
Challenge Problems for SSEA 51, Homework 4

Consider the unit square S in the xy-plane; that is, S = [0, 1]× [0, 1]. Suppose you have
a thin square piece of metal in the shape of S, where x and y are measured in meters.
Suppose the density is given by f(x, y) kilograms per square meter. You want to find the
total mass. As you’ll find in multivariable calculus, the mass (in kilograms) is given by the
double integral ∫∫

S

f(x, y) dx dy =

∫ 1

0

∫ 1

0

f(x, y) dx dy.

The way to compute these integrals is to first integrate in x, treating y as a constant, and
then integrate in y. For example,∫ 1

0

∫ 1

0

4xy dx dy =

∫ 1

0

((2x2y)|x=1
x=0) dy =

∫ 1

0

2y dy = 1.

Problem 1. If the density is f(x, y) = (x2− x)(y2− y), what is the total mass of the metal
sheet?

For the next three problems, suppose that you instead have a sheet of metal in the shape
of a parallelogram P with vertices at (u, v) = (0, 0), (2, 1), (3, 3), and (1, 2), with density
given by f(u, v) = u2 + v2 kilograms per square meter. The goal is to find its total mass.

Problem 2. Find a linear transformation T for which the image T (S) = P ; that is, T
turns the square into the parallelogram. Give formulas for the first coordinate u and sec-
ond coordinate v in terms of x and y. (For example, if the linear transformation were
T (x, y) = (x + y, y), you’d write u = x + y and v = y). What is the matrix of the linear
transformation?

We now introduce the change of variables formula. Suppose f(u, v) is a function on P
and T is a linear transformation for which T (S) = P . Let A be the matrix of T . Then:∫∫

P

f(u, v) du dv =

∫∫
S

f(u(x, y), v(x, y))| det A| dx dy.

Here det A is the determinant of A. This formula is the multivariable analogue of the sub-
stitution technique in single-variable calculus.

Problem 3. Read the first few paragraphs of Levandosky, Chapter 17, and find the deter-
minant of the matrix you obtained in Problem 2.

Problem 4. Use the change of variables formula, together with the information from Prob-
lems 2 and 3, to compute the total mass of the metal sheet.

Problem 5. A prison guard tells his 100 prisoners that they will be playing the following
game. The guard will line up the prisoners single-file, all facing the front of the line. The
guard will place a red or a black hat on each prisoner’s head. There could be any combination
of red and black hats (perhaps 50 and 50, perhaps 99 and 1, perhaps 100 and 0, etc.) and
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the hats could be in any order. Each prisoner can only see the hats of those in front of him
in line, and not his own hat or those hats behind him. The guard will start with the prisoner
at the end of the line (who can see all hats except his own), and ask “Is your hat red or
black?”. If the prisoner responds correctly, he will be set free. Otherwise he will remain in
jail. The guard will then ask the second to last prisoner in line the same question, with the
same consequences. The guard will keep moving forward, asking the same question, until all
100 prisoners have been asked. Before the guard begins the game, the prisoners are allowed
to devise a strategy. Once the game begins, the prisoners cannot communicate, except by
answering “red” or “black” in response to the guard. They can’t use volume, intonation,
or pauses in their response to communicate, as the guard will notice all these tricks (it’s a
math riddle). Your task is to devise a strategy so that at most one prisoner remains in jail,
and so that at least 99 prisoners are set free. How do you do it?

2


