
CSU Math 472
Fall 2016

Homework 12
Due Friday, December 2 at the beginning of class

Reading.
Sections 2.3, 5.5, and 5.7.

Problems.

1. Describe the homomorphism f∗ : π1(S1, 1) → π1(S
1, f(1)), i.e. f∗ : Z → Z, induced

by each of the following maps f : S1 → S1. Your answer should be a definition of
f∗(m) ∈ Z for each input m ∈ Z.

(a) f(eiθ) = e−iθ, or equivalently f(a+ bi) = a− bi for a+ bi ∈ S1 ⊆ C.

(b) f(eiθ) = e−niθ for some fixed n ∈ Z.

Remark: You do not need to justify your result (but are welcome to do so, with no
possible loss of credit if you get a correct final definition of f∗).

Aside: Note that since 1 generates Z and f∗ is a group homomorphism, f∗ is completely
determined by where it maps 1 ∈ Z, i.e. by where it maps 〈α〉 ∈ π1(S1, 1) where
α : [0, 1] → S1 is a loop in S1 wrapping exactly once around in the counterclockwise
direction.

2. Let S1 be the unit circle and let C = S1 × [−1, 1] be a cylinder. Prove that S1 ' C.

3. Suppose f : X → Y and g : Y → X are continuous maps such that idX '
F
g ◦ f . Prove

that the induced group homomorphism f∗ : π1(X, p)→ π1(Y, f(p)) is injective.

Remark: It need not be the case that X ' Y .

Remark: Your proof should use the fact that γ∗ : π1(X, p)→ π1(X, g(f(p))) is a group
isomorphism, where path γ : [0, 1]→ X with γ(0) = p and γ(1) = g(f(p)) is defined by
γ(t) = F (p, t).

4. The fundamental theorem of algebra1 states that every non-constant single-variable
polynomial with complex coefficients has at least one complex root. Exercise 32 on
pages 109–110 of our book gives a proof sketch of the fundamental theorem of algebra
using facts related to the fundamental group of the circle (there are many other different
proofs). Complete this proof. You may find the following resources helpful: [2,3,4].

1https://en.wikipedia.org/wiki/Fundamental_theorem_of_algebra
2https://jeremykun.com/2012/01/22/the-fundamental-theorem-of-algebra-with-the-fundamental-group/
3Theorem 14 of http://math.arizona.edu/~glickenstein/math534_1011/fundgrp1-2.pdf
4Answer by Sam DeHority at http://math.stackexchange.com/questions/289819/

fundamental-theorem-of-algebra-using-fundamental-groups
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