 28
Find a vector ¥ that completes the basis for the given space:

) { G) 7} for B2,

N\ /0
b){ 1], (1 ,U}forR3.
0

0
c) {x, 1+ 22, 17} for P3 the set of quadratic polynomials.

Problem # 29
Find a basis for the row-space of the following matrix:

2 0 3 4
01 1 -1
31 0 2
1 0 -4 -1

Problem # 30
Find the rank of each matrix:

2 1 3 1 -1 2 1 3 2
a)[ 1 -1 2B 3 =3 6 |Jof5 11
1 0 3 —2 2 -4 6 4 3
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Problem # 31
Let f:V — W be a linear map. Show that f(0) = 0 (0 the zero vector in the appropriate vector space).

Problem # 32
Let B = (¥, ¥, U3) be an ordered basis for R? with

2 -1 4
n=\-1],02=1|3 |, 0= 2|,
3 1 -1
Consider the map f : R3 — R3
a
f@=A{ol,
c

where a, b, ¢ are the coordinates of & with respect to B, that is, £ = av; + bty + cU3.
a) Compute f( 7127 ).
b) Show that f is z linear map.
o) If f(y) = :12 , what is 47
5

Problem # 33

Let D be the differential operator.

a) Compute the matrix of D : Pg — Pg with respect to the ordered basis B = (1, x, 22, 23, 24, 2°).

b) Compute the matrix of D : V' — V with respect to the ordered basis B = (e”, “") Here V = Span (B).
¢) Compute the matrix of D : V' — V with respect to the ordered basis B = (e” —|— e~ e? —e").

d) Compute the matrix of D : V — V with respect to the ordered basis B =
(sin(z), cos(z), sin(2z), cos(2x), sin(3x), cos(3x)). Here, V = Span (B).

Problem # 34
Let ¥ € R™ be a non-zero vector.
a) Show that the map

8
<y

fiRY SR f(Z) =% —2

0]

- =

<
<

is the reflection in the hyperplane whose normal vector is @. (here, Z- % is the dot product between Z and ).
Hint: it suffices to show that f(¥) = —¢ and that f(7) = ¢ for each vector ¢ in the hyperplane orthogonal
to .

b) Compute f o f by evaluating f(f(Z)). What does this tell you?

¢) Show that f(Z) - f(¥) = Z - y. What does this tell you?
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Problem # 35
(pg 205. 5.) Let f be the operator on P3 defined by

f(p(x)) = ap'(z) + p" ().

a) Find the matrix A representing f with respect to the basis (1, x, z?).

b) Find the matrix B representing f with respect to the basis (1,z,1 + 2?).

c) Find the matrix S such that B = S~1AS.

d) If p(z) = ag + a1z + az(1 + 22), calculate f"(p(x)) (here f™ is applying f n times). Hint: Note that
A= S8BS™! and that (SBS~!)" = SB"S—1.

Problem # 36

(pg 205. 6.) Let V be the subspace of Cl[a,b] spanned by (1,e*,e~?), and let D be the differential operator
onV.

a) Find the matrix A representing D with respect to the ordered basis (1, e*,e™%).

b) Find the matrix B representing D with respect to the ordered basis (1, cosh z,sinh ).

¢) Find the transition matrix S representing the change of coordinates from the ordered basis (1,e*,e~%) to
the ordered basis (1 coshz,sinhz). Recall that coshz = $(e® + e™7), sinh = (2% — 7).

d) Verify that B = S~1AS.

Problem # 37

Consider the linear maps L(x,y, z) = (z + 2y,y + 22,2+ 2z) and M(a,b,c) = (a +¢,b+a,b+c).
a) Compute the matrix of L

b) Compute the matrix of M

¢) Describe the effect of the map M o L (i.e. M(L(z,y, 2)))

d) Compute the matrix of M o L.

e) How are the matrices in a), b) and d) related?

Problem # 38
Compute the eigenvalues and eigenvectors of the following matrix:

()
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Problem # 39
The populations of U.S. cities, suburbs and nonmetro areas in 2007 are described by the following vector xg
(in units of one million)
82
xg = | 163
52

Let p; ; be the probability that a person in area j will move to area ¢ in any given year (city = 1, suburbs
= 2, nonmetro = 3). Assume the transition matrix P = (p; ;) is

96 .01 .015
P=1] .03 .98 .005
.01 .01 .98

Determine the long term predictions for the populations of these regions, assuming no change in their total
population.

Problem # 40
Determine the characteristic polynomial, eigenvalues and the corresponding eigenspaces of the matrix

5 =7 7
A=14 -3 4
4 -1 2

Then find a matrix S such that S™1AS is a diagonal matrix.

Problem # 41
Compute e for
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Problem # 42

The data below shows the average temperature, in degree celsius, of the earth’s surface from 1975 through
2002 (source: Worldwatch Institute). Find the equation of the line that best fits the data points. Plot the
data and the line that you found. Show all your work for full credit.

1975 13.94 || 1982 | 14.04 | | 1989 | 14.19 | | 1996 | 14.23
1976 13.86 || 1983 | 14.25 | | 1990 | 14.37 | | 1997 | 14.40
1977 14.11 || 1984 | 14.07 | | 1991 | 14.32 | | 1998 | 14.56
1978 14.02 | | 1985 | 14.03 | | 1992 | 14.14 | | 1999 | 14.32
1979 14.09 || 1986 | 14.12 | | 1993 | 14.14 | | 2000 | 14.31
1980 14.16 || 1987 | 14.27 | | 1994 | 14.25 | | 2001 | 14.46
1981 14.22 || 1988 | 14.29 | | 1995 | 14.37 | | 2002 | 14.52

Problem # 43
Using the inner product on Ps defined by (p,q) = fol p(x)g(z)dz, find an orthonormal basis for Ps starting

with the given basis B where
B=(zx—1,2+2,2%).

Problem # 44
Let V = R%%2 with inner product
(A,B) = tr(B" A).
Let W={AcV|AT = A}.
a) Show that
WH={AcV]|AT = -A}

b) Show that every A in V can be written as the sum of matrices from W and from W+.
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Problem # 45
According to Kepler’s first law, a comet has an elliptic, parabolic or hyperbolic orbit around the sun (gravi-
tational influences from planets ignored). In suitable polar coordinates, the position (r, ¢) of a comet satisfies
an equation of the form

r =0+ e(rcosg)

where (3 is a constant and e is the eccentricity of the orbit, with 0 < e < 1 for an ellipse, e = 1 for a parabola
and e > 1 for a hyperbola.
Given the data below, determine the type of orbit, and predict the position of the comet at ¢ = 4.6 radians.

¢ 088 1.10 1.42 177 2.14
r 3.00 230 1.65 1.25 1.01

Problem # 46
Find the angle 6 between:
a) @ =(1,3,-5,4)" and 7 = (2,-43,4,1)" in R*

19 8 7 |1 2 3 _ T
b) A= { 6 5 4 ] and B = { 15 6 ] where (A, B) = tr(B'A).
Problem # 47

Let
T fo<z<nmw

f(x):{ z4+7m f—7<x<0
a) Find the Fourier approximation for f of degrees n = 2, 3,4 and 5.

b) Sketch y = f(z) along with the polynomials in a).

Problem # 48
Let

—-10 -18
A= < 9 17 )
a) Find S such that S~tAS is diagonal.
b) Find C such that C3 = A.
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Problem # 1
Are the following vectors dependent or independent?
a)

2 3 1
Lrsf2).12],;
1 3 2
3)
1 =5 =7
-1],1 8 |,[ 13
3 =7 =5
Problem # 2
Compute a basis for the solution space of the following system
2x1 +3x2 +x3 —xy4 +4x5 = 2
731’1 +4I2 +3I3 +x4 +2I5 = -1

Problem # 3 o
Express the vector ¥ in terms of the basis b1, b, b of R3.
—27\ 2 . -1\ _ 4
U= 1 ;01 = -1 ) b2 - 3 ) b3 - 2 )
2 3 1 -1
Problem # 4
3 —2 1 3
nh=|-1],0%=14 |, 053=(0],0,=1]-2
-2 3 2 1

Find a basis for Span (¥, U2, U3, Ts).

Problem # 5
Find a matrix A whose nullspace is Span (¥, 02) where

,_.
S
|
w N

Problem # 6
Let V be the space of polynomials ag + a1t + ast? + ast® in Py with ag + a1 + a2 + as = 0. Show that V is
ia subspace. Let p(z) = 3 —t + 2t% — 4¢3. Extend p to a basis for V



Problem # 7
Complete the sentence:

A set U, 75, ...,U, is linearly dependent if. ..
Problem # 8

Suppose that V = U + W with V a subspace of R?, dimU = 3, dim W = 3. What are the possibilities for
dimV and dimU N W?



Dr. A. Betten Spring 2009
MATH 369 Linear Algebra

Practice # 1

Problem # 1
Consider the inner product (A, B) = tr(B" A) on the space of all 2 x 2 matrices over R. Compute

s ([ ¢ ;D?

Problem # 2
If 23 = 1, then
a b c
A=|b ¢ a
c a b
equals
1 b ¢ z b c
(A) (cx®+bx+a)| = ¢ al|; B)(cx?+br+a)| 1 ¢ a
2 a b 2 a b
22 b ¢ 1 b ¢
(C) (ecx®+bz+a)| = ¢ al|; (D) (cx®+bzr+a)| 2®> ¢ a
1 a b Tz a b
Problem # 3
Let A be an n x n matrix with A2 — 44 4+ 51 = 0. Show that n is even.
Problem # 4
Compute the determinant
1 2 3 ... n—1 n
-1 0 3 ... n—1 n
|A| = -1 -2 0 n—1 n
-1 -2 -3 —(n—1) 0
Problem # 5
Compute the determinant
1 n n n
n 2 n n
Aj=[n 7 3 n

3
3
3
3



Problem # 6
Compute the characteristic polynomial of

00 O —ag

1 0 O —a;
A— 10 1 0 —ay

0 0 ... 1 —Qnp—1

Problem # 7
For n e N, let

T, = {f € Rx] | deg(f) = n or f = 0}
and

P ={f € Rz] | deg(f) <nor f =0}

a) Is T,, a subspace of R[x] over R?
b) Is P, a subspace of R[z] over R?

Problem # 8
Prove that if the rank of the m x n matrix A is m, then the system Ax = b is consistent for all b € R™.

Problem # 9
Let A be an m x n matrix and B be the transpose of A. Let P = BA. Prove that A and P have the same
null space and the same rank.

Problem # 10
Find the LR factorization of

W N =
— N =
N Ot W

Problem # 11
Let A, B,C, D be n x n matrices such that CD = DC and D is invertible, show that

det [A B} = det(AD — BC)

C D

Hint: multiply on the right by [)I( ﬂ for suitable X.

Problem # 12
Let A be an m x n matrix with n > m. Show that det AT A = 0. Hint: If f and g are linear maps, show that
dimIm(g o f) < dim Im(f).
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Practice # 2

Problem # 1
Prove: If A and B are nonsingular n X n matrices, then AB is also nonsingular and (AB)~! = B~1A~L.

Problem # 2
Let A by an m x n matrix.

a. Explain why the matrix multiplications A” A and AAT are possible.

b. Show that AT A and AAT are symmetric

Problem # 3
A matrix A is said to be skew-symmetric if AT = —A. Show that if a matrix is skew-symmetric then its
diagonal entries must all be 0.

Problem # 4
Given

3 1
A{g) 2] and B

I
—
wW =
= DN
[

compute A~! and use it to:
a. Find a 2 x 2 matrix X such that AX = B.
b. Find a 2 x 2 matrix Y such that YA = B.

Problem # 5
Let A = [ay,a2,a3] be a 3 x 3 matrix blocked off by columns. Suppose that

a; = 332 — 2a3.
Will the system Ax = 0 have a nontrivial solution? Is A nonsingular? Explain your answers.

Problem # 6
Let U be an n x n upper triangular matrix with nonzero diagonal entries.

a. Explain why U must be nonsingular.

b. Explain why U~! must be upper triangular.

Problem # 7
Let A be a nonsingular n X n matrix and let B be an n x r matrix. Show that the reduced row echelon form
of [A, B] is [I,C]. What is C?

Problem # 8
Let A and B be n x n matrices and define 2n x 2n matrices S and M by

I A AB 0
=lo7) =[50



Determine the block form of S~! and use it to compute the block form of the product S~™'MS.

Problem # 9
Let A be a matrix of the form

a f
A:[Qa QQ}

where a and 3 are fixed scalars not both equal to 0.
3
1

b. How can one choose a nonzero vector b so that the system Ax = b will be consistent? Explain.

a. Explain why the system
Ax = {

must be inconsistent(i.e., a solution does not exist).

Problem # 10
Find all possible choices of ¢ that would make the following matrix singular.

11 1
1 9 ¢
1 ¢ 3
Note: You could combine information from reducing the matrix and using determinants.

Problem # 11
Let A and B be 3 x 3 matrices with det(A) = 4 and det(B) = 5. Find the value of (a)det(AB), (b)det(3A),
(c)det(2AB), (d)det(A~!B).

Problem # 12
Let A be an n x n matrix. Is it possible for A2+ = 0 in the case where n is odd? Answer the same question
in the case where n is even. Note: This problem is different. Use facts about determinants.

Problem # 13

In each of the following answer true if the statement is always true and false otherwise. In the case of a true
statement, explain or prove your answer. In the case of a false statement, give an example to show that the
statement is not always true. In each of the following, assume that all the matrices are n X n.

a. det(AB) = det(BA)
b. det(A + B) = det(A) + det(B)

(

(

c. det(cA) = cdet(A)

d. det((AB)T) = det(A) det(B)
e. det(A) = det(B) implies A = B.
f. det(AF) = det(A)"
g. A triangular matrix is nonsingular if and only if its diagonal entries are all nonzero.

h. If x is a nonzero vector in R™ and Ax = 0, then det(A) = 0.

i. If A# 0,xn, but A¥ = 0,5, for some positive integer k, then A must be singular.



Problem # 14
If Ais an n X n matrix and B = S AS for some nonsingular matrix .S, then det(B) = det(A).

Problem # 15
Determine whether the following sets form subspaces of R3.

a. {[o1, 22, 23]" sy + 23 =1}
b. {[z1, 22, 23]" : 21 = 29 = 23}

C. {[SEl,l’Q,Ig]T X3 =T —+ IEQ}

Problem # 16
Determine the row space, column space, null space, and dimensions of each for

1 3 -4
2 -1 -1
-1 -3 4

Problem # 17
Determine whether the following are subspaces of Py(polynomials of degree 4).

a. The set of polynomials in P, of even degree
b. The set of all polynomials of degree 3
. The set of all polynomials p(z) in P, such that p(0) = 0.

o

[}

. The set of all polynomials in P, having at least one real root.

Problem # 18
Which of the following are spanning sets of R3?

a. {[1,0,0]7,[0,1,1]7,[1,0,1]7}
b. {[2,1,-2]7,[3,2,-2]T,[2,2,0]}
c. {[1,1,3]%,[0,2,1]7}
Problem # 19
Which of the following are spanning sets for P3?
a. {1,2% 2% - 2}
b. {2, + 1,22 — 3,52}

Problem # 20
Determine whether the following vectors are linearly independent in R3.

2 3 2

a. | 1 |, 2 |,]2
|2 —2 0
(1

b | 1
|3




Problem # 21
Determine whether the following vectors are linearly independent in R?*2.

SRR
SERIRERIAEE]

Problem # 22
Let x1,X2,...,xK be linearly independent vectors in a vector space V.

a. If we add a vector xi+1 to the collection, will we still have a linearly independent collection of vectors?
Explain.

b. If we delete a vector, say xi, from the collection, will we still have a linearly independent collection of
vectors? Explain.

Problem # 23
Given u; = [1,1,1]7,uz = [1,2,2]7,us = [2,3,4]7, find the coordinates in terms of uj,i = 1 : 3, of the
following vectors.

a) [3,2,5]T
b) [2,3,2]7

Problem # 24
Given

S =N
~ Ot N
co Ut W
[
O O =~

a. Compute the RREF form of A.

b. What are the dimensions of the row space, column space, and null space of A? How many free variables
are there?

c¢. Define the general solution of Ax = 0.

Problem # 25
Let A be a 6 x 5 matrix. If dim(N(A)) = 2, what are the dimensions of the row and column spaces of A?

Problem # 26
Prove that a linear system Ax = b is consistent(i.e., a solution exists) if and only if the rank of [A4, b] equals
the rank of A. Note: The rank equals the number of pivots when bringing a matrix to RREF.

Problem # 27

Let
1 0 0
A=1] -2 1 3
1 1 -1

a. Factor A into a product SDS™!.



b. Use the factorization to compute AS.

a) Use the factorization to compute A~1.

Problem # 28
Let A be a diagonalizable matrix whose eigenvalues are all either 1 or —1. Show that A=! = A.

Problem # 29
Let A be a 4 x 4 matrix and let A be an eigenvalue of algebraic multiplicity 3. If A — AI has rank 1, what is
the geometric multiplicity of A?

Problem # 30
Let A be an n X n matrix with an eigenvalue A\ of multiplicity n. Show that A is diagonalizable if and only
if A=Al

Problem # 31

A nilpotent matrix A,y is such that A2 = A. What are the eigenvaules of A? What is the algebraic
multiplicity of each eigenvalue;i.e., if one of the eigenvalues has algebraic multiplicity m, what is the algebraic
multiplicity of the other eigenvalues? Hint: Find a polynomial of degree < n such that p(A4) = 0, xn-

Problem # 32
Suppose the matrix A is diagonalizable (in terms of eigenvectors). How are the eigenvectors corresponding
to the eigenvalue A = 0 related to the null space of A? How is this related to the number of free variables
for A? Explain.

Problem # 33
If S diagonalizes A with a similarity transformation, show that R = (S~!)7 diagonalizes AT .

Problem # 34

Let
1 1 1
yi=1|1], y2 | 1], ys| O
1 0 0

and let T be the linear operator on R? defined by

T(c1y1 + cay2 + cays) = (c1 + c2 + e3)yr + (21 + ¢3)y2 — (2¢2 + ¢3)ys.
a. Find a matrix representing 7' with respect to the ordered basis {y1,y2,y3}-

b. For each of the following, write the vector x as a linear combination of y1,y2,ys and use the matrix
from part(a) to determine T'(x). (i)x = [7,5,2]7, (ii) x = [3,2,1]7, (iii) x = [1,2, 3]".

Problem # 35
Let T be the linear transformation mapping P», polynomials of degree less than or equal to 2, into R? define
by

e = [ 225 |
Find a matrix A such that
T(a+ﬂx):A{ g }



Problem # 36

Let
2 1 12
A=|1 1 b= 6
2 1 18

a. Use the Gram-Schmidt process to find an orthonormal basis for the column space of A.
b. Factor A into QR where the columns of @ correspond the orthonormal basis in part (a).

c. Solve Ax = b using the QR decomposition.

Problem # 37
The vectors x1 = %[17 1,1,-1]7 and xo = %[1, 1,3,5]7 form an orthonormal set in R*. Extend this set to
an orthonormal basis for R* by finding an orthonormal basis for the nullspace of

1 1 1 -1
11 3 5
Hint: First find a basis for the nullspace and then use the Gram-Schmidt process.

Problem # 38
Use the Gram-Schmidt process to find an orthonormal basis for the subspace of R* spanned by x; =
[2,0,0,2]T and xo = [1,1,—1,1]T.

Problem # 39
Find the linear least squares solution for the data points (2, —3), (3, —2.5), (4, —2.25), (5, —2).






