
CSU Math 570
Fall 2017

Homework 11
Due Friday, November 17 at the beginning of class

Reading. Read Chapter 13 pages 339-351.

Problems.

1. (a) Let X and Y be topological spaces with f : X → Y continuous. Suppose pn ∈ X
is a sequence of points converging to p ∈ X. Prove that f(pn) converges to f(p).

(b) The following is related to pages 344–345 of our book. A sequence of abelian

groups and group homomorphisms . . . → Gp+1
αp+1−−−→ Gp

αp−→ Gp−1 → . . . is exact
if im(αp+1) = ker(αp) for each p. A 5-term exact sequence of the form

0→ A
α−→ B

β−→ C → 0

is called a short exact sequence. Here the abelian groups “0” on either end are
the trivial group. Prove in a short exact sequence that α is injective, that β is
surjective, and that there is a group isomorphism C ∼= B/α(A).

2. In class on Monday 11/13 we will show that a continuous map f : X → Y produces
a homomorphsim of singular homology groups f∗ : Hp(X) → Hp(Y ), and furthermore
that this produces a p-dimensional singular homology functor Hp : Top→ Ab from the
category of topological spaces to the category of abelian groups (Proposition 13.2). If
A ⊆ X is a retract of X, then prove that one has an injective group homomorphism
Hp(A)→ Hp(X) and a surjective group homomorphism Hp(X)→ Hp(A).

Remark: This is essentially Corollary 13.4 in our book.

3. Let n ≥ 0 be an integer. The Brouwer fixed point theorem states that every continuous
map f : Bn → Bn has a fixed point, i.e. a point x ∈ Bn with f(x) = x. Prove the
Brouwer fixed point theorem, as follows.

(a) Suppose for a contradiction that a continuous map f : Bn → Bn has no fixed
points. Use f to define a continuous retract g : Bn → Sn−1. If you like you can
define this map precisely with English words and a picture (instead of a formula).
You do not need to prove that your map g is continuous.

(b) Use the facts Hn−1(Bn) = 0 and Hn−1(S
n−1) ∼= Z (which we’ll prove later) to

derive a contradiction.

Remark: See problems 13-7 and 8-6 in our book if you like. The proof outline in 8-6
(for n = 2 only) is slightly different; note that the book’s map φ : B2 → S1 need not be
a retract. You could also use this proof outline if you so choose.



4. (This problem will not be graded for points, but I will flip through and maybe add
comments to any work you turn in.)

Let X be the simplicial complex below; recall that X is homeomorphic to the projective
plane RP2.

Show that the 1-dimensional simplicial homology group of X is H1(X) ∼= Z/2Z, as
follows.

(a) Identify a generating set for Z1(X) ∼= Z10 using the spanning tree drawn in red
above. I think good names for these generators are as follows, where I’ve chosen a
“clockwise” orientation on the first five generators, and a “right to left” orientation
on the last five (the words in quotes can’t really be made rigorous).

- g[1,6] = [1, 6] + [6, 3] + [3, 1]

- g[6,2] = [6, 2] + [2, 3] + [3, 6]

- g[4,2] = [4, 2] + [2, 3] + [3, 4]

- g[5,4] = [5, 4] + [4, 3] + [3, 5]

- g[1,5] = [1, 5] + [5, 3] + [3, 1]

- g[1,2] = [1, 2] + [2, 3] + [3, 1]

- g[1,4] = [1, 4] + [4, 3] + [3, 1]

- g[6,4] = [6, 4] + [4, 3] + [3, 6]

- g[6,5] = [6, 5] + [5, 3] + [3, 6]

- g[2,5] = [2, 5] + [5, 3] + [3, 2]

(b) Show that the first 5 of these 10 cycles generating Z1(X) are also in B1(X).

(c) Show that the last 5 of these cycles generating Z1(X) are all homologous to each
other, i.e. any two of them differ by an element of B1(X). It suffices to show that:

- g[1,2] differs by a boundary from g[1,4],
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- g[1,4] differs by a boundary from g[6,4],

- g[6,4] differs by a boundary from g[6,5], and

- g[6,5] differs by a boundary from g[2,5].

This means that these last 5 cycles will all represent the same element of H1(X).

(d) Show that two times the cycle g[1,2] is in B1(X). Remark that this cycle itself is
not in B1(X) (I don’t expect you to prove this, though one could using matrix
operations). This shows

H1(X) = Z1(X)/B1(X) ∼= {ag[1,2] | a ∈ Z}/{2ag[1,2] | a ∈ Z} ∼= Z/2Z.

Remark: See the example on pages 3-4 of https://math.berkeley.edu/~brandtm/
talks/simplicialcomplexes.pdf for a glimpse of what the linear algebra be-
hind this example would look like. This reference uses Macaulay2 to do these
computations.
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