
•  Orthogonally diagonalizable matrix
•  Spectral decomposition (or eigenvalue decomposition)
•  Schur decomposition
•  Subdiagonal
•  Upper Hessenburg form
•  Upper Hessenburg decomposition

Skills
•  Be able to recognize an orthogonally diagonalizable matrix.
•  Know that eigenvalues of symmetric matrices are real numbers.
•  Know that for a symmetric matrix eigenvectors from different eigenspaces are orthogonal.
•  Be able to orthogonally diagonalize a symmetric matrix.
•  Be able to find the spectral decomposition of a symmetric matrix.
•  Know the statement of Schur's Theorem.
•  Know the statement of Hessenburg's Theorem.

Exercise Set 7.2
1. Find the characteristic equation of the given symmetric matrix, and then by inspection determine the dimensions of the

eigenspaces.
(a)  

(b)  

(c)  

(d)  

(e)  

(f)  

Answer:

(a)   one-dimensional;  one-dimensional

(b)   one-dimensional;  two-dimensional



(c)   one-dimensional;  two-dimensional

(d)   two-dimensional;  one-dimensional

(e)   three-dimensional;  one-dimensional

(f)   two-dimensional;  two-dimensional

In Exercises 2–9, find a matrix P that orthogonally diagonalizes A, and determine .

2. 

3. 

Answer:

4. 

5. 

Answer:

6. 

7. 

Answer:



8. 

9. 

Answer:

10. Assuming that , find a matrix that orthogonally diagonalizes

11. Prove that if A is any  matrix, then  has an orthonormal set of n eigenvectors.

12. (a)  Show that if v is any  matrix and I is the  identity matrix, then  is orthogonally diagonalizable.

(b)  Find a matrix P that orthogonally diagonalizes  if

13. Use the result in Exercise 19 of Section 5.1 to prove Theorem 7.2.2a for  symmetric matrices.

14. Does there exist a  symmetric matrix with eigenvalues ,  and corresponding eigenvectors

If so, find such a matrix; if not, explain why not.

15. Is the converse of Theorem 7.2.2b true? Explain.

Answer:

No

16. Find the spectral decomposition of each matrix.
(a)  

(b)  

(c)  



(d)  

17. Show that if A is a symmetric orthogonal matrix, then 1 and  are the only possible eigenvalues.

18. (a)  Find a  symmetric matrix whose eigenvalues are ,  and for which the corresponding
eigenvectors are , , .

(b)  Is there a  symmetric matrix with eigenvalues , ,  and corresponding eigenvectors
, , ? Explain your reasoning.

19. Let A be a diagonalizable matrix with the property that eigenvectors from distinct eigenvalues are orthogonal. Must A be
symmetric? Explain you reasoning.

Answer:

Yes

20. Prove: If  is an orthonormal basis for , and if A can be expressed as

then A is symmetric and has eigenvalues .

21. In this exercise we will establish that a matrix A is orthogonally diagonalizable if and only if it is symmetric. We have
shown that an orthogonally diagonalizable matrix is symmetric. The harder part is to prove that a symmetric matrix A is
orthogonally diagonalizable. We will proceed in two steps: first we will show that A is diagonalizable, and then we will
build on that result to show that A is orthogonally diagonalizable.
(a)  Assume that A is a symmetric  matrix. One way to prove that A is diagonalizable is to show that for each

eigenvalue  the geometric multiplicity is equal to the algebraic multiplicity. For this purpose, assume that the
geometric multiplicity of  is k, let  be an orthonormal basis for the eigenspace corresponding
to , extend this to an orthonormal basis  for , and let P be the matrix having the vectors of
B as columns. As shown in Exercise 34(b) of Section 5.2, the product  can be written as

Use the fact that B is an orthonormal basis to prove that  [a zero matrix of size .

(b)  It follows from part (a) and Exercise 34(c) of Section 5.2 that A has the same characteristic polynomial as

Use this fact and Exercise 34(d) of Section 5.2 to prove that the algebraic multiplicity of  is the same as the
geometric multiplicity of . This establishes that A is diagonalizable.

(c)  Use Theorem 7.2.2(b) and the fact that A is diagonalizable to prove that A is orthogonally diagonalizable.

True-False Exercises

In parts (a)–(g) determine whether the statement is true or false, and justify your answer.

(a) If A is a square matrix, then and  are orthogonally diagonalizable.

Answer:

True



(b) If  and  are eigenvectors from distinct eigenspaces of a symmetric matrix, then .

Answer:

True

(c) Every orthogonal matrix is orthogonally diagonalizable.

Answer:

False

(d) If A is both invertible and orthogonally diagonalizable, then  is orthogonally diagonalizable.

Answer:

True

(e) Every eigenvalue of an orthogonal matrix has absolute value 1.

Answer:

True

(f) If A is an  orthogonally diagonalizable matrix, then there exists an orthonormal basis for  consisting of
eigenvectors of A.

Answer:

False

(g) If A is orthogonally diagonalizable, then A has real eigenvalues.

Answer:

True
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