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Abstract

In thiz paper, we study the connections between linear codes ancd

projective geometries over fnite fi=lds. Often pood codes come from
interesting structures in projective geometries. For example, MDS
cades comne [rom arcs I:'|.l:'. wels of F:--::-i||l+: which are extremal in the

=zense bhat they admit no other than the obvicus

l:‘I |."|::-l::r|r|.l::r|-:'i|.‘.'-:::l. I I

addition, we take a cloger look at ovals and hvperovals in projective

planes and cvaids In projective 3-spaces. In particular, we examine

Glynn's condition for the existence of hyperovals.
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1 Introduction

When coding theory was first introduced, the connections to projective ge-
ometry were not known and henee pot studied. Only recently hasve there
been important advances in the connections between projective geometry
and coding theory. In this paper, we introduce some of the basic ideas and
oonnections between Onite projective spaces and coding theory, We begin by
studying projective geometries in general and extend this to studving certam
incidence structures called arce inside of projective geometries. From this, we
introduce some very interesting structures in projective planes which lead to
many other interesting areas of finite geometry. Our focus then =hifts to cod-
ing theory and in particalar MDS codes. The main desire in coding theory is
to get a great deal of information across a nojsy communication channel with
only short codewords and a large distance between them. MDS codes turn
ot to be one possible type of optimal codes apd hepee are of interest. We
attempt to describe some of the results in this area. In addition, we examine
the connection between MDS codes and arce in projective geometries. We
intend to introduce at least some of the main open problems and conjectures
in this area. We assume a basic graduate [evel of math 18 known, and hope to
inelude most of the relevant information in this area. The paper iz a compi-
lation of existing results, and we attempt to bring these together. We intend
for the paper to read like a tegtbook =0 that it mmay be wsed as A pesouree
[or someone interested In researching and studving projective geometry and
ooding theory.

2 Projective Geometry

2.1 A Brief Introduction and Basic Definitions

To begim we must first introduce =ome basic terminology with respect to
finite geometry., We consider only finite fields, Fy, where g . p prime.
We assume some knowledge of the structure of fnite fields and vector spaces
is known, Let Fy be the set of non-zero elements of F,.

Diefinition 2.1.1 A finite geometry is a por ¢ — (S01) where £ s 2
finite sef and [ i3 a relation on 0 that iz sgmmetric and reflerive. [ is called
an incidence relation on 0.



Diefinition 2.1.2 A projective space of dimension n over a field [F, is
the sef of non-zerm subspacese of [F'_';" with respect o imdusion. We denaie

this PGLE,), also ealled PGL(q).

Remark 2.1.1 Pii,(q) is a finite geometry with © being the set af non-zero
suhpaces of F;" U and [ iz symmetric inclusion. We call the one dimensional
sihspaces af [F: L phe polnts, the fwo dimensional subspaces of [F; Flothe
H . ; ; ra+1

lines, and the n-dimensional subspaoes aj'FF the h}'pnr.]:lanns .:|‘.|" the ge-
ometry. There are always 1 + g+ ... + ¢" points and each line contains g+ 1

pointa,

Example 2.1.1 P(7:(2) is ke non-zero subspaces r.:'_il'Fg. Thiz 15 the projec-
tive plane of order 2. There are 1 +2 4+ 22 = 7 points, each a vecior in the
vector space. There are 3 peints on every line. This sivuchore is knoun os
the Fane Plane and s described piclorially in g nice way in Figure 1:

0 1,0,0

=)
o
Lol g,
(0,1,0) * : (0,011
[1.0.0] L0 [1.1.0]
Figure 1: The Fano Plane Piz(2). This is the 3 dimensicnal vector space

over Fo. We label the points with parentheses and the lines with square
brackets. Wea point oat that even though lines look like they cross, they do
nobt actually intersect unless they meet at a point.



Definition 2.1.3 The poinks a), 0z, ..., an in PGLg) are colllnear if thers
eriafs a fine that conioine cvery poind o

We zav a point p = [Ta,.., %) is o1 a line L [t <oy 2| I and omly if
Totg + T A o Ty = O

There ig a more general definition of a projective geometry. It turns oat that
all projective spaces with = = 3 are of the fonm PO () for g & prime powaer.
Howewver, in the special case of n = 2, Le. the projective planes, there are
certain examples that do not arise from the structure of F7- ' In this cas=,
we do include the general definition of a projective plane.

Definition 2.1.4 A projective plane of order n i= a sei [ 8. 1), where
P 15 the sel of poinis, B the sel of lines, and | the incidence relafion belbween
them. The number of poinds is 7”4 n+ | and the number of ines tsn® fn4-1.
Any line has n + 1 poinds on i and there are n + 1 lnes on any poink. In
addition, we require thal any fuw poinds delermine a unague line and that any
ho ines indersect in a wnigue point,

Projective planes in general form an interesting area of study., One of the
main conjectures in the area i= that projective planes of order n exist if and
only f i1 a prime power. It has been shown that projective planes of
order 6 and order 10 do not exist. The case » = 12 8 still open. Though
bhere are many fascinating aspecte to these general projective planes, from
now on, we will only be considering projective spaces of the form PG (q) a=
defined above. Like many disciplines in mathematics, we can learn a great
deal about a structures in projective space by studying the automorphismes
of a projective geometry.

Definition 2.1.5 A collineation of a projeciive grometry 15 a permutalion
af the points =uch that the lines are mapped onto lines, and thus subpaces are
mapped to siuhspaces,

Definition 2.1.8 We consider the sei of all inveriible semilinear fransfor-
mations af P(3.(g). This sel forms a group under composition called "L
Lg). Now, if H is the poinfwise siabiliser af PG (g), then H is a subgroup
af U'llin+1,q) and we ged that PULn+1,q9) = Ul{r + 1, q) /I i5 called the
projective semilinear group.



The set of collineations of a projective geometry forms a group called the
automorphism group, denoted by Aut P07 (q).

Theorem 2.1.1 (cf. [1]) Letn = 2. Then AuwtPG.(q) = PUL{n + 1.q).

This theorem i=s known as the Fundamental Theorem of Projective Ge-
ometry. Baer has a nice proof of this in [1]. A good source of information on
the collineations of a prajective geometry is [15]. The idea of automorphismes
of the projective geometry will allow us to decjde if structures are unique up
bo isomorphism.

Definition 2.1.7 Tue sets af peints in PG (g) are ecalled projectively
equlvalent if there exists an element o € PUL{r + 1,q) such that & maps
one sel fo the other,

2.1.1 ©Ouadratic Forms: Classification

Before we can introduce and discuss quadratic forms, we first introdoce bi-
linear forms.

Definition 2.1.8 /1 bilinear form B an [F? 15 a map from FY = By — I,
defined by (x y) — Bz, y) such that:

i Bz + ' y) = Blzr,y) + Bl y)

2. Blryy+y') = Blx,y)+ Bz, y)
3. Blar,y) = aBz,y) = Bz, ay)

For our purposes, we will only consider symmetric bilinear forms. These
are the forms which have the special property that B(r, y) By, x) for
all ».y. We restrict ourselves to this case sinee when looking at the second
definition of a quadratic form. we find that the bilinear form involved will
be a svrnmetric one. 8o, from thi=s point on, we only consider that B3 s
symmekbric,

Diefinition 2.1.9 A quadratic form s a polynomial funciion arisng from
a homogeneous polynominl of degree 2 in n-variables. A homogeneous poly-
nomial of degree 2 haa the form

E ':I:i.jT:Tj (':_J'EF

1=Sd<l yeim

fi



It follows from this that if e, ..., e, i= a basie for [F7. then a quadratic form
i5 a map from F," — F_ defined by

T2

T E gy — E oy o 2 IF

i=1 i

In addition to this, there is an alternate definition of a quadratic form using
bilinear forms (one can show that these two definitions are equivalent):

Definition 2.1.10 4 guadratic form @ is a map from Fr — IF; defined
hy o — Qr) such thai:

i, Q{ax) .:.I:f_?[-.rj forall € F-r and for all r & F;.

2 Br,y) = Qix +y) — Nz) — Qy) is bilinear. We call B the polar-
imation of 0.

Deflnltlon 2.1.11 The radical of a bilinear form B over a vector space Fo
is denoted rad(B) and given by

rad(H) = {v € Fy| B, v) = 0 Vu € F}

We are now ready to deseribe a special condition that can exist for quadratic
forms called non-degeneracy, This will eventually lead to nice sets In projec-
Live geomebries.

Definition 2.1.12 A guadmiic form €} on [F'; with polarvization H i=: non-
degenerate if v € rad(H) and Q(v) = 0 dmplics that v =10,

With thiz basic knowledge of quadratic forms, we now classify the three
different tvpes of quadratic forms.

Theorem 2.1.2 (cf. [12]) Any quadratic form over F_ is of the one of the
follawing forms:

i. Parabollc: @y(x) = zymo b mazy + b oy ru'i where e € {1, a}
where 0 £ F7 if g is odd and ¢ = 1 if q is even.

2. Hyperbolie: @ (x) = #j72 + ..+ 70 70,



7 Elliptic: @uix) = myzet oot Fooarn ot @l T 1. ), where p{ 2., 70

ta an irreducible quadmise form in 2 varables.

In general, since quadratic forms are homogensous polynomials, it makes
sense to evaluate them on projective points (2 Ax) .-JL?Ql:J'.'j for all @ £
| Dy 1. Hence, the zero set of a quadratic form in PGL(g) 18 a well-defined
set of projective points (i.e. the one-dimensional subspaces of Fo by, I
P (g), a =et of points that make up the zero set of =ome quadratic form 1=
called a qguadrlc. With these bagsic definitions and ideas in place, we have
the tools to help us in studying some interesting structures in projective
goometries that will eventually have nice connections to coding theory.

2.2  Arcs, Caps, and Normal Rational Curves

We introduce of points in finite projective spaces with certain propertiss.

Definition 2.2.1 A k-cap in PO, (g 15 a set of k points such thai na 3 are
collinear,

Definition 2.2.2 A f-arc in PiL.0g) is a sed K af k points wilh & = n 1 |
such that non + | poinis liv i a hyperplane.

Definition 2.2.3 An arc /K s complete if i is not properly contained in
a larger are,

Definition 2.2.4 A normal rational curve of PO (g) is any set of points
in P3,(q) which is projectively equivalent {o

L e e F o {0,000, 0,10}

Remark 2.2.1 A normal mitonal curve contains g + 1 poinds. We call the
point (0,0, ...,0,1) the point at mfinidy, P.. For g = n. a normal miienal
curve forms a (g + 1)-are.

Belore we look at general k-arce and k-caps, we look at the special case of
PCa(g). In thi= space k-arcs and k-caps are the same sinee hyperplanes in
P7a(g) are just the lines.



2.3 Owals and Hyperovals in Pt7a(q)

In this section, we will only be considering PG3aig). Le. projective planes.
We introduce two special types of k-ares that are widely stadied for their
many connections to obher geometric structures.

Definition 2.3.1 A (g + 1)-ar in P2(g) i called an oval.
Definition 2.3.2 A (g + 2)-arc in POL(g) 22 called o hyperoval.

Definition 2.3.3 A fine ihal intersects an oval, or byperowval, in {0, 1,2}
points is called @ {external, tangent, secant} lne respectively.

Proposition 2.3.1 For every q, ovals exiat in PO04).

Proof:

We let (rp. 7. x2) with x; € F, ¥ be the general form of a point in Piiz(g].
Now, we consider the non-degenerate irreducible parabolic quadratic form
1" + rorz. Then the set of zeros of this quadratic form is

[(1.¢,6%)] € F } 0 (0. 0,15}

Clearly this 15 a set of g+ 1 points and no 3 are collinear becanse the form
i5 non-degenerate, Thus this set forms an oval in Pd=ig).

Proposltlon 2.3.2 For g even, hyperovals erisi in Péa(g).

Proof:
We coneider the set above which is attained as the zero set of the quadratic
form 1% + xpre. As we have seen this gives us an oval:

= ([t e F (001}

Now [or a point ¢ £ &, there are g lines through = that hit & in at most
one more pomt. However, we know there are g + 1 lines total through =,
First, we note that the point |:[], 1,0y & &, Next., we know every point of
& 15 collinear with (0.1,0). We claim that the line that connects any point
x e @ to (0,1,0) is the unique line through = that hits the oval at no other
paint. Assume not. then there are two points collinear in @ such that the line
through themn contains (0, 1,0). A general line through (0,0, 1) and another

a



point of & is [£,1,0. Now, (0,1,0) is not on this line as this woald imply
that 1=0. Lastly, a general line through two points of & /{00, 13}, (1. £ 10
and (1, 5, ) with = # 1, i= [st. 5+, 1]. If this line contains (0, 1, 0), then this
implies & + ¢ = 0 which contradiets that s & £ Thus, we can add the point
(0,1,0) to our cval & to get a hyperoval:

8= {(Lee)t e F,u(0.0,1), (01,00}

Note that this does in fact require us to be in characteristic 2 |:'|.r:. we neead
q to be even).

The construction above 15 a usual construction of byperovalzs which takes
an oval and adds a point, called the nucleus. In this case (0, 1,0) was
the nucleus. Prom the previous two propostions we mmtroduce the followmg
Lheorem:

Theorem 2.3.1 (Bose [3]) In PGzig) we gel fhe following resull aboul

T
i. Forg even, a hyperoval is the largest are.

3, Forg odd, an oval is the larges! arc,

The proof of this comes from Bose in 1947,
Proof:
Let i be a k-arc, and suppose © & . Then, there is at mest 1 other point

in &' on a line through x. Now, there are ¢+ 1 lines through =, so we get
that E—1<g+ l.so k <g4 2.

1. Now, first we note that a hyperowval allows no tapgent lines. This is
true because if K 1= a hyperoval, then any pomt r s connected to
every other of the (g + 1) points of K. Since = cnly has (g + 1) lines
through it, this requires that every line through x5 a secant. Now,
let y be a point such that 4 & K. If we consider the lines through .
we see that since no tangent lines exist on K. then the lines on y are
either external to W or secants of &, Thus, for each line on y that is
secant to A, we pet 2 points on . Thi= implies that g + 2 i= even so
we =oe that g 15 even,

10



2. This is just a corallary to the above proof. When g is odd, then if &
were a hyperoval I:i.r.. q +2 points, which i= mitl]l then there must be at
least one tangent through K, which contradicts that it is a hyperoval.
So from this we get that for ¢ odd, we must have & < g+ 1. And we
know that ovals do exist in PO, (g).

Nat only can we classify that there are no hyperovals in PG, (g). g odd, but
we alzo have a pice result which classilies the structure of all owalz in these
STAnes,

Theorem 2.3.2 (Segre [19]) In PO4(g). q edd, every oval s a conic (ihe

zero sel of a non-degenerale quadradic form in 3-variables ).

The proof due to Segre in 1955 is long and involved so it is omitted here.
This 18 however a wvery important result. This classifies all ovals in odd
characteriztic, and thus we no longer study this area. So from this point
on in this section, we will only be considering PGz(q), g 2 for some
k. As wa have seen, In this case, there will exist hyperovals. A main area
of current study 15 to elassify all different families of infinite hyperovalz. "o
introduee thi= area of ressarch. we introduce the main form of hyperovalz and
some known conditions on how to get them in general. There are not many
oonditions, =0 the research j= often left to an exhaustive computer =earch to
find hyperovals,

As we have seen, we can construct a hyvperoval by finding a non-degenerate
conie and adding the nucleus. We have a special pame for these tyvpes of
hyperovals:

Diefinition 2.3.4 A hgperowal is called regular (or hyperconlc) if i s
the union of & non-degenerate conic and ifs nucleus.

In general, since Segre classified the structure of all ovale in odd characteristic,
a widely studied area of projective planes is to classify the structure of all
hyperovals in even characteristic. We introduce a few methods that ape osed
to do this classification, which we point out iz still an open problem.

Diefinition 2.3.5 [f g 2k the map I' : [F, — F; defined by

'J"I:.r.:I x4 P | 2 F oo .i::ﬁ I E al o]

enksy ln:!l:["_l]

i ealled the trace map.

11



Basic knowledge in algebraic theory gives us the following theorem about the
Lrace map:

Theorem 2.3.3 For the trace map T':

i.

o ey

e,

]

T is well defined.

T maps [, onio F,.

LT is addifive.

|ker ()] = 4.
Tla(z)) = Ti(z) Yo € Aul(F,)

FProof:

1.

bd

New, we note that o y = y & Fa. Let y = Ti{z). Then T(=)? o
T(z) = Tiz) + T(z) = 0 since we are in characteristic 2 and we know
that 7'(z)? T'(x) because we just rearrange all the autcmorphisms to
get them all back again. [Binomial theorem in characteristic 2).

Assume that JmT) # Fz. This implies that fm(T) = {0}. 5o we sea

that from thi= that
e R o e B ]

for all = £ F,. However, this polynomial has degree il 7 and has g
rocte, Which is impossible. So we get a contradction, thus Fre{ T = Fa.

It suffices to show that @ — =% s additive. In characteristic 2. (e b:I:
a* -+ 4% This then implies that T{a + b) = T{a) 4+ T{5).

I'is Fy-linear and dira{JmiT)) = 1. This means that dire(ker(T7))
h— 1. Thus, |[ker(T)| = 2" 1

Nete that Awf(Fy) forms a group under composition. With this in
rmind:

Ialx)) Y Alal=) N qlx) = T(x)

Fe Aut{Fg ) veAutFy)

sinee o tuns throngh all the antomorphisme.

12



We can now define a certain type of polynomial that will give rise to hyper-
ovals,

Definition 2.3.6 A polynemial [ such thai D f) L Fit e Fyp U
(0.0, 1) 00,1, 00} @5 a hyperavel is called an o-polynomlial.

Lemma 2.3.1 (Slope Condition) Lef f:F, — F,  be a | — 1 and onle
Junclion, g 2% Then [ is an o-polynomia if and only if the following
condition holde;
Fl=) + flw) |, flx) + fiz)
Tty 1 w4

for all distinel x,y. z € E,.

In addtion to this, Tim Penttila added another condition to require that a
function is an o-polynomial.

Theorem 2.3.4 (Penttila [16]) Le, [ F.g : F, — F, b funciions. g
even. Suppose that f(0) = 0, f(1) L, F(0) = 0 and that the following
condilion halds:

1 (P (A o) 1 g10) =

fer all s, € F, and & & 1. Then we have that [ 15 an o-pelynomial,

Proof:
First, we suppose that §i= not injective. Then there would exizt two elements=

s # twith f{s)= f(t). Thi= then implies that

=)+ fIE)
1 T(F(%)mm Fa(t))) = TOF(O)(a(=) + g(£))) = T(D) = 0
T'his 15 a contradiction, and thus [ = injective,

Now., we show that f satisfies the slope condition (Lemma 2.3.1). Assume

that the slope condition 18 not satisfied. Now we let ¢ £ 5 £ F 58 ¢ oall be
elements in [, with the property that

Sl)+ fle)  fla) + flr)

a4t 41

13



This gives ns that fis)+ fif) = als+§) and fis)+ fir) = als ++). We add
these two equations together to get

FiE) + fir)

t + r

Fity+ fir) =ajf+r)=a i1}

Now becanse of the assumption in the theorem, T{F{a){g(s)+ g(t))] = 1
and alse T{F{a)lg{s) + glr))) = 1. Now we recall that the trace function is
additive and so we add these two equations to get

T(F(a)(g(t) +g(r))) = 1+1=10

since we are in characteristic 2. But because of Equation 1, we know that
bhiz implies that

_I.(;_.(M).:ﬂm Falr)) = 0

i+

which iz & contradiction. Thus we =ee that f satisfies the slope copdijtion.
Together, since f is injective and satisfies the elope condition, Lemma 2.3.1
implies that f i= indeed an o-polynomial.

This condition helps to test if a function is an o-polynomial. From here we
get another nice method that will elimimate possible functions from bemng
o-polynomialz.

2.3.1 Glynn's Condition for Existence of Hyperovals

David Glvnn has an interesting condition for a function f(z) to give a hy-
peroval. We introduce some basic theorems, definitions and lemmas that will
lead us to Glynn's final result. This area i= most interesting a= it jncludes a
wide area of combinatorial mathematies, not just projective geometrv. A= we
hawve =een, when considering a hyvperoval, we can assume it has the general
[orm

& = {16, f(E)]t e B} u{(0,1,00,(0,0,1)}

where f(t) 1= an o-polynomial with degree less than or equal to g — 2. Given
& as= is, wWe want to distinguish a condition that will require § to be an o
polynomial., We note that most of the matenial in the following s=ction s
based on [9].



Theorem 2.3.5 (Dickson's Criterlon [7|) Let [ & a polynomial over [F,
with degree leas than q. Then [ induces a permutation of the elemenis of [Fq,
if and ondy if:

i. Forgedib,g) = 1 and 1 < b < g — 2. the degree of flx)® fmod z¥ — x )
is af mosf q — 2; and

2. There s only one solulion in F of flz) = 0.

We now introduce a nice theorem which will allow us to interpaolate functions
over finite felds by polynomials. This will allow us 1o find the cosfficients in
certain polynomials which will be an essential task in Glynn's main proof.

Proposition 2.3.3 |:|:E. [T]} If _t_,l[f.j ia a funclion owver F“,. then fhere o
iste a funciien f(z) with degree < g — 1 and f(z) gix] for all z € F,.

-1
Furthermere, f(x) anr’, then the following is true:
P
i ag = g(0)
2 a —E_gf..lj). Pforl <r<g-1
AR, ®
Foagq ==Y alX]
AcFy
Proof:

We first check the existence of this f{x). We need to make sure that mn fact

Zr:g.r-f gl — Z- Z ﬂ‘i—fj.a:f - Z gl )= :
a=0 =1 A F,* AcF,

allows for f{=) _r.3|:-.r:| for al]] = = [F'q.
When x = 0, clearly f{0) = g(0).



When = # 0, we know that %1 = 1.Now we get that

Fo) = o) -3 3 Wi 3 gy

i=1 pcpr APy
gl — [: Z () g:m] -y .q(h)f[})i
Y (5 (5))
AeFy; =l

gl

I'his 15 because of the fact that when A = & we have that
32 .
Ty E
1 - _
o(5) -
i=1
and when A # 0 and A &«
-2 i |:£:I:' _ I
1 (—) A 0
23 -

Thus we complete this part of the prool.

We now show that this flunction f{z) is also unique. Assume that there are
two funetions fi(=z], fofr) over F, with degree of fi{z] < g—1ford =1, 2and
that fi{z) = folz) = glz) for all £ € F. Then we see that the polynomial
hiz) = fi(z) — falx) i= & polynomial cver By with degree < g — 1. However,
since filx)] = folx) for all # € F, then iz} has g zeros. This implies that
Rir) =0, and thus fi{z) = folz). Therefore, the function interpolating g{x)
i5 Wwniciie.

Theorem 2.3.6 (Lucas’ Theorem cf. [5]) We consider the binary repre-

sendation of numbers. Lef b Zb,-_i.l’ and Zr:,—p’, we have

=il a=D

i1 & sy
() 1) e
with 0 < h < pand 0 < a;, < p for: < n

16



Definition 2.3.7 We say b s dominated by a of fhe binary expansion of b
n =

is contained in the binary expansion of a. i.e. if b Zb,-;-l‘f and i Zr:,-f
i=D

=0
fhen & = 1 smplicsa; = 1. We anste b = a.

From this definition, we get a partial ordering on the integers which can be
described by taking Pascal’s triangle mod 2,

Example 2.3.1 We list out Pascal’s irviangle wp the sicth row. Then we mod
oud by 2. If we want {o know if 4 is dominated by 5 for example, then we
read across the lop o 4 and go down the rows lo 5 and see if there iz a 1 in
the corresponding mafriz entry.

Pascal’s Triangle

o 1 2 3 45
ot oo o oon

|1 1 0o o a0
211 2 1 0 00
3113 3 1 00
411 4 6 4 1 0
5|15 10 10 5 1

Paseal’s Triangle (mod 2)

o1 23 4 5
oj1 oo o0 0an0
L{l1 1 o0 a0
211 01 000
31111 1 00
1)1 00010
afl 1 o0 @ |

So clearly 4 is dominaled by 5 zinece there 18 a 1 in the corresponding spoi in
the mairz.

We now introduce some lemmas that will help us to prove Glynn’s condition.
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Lemma 2.3.2 & is a hyperoval if and only if the ° — g lines of P72(2, ) not
paszing fhrough (0, 1,0) and (0,0, 1) aloays intersect @ in an even number of
paints.

Proof:

First, we wverify there are ° — g lines in Piia(g) not through (0,0,1) and
(0,1,0). Clearly there are g+ 1 lines through (0.0,1) and through (01,0}, but
one of those is the line between [0,0,1) and (0.1,0) so there are a total of
29 4+ 1 lines in PG q) which go through either (0,0,1) or (0,1.0). Since there
are a total of & + g+ 1 lines, thereare " + g+ 1 =2 — 1 = g° — g lines of
Pe(g) not going through (0,0,1) and {0,1.0).

Now, assume that @ i= a hyperoval. Then we know that every line in PGq(q)
either does not contain pointe of # or 15 a secant of @, Therefore, they intersect
in 0 or 2 points.

Now, assume that the ¢° — g lines in PGa(g) not through (000,17 and (0,10
always intersect & jn an even number of points. We have to show that & i=
a hyvperoval, e, thab no line of the plane containg more than 2 poinks of 2.
Consider another point of & P. There are g — 1 lines through P that muost
intersect in at least one obher point, not (0.0,1) or (0.1.0). This is because P
must have g+ 1 lines an it, with cne through (0.0.1) and one through (0,1.0],
and the line must intersect @ again by our assumption. Now, there are only
g — 1 point= left on &% {(0.1,0),(0,0,1), P} since & has g + 2 points. So
there are g — 1 lines through P and g — 1 points left on &% {{0, 1, 07, (0,0, 13}
s0 each line through P must intersect 8% {(0,1,0).{0,0,1)} at at mest one
other point. These two statements together say that the lines through P ohit
&% {10, 1,00, (0,0, 1)} at exactly cne more point. So these g — 1 lines each
oomtain exactly two points of 8. 3o now we connect each point to (0,0,1) with
aline and we have a total of g+ 1 points, no three collinear, since (0,0,1) is not
on any of the lines we had before. Note, these lines cannot alss go through
(010) because there iz a unique line between (0,0,1) and (0,1,0) which by
assumption cannot hit any points of &% {(0,1,0), (0,0, 1)}, Se &' (0, 1,01}
is an oval. Lastly, we show that (0,1,0) is the nucleus of the oval which we
have created. This is evident by the fact that each point of 8% {{0, 1,07}
has cme more line on it which goes through (0,1,0) and these lines were not
already in @5 {(0, 1,01} by assumption. Thus, we add (00,1} and see that
no 3 pointe are collinear and we have g+ 2 points. 5o & 15 a hyperoval.

This gives a nice combinatorial condition for a hyvperoval.
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Lemma 2.3.3 Lei g(f) be a pelynomial of F,. Then g(t) = u has an cven
number of aolutionas t € Fq for all i e [I:T'rr if and only 1f the fallounng holde:

> o0y =0

acF,
forallr =12, ..9— 1.

Proof:
First, assume that g(t) = u; has an even number, 2n;, of solutions in the
field, [F,. for all p; € F,. Then clearly, our sum becomes

4 solutjions of _|]|'|:.[]

Z Dl g )"

where n; is an integer for all 2. However, we are in even characteristic, so all
these terms are wera. Thos the condition = fulfilled for all ». Mext we assume
that the abowe =um haold=. We consjder the st

0 = {u| g(#) = p has an odd number of solutions}

The proof then depends on Vandermonde's determinant which implies that
the vectors (1 ot o @w" 1) are linearly independent for different £ [Fy.
So our sum above requires that uf + ..+ pl = 0, but this contradicts Van-
dermonde's determinant, so clearly £ = @ and this proves the result.

We can now copnect Lemma 2.3.2 and Lemma 2.5.3 to foree an algebraje con-
dition on the existence of hyperovalz instead of the combinatorial condition
fromm the first lermma.

Lemma 2.3.4 The ° — q lines of Ptiz(q) nol passing through (001) and
(010) always fniersect & in an even number of points if and only if the fol-
{oating condilion holds:

SN+ Ae) =0

AeFy

forallr = 1,2, ,g—1 and for all x € F.
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Proof:

New, let [ be a line that does not pass through (0,0,1) or {0, 1,0). Then I
has the form [g, =, 1],z # 0. Tf (0. 1,0) were on this line, that implies that
Oep+ 1401 0 which n turn would imply that @ = 0, which 15 a
contradiction. If (0,0, 1) were on the line, then 0-p +0-x +1-1 = 0, which
would imply 1=0, which is a contradiction. Now, for [p, =, 1| to contain any
other point of #, (1.1, _,I'f.fj] then the conditjon i= that 1. g+ & =4 f{ F:|- 1 =0,
Le. ) +ix = .

First, assume that the ¢ — g lines of FPGalg) not passing through (0,0, 1)
and [0, 1,0) always intersect an even number of points. This implies that
JE1 4+ fx = p has an even number of solutions and so for = %4 0, Lemma 2.3.3
implics that the condition above is satisfied.

Assume the condition abowve s satished. Now f(t) 4 iz = g has an even
pumber of solution dus to Lemma 2.3.3. So we see thers are an sven nuimber
of points in @ that are on [g, =, 1|. Thus the q- —q lines of Piialg) not passing
through (0,0, 1) and {0, 1, 0) intersect & in an even number of points. Note for

thig, x = 1 does not have any affect on the hyperoval since our line requires
x# 0.

Lemma 2.3.5 If b < a then i occurs in the expansion of (11 )" in char-
aclerisfic 2,

Proof:
From Luecas’ Theorem (2.3.6), we know that

() -1 () s

Mow if b = o then I:::r:l 1 9% sinee I:I:Il]I 1 and I:::I 1. Conversely if
[:j 1 7%, then we have b < a. I[ not, thers would exjst § such that a; =0
and & = 1 and thus IZ;'II (0 for this ¢, Together we have b = 0 = IZE.':I 1%
So by the binomial theorem, our lemma holds.

Lemma 236 i<vr & r—i<g—l—ifor0<ir<g—1
Proof:

We note that the binary representation of g —1 — 4 i= the bitwise complement
of the binary representation of . (le. there is a 1 In the expansion of # if
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and only if there is a #eto in the expansion of g — 1 — 4.}
*=" Ameume ¢ # r. Consider the first coefhicient with ¢ containing a | and «
contaming a 0. = v — ¢ has corresponding coefficent 1.

But ¢ haz coeflicient 1 = g — 1 — ¢ has coeflicient 0.

= — 1 & qg—1—1i. Thi= proves the result by coptraposition.

“=" Let there be a 1 as coefficient of + — 4.

Since 1+ = r, = r has corresponding coefficient 1 and ¢ has corresponding
ocoefficient 0.

i having 0 = g — | — ¢ has corresponding coeflicient 1.

v —f=qg—1—i

Soclearly r—¢ =g — 1 — 4.

Now, we can put all of the previous result= together to get a pice condi-
tion formuolated by Glynn which will determine whether or not f{t) is an
o-palynomial.

Theorem 2.3.7 (Glynn's Condition [9])) & 5 a hyperoval f and only if
the following condition holds: the coefficient of t° i [f(£)]" (mod 17 — t) is
zere for all pairs (ab) with 1 <6 <a<g—1and b # g — 1, where in ihis
pariicular case the cocfficiend 15 noi (0,

Proof:
Mow, due to Lemma 2.3.4, we have seen that & 15 a hyperoval <

DA Ay =0

AEF,

First, we assume that v = g — 1. Then, evaluating the previous surm usmg
the binomial sxpansion gives

S ) o

AR E'.'. Q< p-r

for all v = 1.2, ..., g—2. The inner sum is over & = r because the other terms
have a binomial coefficient of 0 due to the fact that 5 is oot dominated by e
Now this is true for all © € [Fy sinee r < g — 1. Therefore this i= a polynomial
of degree ab most g — 2 with g roots. Thus since there are more roots than
the degree of the polynomial, the polvnomial must be the zero polynomial.
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Thus the coeficient of sach =° must be zeto for 0 <8 < g— 2. So we s that
the following 18 therefore true:

M OAAr TN =0
TS
for all 0 < ¢ <+ < g—2

Mow, we consider the case forr =g — 1.
If = # 0, then expanding the formula again implies that

> (30 ryreae) <o
T [-':.I D ar
Now if © = 0, since fit) 15 a permutation polynomial, our formula becomes

St =8 gt

AeFy A=F,

M1

AEF]
qg—1
|

This iz becansa 391 1% A [F; and g—1=1 |:111n-.'1 2.

Now we put the two previous results together and consider the coefficient of

Tt

With o £ 0. we see that our sum

Z (ZHM# 1 axr)l.a 0

O<w-r X F‘,

ig a polynomial of degres at mest g — 1 and by Lemma 2.3.4, it has g — 1
zeros. Also we note the cocfficient of 2971, i.e. 5 = (0. In this case, we see it

i5 the following =um:
y st =
ACH,

. Similarly, the coefficient of =7 is

Yot =

xeFy
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This therefore implies that our formulais =¥ 1+ ... —1 =0, But 291 = 1is
the unique formula with g — 1 #eros, s0 we see that our above double sum m
this case is 27 — 1. But this is also true for our case with © = 0 since we
have zoen that for @ = 0 we get our zum equal to 1 Thus, together we zee

that when r =g —1

STOAA) 4 Al = e

AER,

YreF.

q
W nae this to see that the cosfficient of 91 iz cloarly 1, and to ses that the
ooeflicient of all 2 with 1 <4¢ < g — 2 15 0 50 that:

N papN =0

AcF,

Now, with both cases r = g — 1 and r < § — 2 together, we see that for
r = qg— 1, we see that

M RATTA =D

A=F,
for all 0 <é < v <g—1aslongas(éiv) # (0,g—1)or ([g—1.9—1). We
have seen that in the (0, — 1) case we geb the sum is 1. In the (=1, — 1)
case the sum 1= also 1.

We now use the formula for evaluation of polynomials over a finite fis)d
(2.3.3). We first note that —¢ = g — 1 — ¢ in this case due to reduction by
t% — . This gives us that the coefficient of £~ in f{#)7 i= given by:

a=y Fa

xcFy

So this evaluation result along with our conclusion from abowve jimplies that
the coefficient of 17 in Flr Tz 0, fe. a_; — 0. Now, we can mod ont by
7 —¢. By assumption, ¢ = v and thus by Lemma 286 7 —i < g —1—14. Thi=
implies that ¥ —¢ = —&. S0, set v —i = b, —i = g and we see that for all pairs
of (a,B)with | <b < a < g—1with b+ q— 1, we get that the coefficient of
i in _|"|:HIEI {med $% — 1) s 0. This then proves the result in one direction. So
we turn to the other direction.
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Now, we assume that all the coefficients are zero, So now, we use this In the
expansion of

M O(AN Ay =0

aeFy

and we =ee that this 18 true for all | < < g — 2. For the case r = g— 1, and
thus = # 0, we get that

(A + Aay

AcF,

reduees to

ZJ"._JL:"!'lZ.JL'I'I'I' ZJI-':"!":IEIIIIII

REF, AEF, AR,
Now sinee x # 0, we see that =7 L' — 1 and =0 for the entire expression to be
zero, we reed

Y fNTt =1

AcF,

But this is true since we assume that the coefficlent [#9 l| in ff)? Lis not

wero, thus it must be 1. From our interpolation formula, this coeflicient 1=
Eiven by
. a—1
Gg-] = — E fTA)
AcF,

Therefore, we actually get that

3N Ay =0

AEF,

for all 1 < r < g — 1 except (0,5 — 1). Therefore @ i= a hyperoval. This
completes the result.

Remark 2.3.1 Glynnr's paper does not include the additional assumplion
that the coefficient of |17 I| in fi#) L is net 0, We have found that the proof
requires thiz azsumpiion and thus we hove added il. We make a noie thai
this slighi change has been added upon suggestion by Stan Payne.



Remark 2.3.2 While this theorem may seem hard {o use, we never really
mmiee a polymemial fo a power. [rafead, just consider the coefficients as de-

fined by Proposition 2.5.5 of a power of a polynomial function.

Additionallv, we get the following result diue to Segre and Bartoooi as a
corollary:

Corollary 2.3.1 {[15]} An a-polynomial has anly even degree fermas.

Proof:
We apply Glynn's condition with & = 1. Sinee if @ j8 odd, then 1 < ¢ and the
coefficient of #° must be zero.

2.4 k-arcs, k-caps and minihypers in PG (g)

We now extend the general idea of oval=s and hypercval to any dimension n
instead of just the projective planes. Hyperovals and ovalz are nice because
they are simultaneously k-arcs and k-caps. As we have previously seen, the
normal rational eurves form (g + 1)-arcs if g = w. This of course leads to the
question of whether other large size arcs exist in these spaces. We not only
want to find other E-arcs, but we especially would like to find k-arcs which
are complete and not normal rational curves. To help us study this area, we
introduce a few theorems that help us to classify if other k-arce exist.

2.4.1 f-arcs in general
Theorem 2.4.1 {ef. [13]) If every (g + 1)-are of PO g). n = 5 and g =

w4+ 3, is a nermal miional curve, then q + 1 is the marimum value af & for
which k-arcs exist in PO g,

This theorem helps us to search [or large size apcs if we can classify that
some projective space has only normal rational curves as (g + 1)-ares. This
naturally leads us to wonder if we can extend a normal rational corve tooa
(g + 2j-arc. Due bo Storme and Thas, we have the following result:

Theorem 2.4.2 (cf. [13]) A point P = (g, ay, ... 6, o) extends the normal
radional curve K = {(1L, L, )t e F,hu[(0,0,..,0,11} to a (g+2)-arc



J—=
if and endy if F{X) ZE‘T 1 X defines a hyperoval
=0
=11t F(e))| e F b o{(0.01).(0,1,0)}

in Pz(g). Moreover, we gel a 1 — 1 correspondence if we require F(1) = 1.

We alzo question whether there are maximal complete ares which are not
normal rational curves, David Glyon was able to come up with an example
which we will present momentarily. We first provide a [emma about normal
rational curves which will help us to prove Glynn’s unique resulk.

Lemma 2.4.1 {cf. [22]) A normal mdional curve in PGG(0) i an inier-
sechion af zero seis of non-degenernie wrreducible quadratic forms (Le. an
tnlersection of non-degenerate quadrics].

Proof:
As we have seen we may assume that our pormal rational coree T has the
form:

I={(1, & 2 e eF o {0,000 1)}

due to projective equivalence, Clearly, we see that »] = zure, =3 = mory,
r; Ty, and rgrs ryxa are all irreducible quadratic forms (quadries)
containing T. Furthermore, we show that the intersectjon of these quadrics
is 7. Now let (zo, r1, 12, 73, 74) be in the intersection of the guadrics. Next,

fix xp = 1. Then ecall #; = #. 5o necessarily from the first quadratic form.
xa = 5. Thiz leads us to see that =4 leiE:I2 a1 by the second quadratic
form. The third quadratic form gives us 5%, Lastly, if we instead let

xp = 0, then the forms imply that this is necessarily the point (0,0,0,0,1).
This proves the result.

We are now ready to introduce an maximal complete arc that is not prajec-
tively equivalent to a normal rational curve.

Theorem 2.4.3 {G']__*,rnn’s 10-arc [EI” fn PO, a normal rational curve
is a 10-arc. However. there 55 also anolher 10-arc which is nol projectively
equivalent to a normal rational cuarve, but instead 1t 1z projectively equivalent
lo the following sed of points:

L=1{(lx T r||_1'.":’. =, =t )| = e Fg b {(0.0,0,0,17}

with € Fy and ' = —1.
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We give the following nice proof of this statement described in [22].

Proof:

We first show that L is a 10arc. To do this, we verifv that any five points
from £ gpan a S-dimensional vector space over Fy. Pirst consider only points
not of the form (0,0,0,0, 1), Now we let det{1, 2, o7 +nr?, o7, o)) denote the
determinant of the following matrix:

, k. 5 .a
| =y =7 fma xy o

| = =i 4wyl x@ T}
So, we assime that these fivie points do not span a S-dimensional vector space.
This implies that det(], J'.'J..f?.':; I rg.':f'. if. u'.j] (0. Zmee the determinant 1= a
bilinear form, thi= also gives us

det(1, 2, 2 4 el 2l o) = det( Ly, o7, 20 08 + pdet{ 1, o, 28 20 ).

This in turn implie= that

det(1, z, 2f, 2, 1) = —pdet( 1,z 25, 2 21,

3t

(2)

3

Mow, since [F;, has characteristic 3, the map x — = is a field automorphism

[Fr-:;lmniu':l autcmmorphi=m). This gives us that
[cleti 1, ;. J'f .'r;.:. .1': :I|:= —I||:=|-.'1-:L|:1. Tis rf .1'.'?. I',.':I|a.

This gives us the following relation |:tlu-." to the [act that jn Fy we have that
= ¥l

det(1, =7, 2. o, 2]y = —det(1, 27, 25, =z, 1))
And from linear algebra we know we can rearrange the rows of a matrix with-
oub changing the determinant, so suitable rearranging gives us the following
relation:

deti 1, x;. :f .'r;'. 1f:l —:I'II:EI:ZI.EL[]. T, 15 :f .'r'.':|.

Additionally by equation 2 along with the previous result we get that

1

det(1,z, a2, o) = idet{, x,. 20, 2), 24 = gidet(], x,. 22, 2), 25)

by rearranging. MNow due to Vandernmonde's determinant, we know that
det(l, z;, =7 =}, =7) # 0, and =0 this implies that 5" = 1. However, we assume
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in the theorem that 57 = —1, and thius we get a contradiction. We can also
make a symmetric argument 1f we consider one of the five points to be the
point (0,0,0,0, 1), and we will get a similar contradiction. Thus we see that
any 5 [=441) pointz of L are linearly independent and =0 L is a 10-are.

We pow must show that L iz not a pormal rational curve. From Lemma
2.4.1 we know that a normal rational curve in PG5(9) is an intersection of
non-degenerate quadrice. We will prove that L js not the intersection of non-
degenerate quadrics. We assune that L js an intersection of quadries, Q.
Le. L= M-y ;. We let

o {["-IZ‘.;.,...,'.!‘_GI'I,- = Fj.@,'f'.l?.:.......]"_d I::I}

1
where €; is a quadratic form, i.e. 0 # Z f_,f_jll.n,.x, and 1, & Fa. W oW,

ra=0
in each quadratic form the coefficient '"F:]q 0 becanse (0,.0.0.0.1) € L. Since

(0.0,1,0,0) & L then there exists a @ = €2; such that cqo = s # 0. With

thiz €), we consider the following polynomial:

Zﬂj]‘.‘j flz) = Q1= z° + na". 2%, 2') € Fylz]

i

Now we know that (1, =, T :I'Il.l'ﬁ. u'3..'r1:| = L for every = £ [Fy, and =0 [Fy
vanishes on f(z), ie. f(z) = 0 for all @ € F;. Because of this, basic fis]d
theory tells us that fir) must be a multiple of £ — . Therefore we see that
fir) (2% — xr)k(z) where hir) £ F;. Sines op- # 0 then we know that
(% + mr®i(x® + pr°) is part of f{x). This implies that f{z) has degree 12,
and thus k{z] has degree 3. Now, from this we see that f{x) has no term
with degree B, and thue ag = 0. However, since -:'.:-zl:al:.r-! F o) 4 rr.r.':”:I is
part of f{x) and -rli::'l
2097 # 0. Therefore, L cannot be an intersection of quadrics. By Lemma
2.4.1 we soe that sinee a normal rational curve 15 an intersection of quadrics,
then L cannot be a normal rational curve.

0, we see that ag = 2eg o This i2 a contradiction as

Tomv knowledge, this 1s the only known complete arc which is not attained
from a normal rational eurve in PGo(g) with = = 20 This is an amazing
result, and it iz a big challenge to find further examples like this.
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2.4.2 A Glimpse Into the World of t-caps: Ovolds

We can also study k-caps in general projective spaces. For our purposss, we
only consider a special type of k-cap. The special k-cap we are interested
in is called an ovoid. There are two separate definitions for an ovoid that
turn out to be the same in some cases.  In general, ovolds are not only
interesting in their connections to codes, but alss they have a great deal of
relationships with other structures created from projective spaces such as
peneralized quadrangles, spreads, and translation planes to name a few. We
begin with the definition of an ovaloid, which in the special case of = = 3 we
call ar owojed.

Definition 2.4.1 (due to Segre) /n Piislg), a |:f_|'! F 1)-cap is called an
ovoid. This ran also be stated ihal an ovoid is a sei of (§° + 1) pomis in
f’l['r'gl:q:l sich thal no 3 are collinear.

Example 2.4.1 We consmder the zero sef of the following non-degenerate
elliptic quadrtic form {i.e. elliptic quadrie] in PGs(q):

- o
T +axpry + ax] + T2Ty

where g = [t""I such that ©° ¢ + a is irreducible over [F'q. We see that the sel
af poinis of PG (q) which are zero under this form is

{(s,t.2" + st +af )]st € F b U {(0,0,1,0)}

and this is a sef of ¢ + 1 projective points. Since the poinds come from a
non-degenerale elliplic guadrabic form, no three are collinear.

From here we can further study ovoids and their propertjes.

Propositlon 2.4.1 (cf. [4]) fn PCs(2) o mazimum k-cap is noi an ovaid,
hut has 8 pornis,

Proof:

A hyperplane in Peoa(2) has (25 — 1)/{2 - 1) = 7 points. Since there are 15
points total, then the complement of a hyperplans has 8 pointz. Clearly, no
three of these are collinear sinee if they were then there would be a line which
is dizjoint from a hvperplanes, which is a contradiction to the dimension. Sipee
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in this space on any point there are ¥ lines, then the maximum possible siee
for a k-cap 1= &

We proved the previous proposition because it i= a special case, For all other
g, that iz g = 2, we get the nice following result:

Theorem 2.4.4 (cf. [2]) In POsiq)., q = 2, an owoid is a mazimum cap.

Proof:

For g odd, let P and €} be points of an ovoid €@ apd @ the line they =pan.
Mow, there are g -} 1 planes on I, and each of these planes can intersect
2 in at meost g — 1 points more |:|_'n."c:au_*as:3- g 18 odd and we kpow that an
oval is the largest cap in a plane). So along with P and €, we get that
[ = (g4+ 1){g—1)+2 =4+ 1. As mentioned above, the elliptic quadric
attaine that bound and hence we have equaliby,

Now assume q i= even. First we show that through each point there is at least
one tangent to O, To do this. we assume that there are no tangent lines to
). Then. con=ider two pomts P oand €7 in O and the line that connects them,
I. There are g + 1 planes on § and sach of these planes must intersect © in
a hyperoval, g + 2 points. So we have g + | planes containing g points other
than F and €). So we see that this implies that |2 = glg+1)4+2 = g* + g+ 2
Neow, we consider a line g which contains no points of & {on any point outside
of € we have this or el=e |0 = 2(5* + g + 2) which iz not true). Now, let &
denote the number of planes through g intersecting € in a hyperoval (g + 2
points. Then we get that

Elg+2) = 0] = ¢" + g9+ 2

Mow rewriting we get that &{g + 2) = (g — 1)(g + 2) + 4. Then this implies
that (g + 2) must divide 4 and =0 g 2, but we have excluded this casze.
Thus we get a contradiction, =o every point of € must contain at least ane
bangent line.

We now know that if g & 2, then there exists a tangent line, we, to O at
some point &, I we consider the g+ | planes about mi, we see that these can
intersect O I at most g 4+ 1 points or else would contradict the maximality
of a hyperowval. [f each plane on m meets O in at most g points we have that
[ < ig+ g —1)+1 = q- which is a contradiction. So we can assume
that there is a plane = on m meeting & in an oval (g 4+ 1 points). Then, we
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know since q 15 even bhat there s a muclens to this oval, which we can add to
form a hyperoval. Because © capnot meet € in a hyperowval, then the nuelens
must lic on at least one secant line of O, call this line m’. Then. each plane
on 1’ meets the oval in a tangent. Therefore, anv of these planes meets O
in at most g + 1 points. So we consider the g + 1 planes on m' which can
meet (J in ab most § — 1 lines other than the two points making ', This
mives |0 < |:q F1i(g — J_:| b2 .'.]l: t 1. Apgain, we have the efliptic quadric
for equality and so the result 1= proved.

We now introduce a nice theorem about the structure of ovoilds. To prove
bhizs theorem, we find the following lemma useful.

Lemma 2.4.2 (cf. [4]) Let 0 be on owoid in PGklg). g = 20 Then for
F e tl, the union of all the fangent lines on P ia a plane.

Proof:

Claze 1 Assume g i= odd. Let Q) be two pointz of €2 Now, with g being
owld, each plane of Pls(g)] can meet £2 in at most g + 1 points. Now the
planes that are spanned by P and ) intersect 0 in exact]ly g + 1 points |:.|-u1
onval ), or we would get a contradiction to the maximality of ©0. |herefore, a
gecant lme of 2 can only lie on the planes meeting £ in an oval. Now we
le=k Iy I be two tangents bo 2 at P and 7 be the plane they span. Since =
oontams two tangents to £, then it cannot meest £ in an oval, thus it cannot
contain any secant=. Therefore we see that # M0 = { P} =0 therefore 7 must
oontam all the tangents to P s0 1t 1= the union of all tangents on P

Claze 20 Assume g 18 even. Now let € 02 and ! be a tapgent line to £2 on
FP. We have seen in Theorem 2.4.4 that there must be a plane 7 on I with
mM 2 being an oval with nucleus & on some secant line, m'. Since g is even.
we have seen that this each point in this oval i= on a tangent line connected
to V. B0 if we consider any plane on wi', this plane must contain a tangent
line on & bv intersection with 7. Therefore we see that each plane on m'
intersects £2 in an oval. In any of these planes, the nucleus & lies on a unigque
tangent line (g -+ 1 tangent lines and g+ 1 planes on ). This unique tangent
line must be the mtersection of the plane with 7 then., 5o we see that all
of the tapgents on the nueleas N must be in 7. Now we consider any other
plane on our original line ! that contains ancther point of £, call the point
). Thi= plane then contains a secant < N, 6} =, therefore must meet £ n
an oval, Thiz shows that any plane on our line ! iotersects £ in P or in an
oval. Therefore, the tangent lines to & must form a plane since they do not
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interssct £2 in any further points, This lemma leads to the following theorem
which will be relatively easy to prove.

Theorem 2.4.5 (cf. [4]) Let @ be an ovoid in Piisig). Then exacily ¢ + |
planes af Piig(q) meel 2 in a unigue poini and the other q* + g planes meet
£ in an oval

Proof:

There are g° + g° + g + 1 planes in PG3(g). Now, by Lemma 2.4.2 there are
q° + 1 tangent planes to £2. Thus there must be ¢° + g ovoids remaining. If
these do not intersect £2 in an oval, then we would contradict the maximality
aof £,

We now turn to an alternate definition of an ovaid. The following definition
only relies on axioms to define what 18 meant by an ovoid.

Diefinition 2.4.2 (due to Tits) An ovold s a sel of poinis O such thal
Jellowing hold:

o No three points of @ are collinear,

#® For each pomnd P2 O, ihe fangends through P ocover exactly a hyper-
plane.

We g that both definitions of an ovoid coincide for the case of n 3 due
tor Theorem 2045,

In addition to connecting these two definitions, we see the following theorem
defines when an ovoid as defined by lits can exist:

Theorem 2.4.6 (Dembowski [6]) If PCL(g) has an ovoid 0 as defined by
Tits, then

0l =g 41

2on =3

Proof:
Let £ be a point of 0
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Bince the tangent= on P cover a hyperplane and a hyperplane has il—ll]
lime=, then there are exactly this many tangents on 2. This mmplies
there are g™ 2 +4" * + ... + g+ 1 tangent lines an P and since there ate
atotal of gL g 2 +g* % + ..+ g+ 1 total lines on £, then there
are " ! secants on . So the point P connects to g™ ! other points
and this ig all of the possible points in the ovoid, Thus we have a total

of g™ L1 point= of 0.

For m = 2 we have seen that a non-degenerate parabolic quadratic form
{or non-degenerate conic) forms an owval which is g+ 1 points satisfying
the above axioms. For m = 3. we have seen before that the zero seb of
a non-degenerate elliptic quadratic form 15 an ovoid.

Now, assume that = = 3. We count the number of incident pairs of
points of £ and non-tangent hyperplanes to €2, We let k& be the total
number of hyperplanes intersecting £ in an ovoid in the hyperplane
Then the count gives us

|:|'._'|"" | | ]]I:q“—fﬂl
q—1

K™ 1)

Thiz is triue because we know there are ¢~ ' + ... + g + 1 hyperplanes
on a point of 12 and one of them must be a tangent giving us a total of
7 b g =g(g" " b g+ 1) = 58 There are g7 ' + 1 points
in 2. Alss, on every hyperplane intersecting €0 In an ovaoid, there are

g + | points of £ on each of these hyperplanes.
Now, we know that for i = 4, there are alwayvs Pory(g) embedded
in P (g). Therefore we will get a contradiction for n = 4. In the

caze With w = 4 we get that if k& is again the number of hyperplanes
intersecting £2 in an ovoid, then we have

(g + ig)g® — 1)

q— 1

k(g" 1)

1 hiz yields

(q7 + Nig)(g” + g+ 1) = k(g" + 1)
Therafores wa e that q: F1 st dijsidea fqr’ ! 1]|:.'.]|:||:q: g 1:|. Reducing
this modula g* + 1, we get {g 4+ 1) which is not zera. Thus we see that
this gives a contradiction as §° + 1 does not divide (g7 4+ 1)(q)g" + g+ 1].
and so & would not be a natural number. Thie proves that any Pé, ()
with = = 4 cannot have an cvoid since it contains a PG,(g).
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This result is intriguing and has led to many investigations of thess ovoids
in Plialg). As with our study of hyvperovals, we can begin to describe the
current classificatione of oveids. It turns out that there are not many results
about existing ovolds, but we do have the ollowing theorem about existence
of cvoids in certain spaces:

Theorem 2.4.7 (ef. [13]) In POslq) there are iwe known iypes of oveids:

i. (Barlotti, Panella) Forg odd ar g = 4. an aveid iz an elliptic quadrie
{Le. o zero set of a non-degenerate elliptic quadmiic form).

2. (Tits) For g = 24, wiih e = |, there exisic an oveid which is not
an elliptic quadric. We oall thiz the Tits ovoid. and it is projectively
equivalent lo the sel

K= {0 Lo} u (L2 o)) z=cy+x""" +y7}
where x4y € F, and o utl

Though we aomit the proof of the previous theorem, we note that proof uses
bhe fact that these ovoids are in fact different because they have different
stabilizer groups in PTL{r 4 1,q). This 15 a nice way to show that two struce-
tures are not projectively sgujvalent. It i= also nteresting to note that the
only known types of ovolds o any projective spaces are the elliptic quadrics
and the Tits ovoijds.

2.4.3 MWMinihyvpers

On a side note, we take this opportunity to introduce another related stroc-
ture in projective spaces that will have a nice link to eoding theory (though
nobt through MDS codes). Even though it is not related to MDS codes, it is
nicely connected to k-arcs that we have been studying.

[fwe have a k-arc, we can copsider the complementing points in the projectjve
space. | hese pointz then form a nice structure called a minihyper:

Diefinition 2.4.3 A {r,k,n,q}-minihyper iz a sct of v poinis called | in
PG (g) such thal there are al least e poinls of K on every hyperplane, and
ane hyperplane condains eraclly e poinds af K.
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Now we know that a k-arc gives a set of k points in PGLig) such that no

i+ 1 lic in a hvperplane. We define the number 2 5'lTI—|l bo be bthe number
of points of P&lg). Thos, we know that PG (g) has 1 4 g+ ...+ g™ L — g,
points and a hyperplane has | + g+ ... + g™ % = »,_; points. The resulting

minihyper attained by a complement of a k-are in PGL{g) has v = 14, — &
points with e =1, | — (7 + 1).

3 Coding Theory

From projective geometry, we switch to coding theory which will initially
appear to have no connection to the ideas abowve, Before we introduce the
main idea of MDOS codes, we [jrat dizcuss =ome of the bazic definitjons apd
ideas in coding theory =0 that the rest of the article may be fullv understood.

3.1 Basic Definitions

Definition 3.1.1 A code of lenglh n over an alphabel A of size g, g = 2,
is & sef of words construcded from A, ie. n-fuples with enfries in A,

Definition 3.1.2 A linear |7, k. d|-code ' sver B, is a k-dimensional sub-

space of the n-dimensional vector space Iy with minsmum distance d. From
thia we see that |C] = g*.

Definition 3.1.8 The Hamming distance belwesn to codewards =, gy € Fo.
denoted dx,y) is the number of posiions in which x; # w;, forz = (z,, .., 7,

and 3 = (Y, P ).

Proposltlon 3.1.1 By ihkis definition, the Hommang disfance forms a metric
and thus turms [F':_ into a melric veclor space.

Proof:
|. Clearly diz.y) = 0and dir, y) =0 &z =y
2. Clearly, diz, y) = d{y, x).
3. For the triangle inequality, we note that d{x, z) < d(z, 4) +dly, z) since

if #; # 2; then neceszarily either x; # o or y; & 2.
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Definition 3.1.4 The minimum distance d of a bnear code (7 s (he

smmalleal number of postfions in which fwo differeni elements af O differ,
teo d = mind{diz ),y € C, ©# yl.

Definition 3.1.5 The Hamming weight of a wecfor r in a linear code O is
defined as the number of non-zere coardinales of x. We denele this wt(x).
From this if can be inferved that the minimum distance and the minimum
weighi of a inear code are the same,

It i= important to ses that the minimum weight i= the same as the minimum
distance if € ie a linear code. This comes from the fact that the zero vector
i5 alwaye in a linear code. From here, we define a few more bagic jdeas that
will be necessary for our discussion of MDS codes,

Definition 3.1.6 [f we fave a linear [0, k, d|-code, then we also have the
dual code 7 which is a linear [n.n — k, d'-code. We form O by looking

af the dual of the vector space which forme O,

Defilnitlon 3.1.7 For a code, we have fwoe matrices that determine the code:

i. A generator matrix & of a linear |5, b d|-oode © 48 a ko= nomatric
aver B, whese rows form o basis af C.

2. A parity check matrix I of a linear o k d|-tode C iz a (n—k) =n
matrir ever By whose rows form a basis of O,

From these two definitions we get some nice relationships between the ma-
trices and codewords.,

Proposition 3.1.2 Led O and O be dual linear codes. The following all
hald:

1. For any codeword ¢ € 7 we have that cHY =0,
2. For any codeword o € O, we have &GT = 0,
g GHT =D

Proof:

We know that sinee © and € are dual codes, then (7 = generator matrix
for €7 and a parity checl matrix for @, and H is a generator matrix for O
and a parity check matrix for O
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. Since ff contains rowes that are a basis for €, then any codeword,
e & O will have dot product zero with every row.

b

Thi=z proof holds for the same reason above becanse (7 contains rows
that are a basis for © = (O],

3. Thi= i= just an extension of the above two proofs. We kpow that any
codeword in & has dot product zero with any codeword of & by
definition of the dual space.

These tules allow us to use 7 and i to further understand the linear codes
theyv produce.

Definition 3.1.8 [f €' iz an |n, b, d|-linear code with generator matrie €,
then a sef af k& coordinates (from n) is called an Information set if the
corvesponding columnse of G are linearly independent.

Theorem 3.1.1 (cf. [14], 1.4.14) The minimaum dislance of a [n. k|-linear
code, €' a8 d if and only if in any panty check mairiz H . any non-emply act
af at most d — | columns are linearly independend and there exisi d columns
which are linearly dependeni,

Proof:
As=surne that there are d — 1 linearly dependent columns. Without loes of
penerality, we assame they are the first  — 1 columns in the parity check

mairiz /. We call these colummns oy, ..., ve 1. Then there exist =ome a,’s
such that ey + . ey vy g = 0. However, then we can create a codeword
e = (ay,aa, . ae 1,0, ... 0) € C sinee e = 0 by construction. This is a

contradiction though since ¢ has weight d — 1 and hence distance d — 1. By
a similar argument, if there are not & columns of & linearly independent,
then we could not construct a word of weight d henee distance d. This would
imply that &{C7) = d + 1 a contradiction.

In addition to thess definitions we introdoee and prove teeo important bounds
on bhe minimum distance that will eventually lead to certain types of codes
in the situations where we have equalities in the bounds. These codes will
connect nicely to some of the projective structures described in section 2.

Theorem 3.1.2 (Singleton Bound [20]) For any code, O with mininwm
distance d. we hove |O| < g" 1 For a lincar e, &, d|-corde, this means that
q"‘ < g" AL This in fwern mmplies that k <n—d+ 1 ord<n—-k+ 1.
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Proof:

If we consider a code with size || and distance d, we know that every word
differ= in at least d positions. 1f we were to truncate the codewords by ignoring
the last d — 1 positions, all the new codewords must be different. So we =till
have [ codewords remaining. But now we are in dimension n — (d — 1).

n—id—14

We know there are a total of g coclewords of this dimension, therefore

we =on bhat |O] < g™ d+l  YWa gee that this proves the result along with the

knowledge that when € is linear, || is just the size of the k-dimensional
subspace over F, which is q*.

We also introduce another bound which is slightly stronger than the Singleton
bound, however fitst we introduce a few more 1deas that will helpin the proof.

Definitlon 3.1.9 If 7 s e genemior mairiz with respect do a linear code €,
then we define the residual code, fHes{C,c), af O with respect to 0 € O as
the code generaled by the resirichion of G o the colurnns where ¢ has a2 zero.

Lernma 3.1.1 (cf. [11]) Suppose that (7 15 a lnear [0,k d|-code over F,.

Alsa, lel ¢ € €' and wi(c) = w with w < q—""i'— Then Hes(C,c) iz a linear

1
[ — w, b — 1, d")-code with

o =d — w4 [i]

)
Proof:
Clearly, Hr.u'(lf.",c'] has length w — w. Then, without Joss of generality we
assume that ¢ has the form o = 00111, Now, for any other codeword
e we write = = (2%|z1), where 2% & Res((7, ). Now, if Hes((7, 2] is not
a (& — 1)-dimensional code, then we would have a non-zero codeword = in
' with = — 0. But then we would have in © that wifz — Aej = ﬂ'{f—” for
some A £ F,. This contradicts that ar = f"l-.

Now, we let x € O be such that wt{z") = d”. Now for some A € F,. at least
[";] entries of x' are equal to A, Thus this gives

) ar
fd < owlr — Ac) £ w — [—1 Fod”
i
thus we get that the result holds as d¥ = d — w4 [%1
This lemma leads us eagily to the next bound.
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Theorem 3.1.3 (Griesmer Bound cf. [11]) Lef 7 be a linear |w, &, d|-
!

code over B, Then we must have that i = Z[f]

=0

Proof:
Now [rom the previous lemma, the residual code of a linear |n, &, d|-code,
with respect to a word of weight 15 a linear v —d. & — 1, |'I-';"||-i:nd-: call 1t
. Thi= tell= u= that

n—d=|C|—d=|C

Thus, we get that

el
;= | — e
"= [ij] I | l

From this, we do the same process to |7, We pick a code word in &7 of
minimum distance and create the residual code of |€7] with respect to this
word and call it &, 8o €™ is a linear |[r — d — ['f;']. k—1-1. [ﬁ“-i:utlc‘. So

u=ing the Previous leTmma e pet

1= [5] 2 1e)

T'his together with the first result gives us that

o2 2] [2] e

Mo 1w use jnduction on the sjee of & |:1'-."ﬂ|_]:-'.i_u_|:_rI that each time we do this, &
decreases by 1) we can continne this process to each successive residual code
to geb the final desired result. Thus we have proven the Griesmer Bound.

The Singleton bound is a special case of the Griesmer bound. For our specific
topic of MDS codes, the Singleton bound will prove to be more useful than
the Griesmer bound. However, we do have one nice conmection of a structure

in projective spaces to the Griesmer bound so we have included it for that
Teaso.

3.2 MDS Codes

We now can finally introduce MDS codes and prove a few things about thern.
As a reminder, we note that in thig section we only discuss linear codes,
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as resilts for non-linear codes are difficult to nicely connect to projective
geometry.

Definition 3.2.1 If 7 is a [n.k.on — E + 1|-linear code, de. d = n—k+ 1
(Simgleton Bound s mef), then we call €7 a Maximum Distance Seperable
code (or an MDS code).

Example 3.2.1 {Irivial Cases) We demensiraie three irval evamples of
MDS codes:

1. The vector space F, tself forms a Enear [n,n, 1|-MDS code. Nole thal
| =m—mn+4 1.

2 Cwer Ty, we get a linear |n, 1, »|-MDS code. Note that n n—1+4
1. This 15 called the repetition code where the only word is the vector
(1.0 1)

F. FornZz 2, we lel the even weight code be given by
O = {eeFs | wic] =0 (maed 2]}

{Netice thal the sum of two even weight words in FY is again an even
weight ward]. This code formas a linear [n,n — 1, 2)-MDS code. We see
that 2 =n — (n— 1)+ L.

T'hese three examples are all trivial MDS codes. We would like to have a nice
way of getting new, non-trivial MDS codes, Tt turns oat that some structures
in finite projectivie epaces acbually give us a nice way to construct these non-
trivial MDS codes. Before we see learn about this construction, we introdoce

anice theorem that helps us work with and gives us more information about
MDS codes.

Theorem 3.2.1 (cf. [14]) If © is any [n k, d|-linear code wilh correspond-
g generalor malric &G and parily check malriz H | then the following are
equivalent:

1. O s an WDS code.

2 Any(n—k) columne of the parily check matriz H are finearly indepen-
dend.
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F The dual cade CF 15 an MDS code.

4. Any & columne of the genemior matric 0 are inearly independend.
5. Given any o coordinates, there is a codeword of minimam weight whose
nen-zero efdries are i precisely these coordinales.
Proof:

]l = 2 we nse Theorern 311 and note that d = =k + 1l d -1 =n — k.

2 = 3. Anv (n—&) columns of # are linearly independent. Sowe assume that
H = [l | A| where [ i= the (n — k) identity matrix and A= a (e - k)= k
matrix. From this. we assume that the codeword of minimum weight, .
cocurs in M. Now, this implies that wi(’) < & + 1 (k entries from A and
| entry from [). Wow if wi{d) < & then there 15 a column in A that will
be linearly dependent with # — & — | columns of [ (since it has a zero In
some toW spob).  This contradicts that any (n — &) columns are linearly
independent. So wi(e) L4 L0 Thus &, which is generated bv H 15 a
linear [re,m — & b+ 1|-code, thusd =k 4+ 1=n—({n—&)+ 1 apd =0 ' =
IS,

J & 4, we note that C being a linear MDS |n.n — k& &k + [ |-code implies
that in it= parity check matrix, any »n— (n— k] lincarly independent columns.
However, we know that the parity check matrix of & is just the generator
matrix & of O Thus any & columnz of & are linearly independent.

2 4 0, since H has any (n — k) columns linearly independent, and the
row space 15 of size [k — k), it follows that any (= — & 4 1) columns are
linearly dependent. So for given any = » — & + 1 coordinates, we take the
oorresponding columms of M, call them ey, o vp . and construct a word.
o of C basad on the linear dependenee of o, . v, gy, This word j= in O
since eT = 0, Thus we have a connection between the linear independence
of (e — k) columns and the codewords of € with minimum weight .

With the theory of linear codes, especially MDS codes, in place, we finally
geb bo connect geometty to oodes.



4  From Geometry to Linear Codes

We have mtroduced projective geometries over Onite fields and we have seen
linear codes come from finite fields. As these two different ideas are linked by
their underlying vector spaces, we expect to see =ome connections between
the two, We now explain the relationship between finite geometry and MDS
oodes. Additionally, we will add =ome conjectures about further connections.

4.1 Results: Arcs to MDS Codes
Theorem 4.1.1 (cf. [2]) Forn and k posilive integers. Then a linear MDS

72, k, 4]-code exisis if and only if there exisis an n-cap in PG, (2.

Theorem 4.1.2 An n-amein PO (q) defines a linear MDS |0 k,on— k-
1]-code .

This theorem comes from |13], however a proof 15 not included. We include
bhe Tollowing basic proof.

Proof:

Let /& be an m-are in Pii, s 1(g). Any point of the arc has the form
(To:Tpy s Ty g1 ). 1f we take each point in the are and make it a column
in a matrix. if, then i clearly becomes a (n— k) = n matrix. Thi= matrix
becomes a parity check matrix for a code. Sinee the columns of & come from
an w-are, then we know that agy n— & — 1+ 1 =n — k of them are linearly
independent. Due to our theorern about MDS codes, this implies that ), the
ocode defined by H. iz an MDS code.

Corollary 4.1.1 Awnn-arc in PG (g) corresponds Lo a linear MDS [, —
k k4 1)-eode O,

We goe that in fact O and € are dual codes,

We introduce some examples of how to construct an MDS code using the
previous construction.

Example 4.1.1 We consider the projective plane of order 2, e, P(3:(2)
also known as the Fano plane. This 15 jusi the sel of non-zero veclors of
Fi. [t is ensy to see thai the reqular hypemoval of this space consists of the 4



points {(0,0, 1), (0, 1,0),(1,0,0),(1,1,1)}. We take these veclors and creale

a matrir H with columne equal to thoae vectors,

oo 11
H=10110D1
L ool

This 15 then a parily check matric for a linear MDS [4,1, 4]-code. This is
puat the repelition code as introduced before; however of sl 18 an MDS code.
The code O generated by H is a linear MDS 4, 3, 2|-code which iz the rivial
even weighi code inroduced before,

Example 4.1.2 We consider the projeciive plane of order 4, ie. PGo[d).
From the definifion, we see that this is the sef aof non-zero veclors u_.FFi where
the elements af By are {0, ], w, wz}_ Then if we consider the o-polynomial
Ji) = 12, as we have seen, we gel the regular hyperoval which turns oul lo
he the G poinis

8 = {(0.0,1). (0, 1,00, (1,0,0), (1,1, 1), {1, w, ), {1, 0%, @)}

We again creale a matric H with column sel the same as the hyperoval:

oo 1 1 1 1
"= D101 w Wt
1 00 1 w* w

This is then the parily check malriz for a linear MDS |6, 3, 4|-code. This is a
non-trivial MIDS code, the first we have seen. We also see that the duad OF
ix a dinear WS |E|3?:1|-e.:|de. This rode has a special name, the Heraeode.

We now turn to our last example which will use the Glynn 10kare. We start
with a brief deseription of the finite field of order 9.

Example 4.1.3 (MDS from Glynn's 10-arc) We consider the projeciive
space PG (9). We construct Fy = Fi|z|/(2° + ¢ + 2) since the polynomial
plz) = (2% + = + 2) is imeducible over Fy. We prove this as there are no

finear factors: p(0) = 2,pi1) = 1, p(2) = 2. The elements of Fg are the set

{01,299+ Lyq+ 2,2, 29+ 1, 29 + 2}
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where i + 1+ 2 =0 and 7' = —=1. We now alsa recall the Glynn 10-are was
a el L defined fo be

L= {1t & bt ) t = Fypu {(0,0,0,0,17}

LUsing this we can erplicifly construci 10 poiniz of the Glynn arc. We will
show this explicily consbruciion by placing the 10 points of L in a parity check
matrir H. First, we nofe the following relafionships hold due to the condiion
that i safisfies:

1ot =204 1
T L
aogt=2=-1
§ 0" =n+2

From here we put each point of I as a column of H where H iz then ihe
following mairz:

ool I I I 1 I I 1 I
Y I 2 by n+1 nt+2 2n Zn+1 2p+2
00 n+l 41l 2 1 In+2 g+l Zp42 1
0 0 1 2 I+ 2 2n I+l 5+1 g+ 2 i
L 0 1 1 2 2 1 2 1 2

So we see that this crenies a linear MDS [10,5,6]-code. This is a non-trivial
MDS code, Thiz gives a nice reason as to why new arce are a desived object
in projeciive spaces. With new arcs, we can affain new MDS codes.

Before we move on to the basic questions and conjectures that are available
for research, we return bo our subject of minibvpers and the Griesmer bound.
While they do not connect to MDS codes, we do have a pice connection
between the two and this connection leads to niee codes as well.

4.1.1 Minihyvpers and the Griesmer Bound

As a short aside, we continue with our brief discussion of minihvpers. Though
thev do not lead to MDS codes, they dogive nice codes in general. Sinee they
are telated o k-arcs, we inbroduce this nice connection here. Recall that ey
i5 the number of points 1 a projective space of dimension @ over specified q.
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Theorem 4.1.3 (Hamada [10]) For & = 3 and 1 = d < ¢" !, there iz a
one-fo-one correspondence bedween the sef of all non-equivalent |n, k. d|-oodes
" aver F, mecting the Gricsrmer bound and the sel of all {ve — o) —n
ey b — 1, g} -minihypers.

4.2 Conjectures

S0 we have seen the connection between the study of linear MDS codes
and certain structures, arce and cape, of projective geometries. There are
few re=ults In this area, =0 much i= left to conjectures and hvpotheses, We
introduce a few of the most important questions at this time.  All of the

following come from an article by Hill {[11]).

Question 1 Are there any oither (q + 1)-arcs, q-odd, besides the 10-are of
Cilyren, in PG (g), for 2 < »n < g — 2 which i3 net a nermal rational curve?

The Glynn 10-are leads us to believe that there must be others, as a single
aporadic example does pot seem plavsible. However, no one has been able to
find any obher structures of this form.

Conjecture 1 Suppose 2 < k < q and that (g, k) +# (2, 3) or (20, 28 — 1),
Then there exists a linear MDS [nk.n — k + 1]-code over F, if and only if

n g4 L.

This is basically a similar statement to (g + 1)-arcs being the largest size of
arcs in P, 1(g) with the same restricions on g and & as above. We can
formulate this conjecture in & manner that requires no knowledge of peomnetry
and coding theory.

Conjecture 2 How big can an v X & malnr over By be (v, 8 = 2] such that
any square sub-mafriz 15 non-singular? The quess is:
rd+s=g41

unlesz g = 2" and r = 3 or s = 3.

Aceording to Hill, [11] 1989, the smallest case still unresclved in the MDS
codes conjecture 15 the case with g = 13 and & =6 or 7.



5 Conclusion

We have been able to introduce and discuss a few of the many mteresting
atructures in projective geometries. With this knowledge, we can continue to
stucdy in this area in hopes of finding new structures, larger k-arce, or even
more atcs [1hke the Glynn are that are not rational curves. ''he study of Anite
peometry 15 ever changing, and with more advances, we see more connections
to other areas of combinatorics. Every time we learn more about geometry.
Wer can in burn learn more about, and further advance the world of coding
theory.

W have =eer a nice copnection between k-arcs and and MIDS codes as we]]
as shortly introduced the conmection between minihvpers and codes mestimg
the Criesmer bound. Many skeptics regard finite incidenee geometry to be
only a tool of pure mathematics that ha= no application. However, this mee
application provides us with codes that meet the Singleton bound, and in
burn have a maximal minimum distance. The sbudy of bhese codes will then
help us advance the world of coding theory and communication theory.

By linking geometry and coding bheory, we again just show that there are
usually many different ways to attack certain problems. Our main interest
lies in finding solutions to problems in hopes of applying them in other areas.
We hope that the paper has taught a basic introdoction to the theory of Onite
peoetries and coding theory, Additiomally, we have added a few interesting
open problems at the end in the hope to inspire further thought and advance
in the conpections betwesn MDS codes and finite projective spaces.

We also note that for further reading in coding theory and finite projective
geometries we recommend [L7], [14], [21].
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