SPLIT REDUCTIONS OF SIMPLE ABELIAN VARIETIES

JEFFREY D. ACHTER

ABSTRACT. Consider an absolutely simple abelian variety X over a number field K. We show that if
the absolute endomorphism ring of X is commutative and satisfies certain parity conditions, then X,
is absolutely simple for almost all primes p. Conversely, if the absolute endomorphism ring of X is
noncommutative, then X, is reducible for p in a set of positive density.

An absolutely simple abelian variety over a number field may or may not have absolutely simple
reduction almost everywhere. On one hand, let K = Q((5), and let X be the Jacobian of the
hyperelliptic curve with affine model

2 =s(s—1)(s—1-)(5-1-(-)(s—1-¢—2*-2%),
considered as an abelian surface over K. Then X is absolutely simple [12, p.648] and has ordinary
reduction at a set of primes p of density one [11, Prop. 1.13]; at such primes X, is absolutely simple.
On the other hand, let Y be the Jacobian of the hyperelliptic curve with affine model
t? =% — 125° + 9s* — 325% + 3s* 4 185 + 3,

considered as an abelian surface over L = Q(v/2,1/—3). Then Y is absolutely simple [3, Thm.
6.1], but Y} is reducible for each prime q of good reduction. (The conclusions about the simplicity
of X, and the reducibility of Y follow from Tate’s description [23] of the endomorphism rings of
abelian varieties over finite fields.)

Note that Endg(X) ® Q is the cyclotomic field Q(¢s), while End; (Y) ® Q is an indefinite quater-
nion algebra over Q. Murty and Patankar study the splitting behavior of abelian varieties over
number fields, and advance the following conjecture:

Conjecture. [18| Conj. 5.1] Let X /K be an absolutely simple abelian variety over a number field. The set
of primes of K where X splits has positive density if and only if Endg(X) is noncommutative.
The present paper proves this conjecture under certain parity and signature conditions on End (X).

The first main result states that a member of a large class of abelian varieties with commutative
endomorphism ring has absolutely simple reduction almost everywhere. (Throughout this paper,
“almost everywhere” means for a set of primes of density one.)

Theorem A. Let X /K be an absolutely simple abelian variety over a number field. Suppose that either

(i) Endg(X) ® Q = F a totally real field, where dim X /[F : Q] is odd; or
(ii) Endg(X) ® Q = E a totally imaginary field, where the action of E on X is not special.

Then for almost every prime p, X, is absolutely simple.
1



2 JEFFREY D. ACHTER

(The notion of “not special” is discussed in Section it is satisfied if, for instance, dim X is
prime.) Conversely, the second main result shows that abelian varieties with noncommutative
endomorphism have split reduction at a set of primes of positive density.

Theorem B. Suppose X /K is an absolutely simple abelian variety over a number field, and that End¢(X)
is noncommutative.

(i) For p in a set of positive density, X, is absolutely reducible.

(ii) Suppose Endy(X) ® Q is an indefinite quaternion algebra over a totally real field F, and that
dim X /2[F : Q] is odd. For p in a set of positive density, X, is geometrically isogenous to the
self-product of an absolutely simple abelian variety.

Moreover, there is a finite extension of K such that the set of primes p in Theorem |B| actually has
density one.

Special cases of these results are already known. The case of Theorem[A[(i) in which End(X) = Z is
due to Chavdarov [5, Thm. 6.2]; see also the related work of Chai and Oort [4]. An abelian surface
over a finite field with noncommutative endomorphism ring is absolutely reducible [17, p.261],
and the special case of Theorem [Bfi) in which F = Q and dim X = 2 is apparently well-known
[1, Cor. 2]. More recently, Murty and Patankar have shown that if X is either an abelian variety of
CM type [18, Thm. 3.1], or a modular abelian variety with commutative absolute endomorphism
ring [18, Thm. 4.1], then X has simple reduction almost everywhere.

The proof of Theorem |[A| uses the Chebotarev theorem and the fact that if the Frobenius at p acts
irreducibly on the /-torsion for some /¢, then X, is simple. (The argument is sketched in more
detail at the start of the next section.) This approach was used by Chavdarov in [5, Thm. 6.2] in the
special case where the image of Gal(K), acting on each Xy, is the group of symplectic similitudes
GSpy, (Z/?). This argument is axiomatized in the next section. Using an integral version of known
cases of the Mumford-Tate conjecture, we are able to show that if X is a member of a large class of
abelian varieties, then X has the predicted splitting behavior.

The proof of Theorem [B|uses the fact that, if End¢(X) is noncommutative, then the Tate module
T;(X) is a direct sum of copies of the same representation of Gal(K). This, in turn, follows from
the fact [16] that the first homology of X, as a representation of the Lefschetz group, is isotypic but
not irreducible.

Recently, Ellenberg et. al. [10] have addressed a related problem for families of abelian varieties
over a number field. Specifically, they consider the relative Jacobian of a family of hyperelliptic
curves y> = f(x)(x —t) over K[t], and show that for all but finitely many specializations of ¢ the
resulting abelian variety is simple.

My debt to the work of Murty and Patankar is obvious, and I thank V. Kumar Murty for sharing
[18] with me in preprint form. It’s also a pleasure to acknowledge helpful discussions with Tim
Penttila surrounding Lemma 1.4, and comments of Rachel Pries on a draft of this paper.

1. PRELIMINARIES

We outline the strategy used for Theorem[Alin the following example, which gives a quick proof of
a special (but typical) case of [18, Thm. 3.1]. Let E be a totally imaginary extension of Q of degree
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2g. Suppose that X/K is an absolutely simple g-dimensional abelian variety with Endg(X) =
Endg(X) = Og. Further suppose that the CM type of E is nondegenerate in the sense of [13]. For
each rational prime / there are Galois representations px k7, : Gal(K) — Aut(T;(X)) = GLjg(Zy)
and py k¢ : Gal(K) — Aut(X;) = GLyg(Z/). There is a set of rational primes L (containing all
but finitely many primes) such that if ¢4, - - - , ¢, are distinct primes in L, then the image of Gal(K)
under the product representation X1<;<,Px/ ¢, iS X 1<i<r (O @ Z/ ;) (e.g., [20]).

Let ¢ be any prime at which E is inert, so that (O ® Z/¢)* = F ;. Let I; be the set of elements of
F 5, which are members of some proper subfield of F»;. Note that if IF; is considered as a vector

space over Z/{, then elements of I; are precisely the elements of F ,, which acts reducibly on F 2.

There exists a constant C < 1 such that for all £ inert in E, we have |I;|/ ‘IE‘ <C.

X

028
Let M(X/K) be the set of (finite) primes of K where X has good reduction, and let R(X/K) be
the set of primes p of good reduction for which X, is reducible. Suppose p € M(X/K), and let
0, € Gal(K) be a Frobenius element at p. Let ¢ be a rational prime relatively prime to p. The
Frobenius endomorphism of X,, acts as px k z, (0p) on Ty(X,) = Ty(X). If X, is not simple, then
the Gal(k(p))-module T;(X,) is reducible, and in particular py g ¢(0}) acts reducibly on X, ; :=

Xp[€](k(p)). Therefore, if there exists one prime £ such that px ¢ ¢(0}) acts irreducibly on X, ;, then
X, is simple.

So, let ¢, - - - , £, be distinct primes in L at which E is inert. Let R(X/K; ¢4, -- ,¢,) C M(X/K) be
the set of primes p such thatforeach1 <i <7, ‘Ox/K,&(Up) € Iy. ThenR(X/K) C R(X/K; ly,--- , 4y).

By the Chebotarev theorem, the density of R(X/K; (1, - -, 4,)is[T_ ’Igi‘/‘F;g < Cr.SinceC < 1

and we may take an arbitrarily large set of rational primes inert in E, the density of R(X/K) is zero,
and the density of its complement is therefore one.

Generalizing this argument to other abelian varieties with commutative absolute endomorphism
ring requires calculating the image of the Galois representations py/k 7,, which is conjecturally
described by the Mumford-Tate conjecture (see Section [1.3)); showing that a positive proportion of
elements of py /x ,(Gal(K)) act irreducibly on the Tate module (Section ; and axiomatizing the
foregoing argument (Section|[1.2).

1.1. Groups of Lie type. If B is a finite A-algebra, let Rz 4 denote Weil’s restriction of scalars
functor.

Group schemes G/Z[1/A] of the following forms arise as the images of Galois representations
considered here:

(A) There exist a totally imaginary field E with maximal totally real subfield F; an Og[1/A]-
module V which is free of rank 2r over Or[1/A]; and an Og[1/A]-Hermitian pairing
<', > on V; such that G = ROE[l/A]/Z[l/A] GU(V, <', >) LetZ =E.

(C) There exist a totally real field F; a free Op[1/A]-module V of rank 2r; and an Of[1/A]-
linear symplectic pairing (-,-) on V; such that G = Ro,1/a)/z01/a) GSP(V, (-, ) =
RO}:[l/A]/Z[l/A] GSPZV,OF[l/A]' Let / =F.
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The center ZG of G satisfies ZG(Z[1/A]) = Oz[1/A]*. The adjoint form of G is G* := G/ZG.

In case (A)), the derived group of G is GI¢* = Ro,(1/a)/211/4) SU(V, (-, ). Note that G(Z/¢) =
GU(V® O/, {-,-)),and G4 (Z/¢) =2 SU(V ® Og/L, (-, -)). In particular, if £ is a rational prime
inert in E, then G4¢*(Z /() = SU,(Og /).

In case (C), the derived group of G is GI¢" = = Ro,n/a1z1/85p(V, () =
Note that G(Z /) = GSp(V ® Of /¢, {(-,-)) and GY¢*(Z/¢) = Sp(V @ O /¢, (-,
{is a rational prime inert in F, then G4¢*(Z /¢) = Sp, (Op/{).

Ror(1/a)/2(1/4)5Par
-)). In particular, if

Let G be a group scheme over Z[1/A]. For a rational prime /A, let J;(G) be the set of all x €
G(Z/?) for which the connected component of the centralizer of x is a torus which is anisotropic
modulo ZG(Z/?). Let I;(G) be the complement G(Z/¢) — ],(G). Let J; ,(G) be the set of x such
that x™ € J,(G), and let Ig n(G) be its complement. Each of these sets is stable under conjugation.
Note that for G of type (A) or (C) in its (natural) representation on V, J;(G) is the set of elements
of G(Z/¢) which act irreducibly on V ® Z/ .

Say that an abstract group Hy is of type G(Z/{) if there are inclusions G4¢"(Z/¢) C H, C G(Z/¥).
For such a group Hy, let Iy ,,(Hy) = Hy N I;,(G), and let J; ., (Hy) = Hy N Jy 1 (G).

Lemma 1.1. Suppose G/Z[1/A] is a group of type (A) or (C), and let m be a natural number. There exists
a constant C = C(m, G) such that if £ is inert in Z and sufficiently large, and if Hy is of type G(Z/{), then
| Le,m(He)|/|He| < C.

Proof. First, for each m € N we show the existence of a positive constant Dy(m, G) such that for
all sufficiently large ¢ inert in Z, |J;,,(G)|/|G(Z/€)| > Do(m, G). Subsequently, we show how to
deduce a uniform statement for all H, of type G(Z/?).

Let A be the norm of the ideal /Oy, so that Fy = Oz/¢, and let Ty C Gy, /¢ be a maximal torus
which is anisotropic modulo ZGy ;. Then T/(Z/¢) = Fy,, where s = r if G has type (A) and s = 2r
if G has type (Q). Let T;,, C Ty(Z/{) be the set of t € T;(Z/¢) such that, under this isomorphism,
t'™ is not in some proper subfield of [F .

For a natural number n, let d(n) be the number of positive divisors of n other than # itself.

Using the crude estimate H{xm - U1§i<j,i|j}qui‘ > ‘qu] Jm —d(j)(¢//* — 1), we have

T Ty(Z/0)| > 1/m — d(s)/A/2. Since conjugacy and stable conjugacy coincide for semisim-
l,m jugacy jugacy

ple elements of G(Z/{), an element x € G(Z/?) is in J;,(G) if and only if it is conjugate to an
element of T/ .

The normalizer Ny = N¢(z,,)(T¢(Z/¥)) is an extension of a finite group W by T;(Z/(); the group
W depends on G, but not on ¢. Moreover, TZ ., 1 stable under the action of N,. We obtain the
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estimate

Jem (G| 1 (IG(Z/E)I ITZ‘,m!>

GZ/0)] ~ [G(Z/O] \ |N(]

_ 1 |Tim
(W Te(Z/0)]

> (=54

This shows the existence of Dy (m, G) with the desired properties. Membership in J; ,,(G) is well-
defined on cosets modulo the center of G. Therefore, the proportion of elements of G4(Z//)
which are (represented by) elements whose m!" power is anisotropic is also at least Dy(m, G).

Now let H, be any group of type G(Z/¢), and let H3 = H,/(ZG(Z/¢) N Hy). There is an inclusion
of groups H3d — G34(Z/¢), with cokernel a finite cyclic group whose order n divides s.

Suppose x € J; uu(G). The equivalence class of " modulo the center is represented by an element
h of Hy. Moreover, for such an i, i = x™" mod ZG(Z /) is anisotropic modulo the center. The
elements of G?(Z/¢) which are anisotropic give rise to at least Dg(mn, G)|G*4(Z /()| distinct
anisotropic elements of H39. Let D(m,G) = min{2Dy(mn,G) : n|s}. Then one may take 1 —
D(m, G) for C(m, G) in the statement of Lemma O

Remark 1.2. For groups of type (), the case m = 1 and H; = G(Z/() of Lemma [1.1]is proved in
[5l, Cor. 3.6].

Lemma 1.3. Let G/Z[1/A] be a group. Suppose that either G is of type (A) with r > 2 or that G is
of type (CQ). Let ¢, -, Ly be distinct rational primes which are inert in Z. Let H be a subgroup of
Gr(Z/(T14;)) such that for each i, the composition H «— G°*(Z/([14;)) — G (Z/¢;) is surjective.
Then H = G947 (Z/(T14:)).

Proof. This is Goursat’s lemma [19} p. 793]; see also [5, Prop. 5.1]. The hypothesis guarantees that
the adjoint groups G*4(Z/¢;) are distinct nonabelian simple groups. O

Lemma 1.4. Let r € N and let F be a finite field, with F ¢ {F,,[F4,F3,Fo}. Suppose that either G is
GU, /Fand r > 2 or that G is GSp,, /F. Let G4 be the derived group of G, let G4 be the adjoint form of
G,andlet a: G — G and 3 : G — G394 be the canonical projections. Let H C G(F) be a subgroup.
If B~ (a(H)) = G*(F), then H contains G (F).

Proof. This is standard; the hypothesis on IF rules out exceptional cases. O

1.2. Abelian varieties. Let X /k be a principally polarized abelian variety over a field k. For each
rational prime / invertible in k, let T;(X) be the /-adic Tate module of X, and let X, := X[¢](k) =
Ty(X)/€Ty(X). Then T;X and X; come equipped with an action by Gal(k). Let px /. 7, : Gal(k) —
Aut(Ty(X)) and px /e = Gal(k) — Aut(X;) be the associated representations, with respective
images Hy iz, and Hy i ;- Let Hy /@, be the Zariski closure of Hy i 7, in Aut(T,(X) ® Q).
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Suppose X is simple. Then the endomorphism algebra D(X) = End(X) ® Q is a central simple
algebra over a number field E(X) with positive involution. Let F(X) C E(X) be the subfield fixed
by the involution. Then F(X) is a totally real field, and either E(X) = F(X) or E(X) is a totally
imaginary quadratic extension of F(X). Let f(X) = [F(X) : Q], lete(X) = [E(X) : Q], and let

d(X) =+/[D(X) : E(X)].
If X and Y are isogenous abelian varieties, we will write X ~ Y.

If K is a number field, let Mk be the set of (finite) primes of K; if p € Mk, denote its residue
field by k(p). Suppose X/K is an absolutely simple abelian variety. As in the introduction, let
M(X/K) C Mk be the set of primes of good reduction of X. It is convenient to distinguish the
following subsets of M(X/K):

S(X/K) = {p € M(X/K) : X, is simple};

S*(X/K) = {p € M(X/K) : X, is absolutely simple};
R(X/K) = {p € M(X/K) : X, is reducible};

R*(X/K) = {p € M(X/K) : X, is absolutely reducible}.

Then R(X/K) is the complement of S(X/K); R*(X/K) is the complement of S*(X/K); $*(X/K) C
S(X/K); and R*(X/K) D R(X/K). In this notation, [18, Conj. 5.1] states that S(X/K) has density
one if and only if Endz(A) is commutative.

Many attributes of Xy, the base change of X to an algebraic closure of K, are already detectable
over a finite extension of K. Consider the following condition on an abelian variety X over a
number field K and a finite, Galois extension K’/K:

Endy (X) = Endg(X); for all but finitely many p € M(X/K), if p’ €
(1.1) M(X/K') is a prime which divides p, and if X, is simple, then X, is ab-
solutely simple; and Hy x/ , is connected for each rational prime .

Lemma 1.5. Let X/K be an abelian variety over a number field. Fix a natural number n > 5, and let
K'/K be a finite, Galois extension which contains the field of definition of all n-torsion points of X. Then

(X /K, K') satisfies (1.1).

Proof. There are three conditions in ([.I). The first follows from Silverberg’s criterion [21, Thm.
2.4]. The second follows from this and the fact that, if p is relatively prime to #, then X[n|(K’) —
Xy [n](k(p’)). The final condition is [22, Thm. 4.6].

In Lemma if one insists that n be divisible by two distinct primes n; and n5, each of which is
at least five, then the second condition of holds for all primes p € M(X/K).

Throughout this paper Lemma|[l.5|will be used, often implicitly, to show the existence of an exten-
sion K’ /K such that (X/K, K') satisfies (L.1).
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We will often work with an abelian variety X/K, a group scheme G/Z[1/A], and an infinite set of
rational primes . C Mg relatively prime to A which satisfy the following hypotheses:

The abelian variety X is absolutely simple. For each ¢ € Mg, Hx i is
isomorphic to a subgroup of G(Z/¢). For each ¢ € L, Hy/k  is of type
G(Z/?). For each finite subset A C L, the image of Gal(K) under X capx ¢
is XyeaHx /K -

(1.2)

If (X/K,G/Z[1/A],L) satisfies (L.2), and if A C Mg is any set of primes, let I(X/K;G; A) C
M(X/K) be the set of primes p such that for each ¢ € A and each Frobenius element 0, € Gal(K)
atp, px (o) € I;(G). Its complement J(X/K;G; A) is the set of primes p € M(X/K) for which
there exists some prime ¢ € A such that px /(o) € J/(G).

Let I(X/K; G) = I(X/K; G; Mg) and let J(X/K; G) = J(X/K; G; Mg). Note that for any A C Mg,
I(X/K;G) C I(X/K;G; A) and [(X/K; G; A) € J(X/K; G).

Lemma 1.6. Suppose (X/K, G/Z[1/A], L) satisfies (I.2). Suppose that there is a constant C < 1 such

that for each ¢ € 1L and each group Hy of type G(Z/¢), |1,(Hy)|/|H¢| < C. Then J(X/K; G) has density
one.

Proof. Let A C LL be a finite subset. The Chebotarev density theorem, applied to the representation
X e APx k¢ of Gal(K), shows that the density of I(X/K; G; A) is [Tyea ‘IZ(HX/K,E) ) /)HX/K,[ , which

is less than Cl4l. By taking A arbitrarily large, we find that I(X/K; G) has density zero and its
complement, J(X/K; G), has density one. O

Lemma 1.7. Suppose (X/K, G/Z[1/A], L) satisfies (1.2). Suppose p € M(X/K), and let o, be a Frobe-
nius element at p. If px jx ¢(0y) € Jo(G) and if Xy is an irreducible G(Z/{)-module, then the reduction X,
is simple.

Proof. Let ¢ be a rational prime relatively prime to p, and suppose px/k(0y) € Ji/(G). Since
G(Z/?) acts irreducibly on X, it follows that the group (px k ¢(0y)) acts irreducibly on X, so that
(Px/k,z,(0p)) acts irreducibly on T;(X). The Tate module of X is an irreducible Gal(x(p))-module,
thus the abelian variety X, /«k(p) is simple [23, Thm. 1(b)]. O

Lemma 1.8. Suppose (X/K, G/Z[1/A], L) satisfies (I.2). Suppose that there is a constant C < 1 such
that for each ¢ € IL and each group Hy of type G(Z /), |I;(H¢)|/|H¢| < C. Then S(X/K) has density
one.

Proof. Immediate from Lemmas|[1.6/and O

In the other direction, we have:

Lemma 1.9. Suppose X/K is an absolutely simple abelian variety over a number field, and suppose
p € M(X/K). Suppose that there exist a prime £ relatively prime to p, an integer d > 2, and a Q-
representation Wy, of Gal(K) with T;(X) ® Q = W&d as Gal(K)-module.
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(a) There are simple abelian varietes Y1, ..., Ys over k(p) such that
(1.3) Xp ~ Y7 X XY

Foreach jwith1 < j <s, d|e]- -d(Y]-).
(b) If the residue field k(p) is a field of prime order, then each e; > d. In particular, X,, is not simple.

Proof. Recall that f,(t), the characteristic polynomial of Frobenius of X, coincides with the char-
acteristic polynomial of px kg, (0y). Since Ty(X) ® Q = W&d, there exists a polynomial g, ¢(t) €

Z(t) with f,(t) = gp¢(t)?. Note that f, and g, are both monic. By inductively analyzing the
coefficients of g, ¢(t) (in descending order), one sees that g, ((t) € Q[t] N Z[t] C Q,[t]; by Gauss’
lemma, g, ¢(t) € Z[t]. Factor g, ((t) = g1(£)™ --- gs(t)* as a product of powers of distinct irre-
ducible polynomials, so that f,(t) = g1(t)"?- - - gs(t)*?. Consider some j with 1 < j < s. By
the theory developed by Tate and Honda [23, Thm. 1(b) and Thm. 2(e)] [24, Thm. 1 and Rem. 2],
Y]-).

Moreover, any abelian variety over «(p) with characteristic polynomial divisible by g;(t) contains
d
J

there is a simple abelian variety Y; over «(p) with characteristic polynomial of Frobenius g; (1)
a sub-abelian variety isogenous to Y;. From this the decomposition (1.3) follows, where ¢; = db&") .
]

This proves (a).
For (b), a simple abelian variety over a prime field has commutative endomorphism ring. (This

follows from [24, Thm. 1(ii)], and was noted in [6, p. 469].) Therefore, each Y; has commutative
endomorphism ring; d (Yj) = 1; and each exponent ¢; in (1.3) is a multiple of d > 2.

O

Lemma 1.10. Suppose (X/K, G/Z[1/A], L) satisfies (1.2), where X is an absolutely simple abelian va-
riety. Suppose there is a constant C < 1 such that for each { € L and each group Hy of type G(Z/?),
|I(Hy)|/|He| < C. Suppose there is an integer d > 2 such that for each ¢ € L there exists an irreducible

Gal(K)-module Wg, with T)(X) ® Q = W&‘?. Then for p in a set of density one there exists a simple
abelian variety Y, /k(p) such that X, is isogenous to Ygad'

Proof. Suppose p € M(X/K), and choose ¢ € L prime to p. Let g, (t) € Z[t] be the character-
istic polynomial of o, acting on Wg, via px/k z,, and let f,(t) be the characteristic polynomial of

Frobenius of X,. We have seen (Lemma that f, (t) = g, ¢(t)".

By Lemmall1.6] /(X /K; G) has density one. If p € [(X/K;G), then o}, acts irreducibly on W,, and
thus g, ¢(t) is irreducible (over Q). Therefore, for such p, s = 1 in (1.3), and X, ~ Y* for some e
withd(Y) -e =d.

If we further restrict p to have residue degree one (which is still a density-one condition), then
d(Y) =1and e = d (Lemma[L.9b)). O

In fact, we will need slightly stronger variants of Lemmas|1.8and

Proposition 1.11. Let X /K be an absolutely simple abelian variety over a number field, and let K' /K be
a finite Galois extension of degree m such that (X /K, K') satisfies (1.1). Suppose (X/K',G/Z[1/A],L)
satisfies (1.2)), that G(Z/¢) acts irreducibly on X,, and that there is a constant C < 1 such that for all
¢ € L and each Hy of type G(Z /1), we have |1 ,,(H¢)|/|Hy| < C. Then S*(X/K) has density one.
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Proof. We indicate how to prove Lemmas [1.6] and [1.7] in this more general setting. Let B =
Gal(K'/K), and for each £ let By = Hy x ;/Hx k- Then By is a quotient of B.

Let J;,(X/K; G) be the set of primes p € M(X/K) for which there exists some prime ¢ € L such that
px/k,e(0p)™ € Jo(G), i.e., such that px k ¢(0y) € Jo,m(Hx/k,¢)- We start by showing that ], (X/K; G)
has density one.

Suppose A C L is a finite set. The hypothesis (1.2), applied to the subgroup [Tsea Hx/ k¢ of
[Tre 4 Hx/x ¢, implies that there is a quotient B4 of B such that the image of Gal(K) under X pc 4 px JK(
is an extension of B4 by [Tsea Hx k-

Suppose ¢ € L. Since |By| is bounded independently of ¢, by hypothesis there exists a constant
C’ < 1 such that

‘HX/K,K - ]é,m(G)‘

‘Hx/u’
As in Lemmal[1.6] this implies that the set [, (X/K; G) has density one.

Suppose p € [,,(X/K;G) is not one of the finitely many exceptional primes allowed by (L.I), and
choose an ¢ such that p/(0y) € J;,,(G). Not only is X, simple, but it is absolutely simple. Indeed,
let p’ € M(X/K’) be a prime lying over p; then p,(0}") is a power of the mod-¢ reduction of the
Frobenius element of X,y = X, X, k(p’), and X,y is simple. Moreover, (p’) contains the field of
definition of the n-torsion of X,. Since X, is simple over k(p’) (Lemma([L.7), it is absolutely simple

(by (L.1)).

Since J,4(X/K;G) C S*(X/K), the set of primes at which X has absolutely simple reduction has
density one. O

< C.

Proposition 1.12. Suppose X /K is an absolutely simple abelian variety over a number field. Suppose that
there exist a finite Galois extension K' /K, an integer d > 2, and an infinite set of primes 1L such that for each

¢ € L there exists a representation Wy, of Gal(K') such that Ty(X) ® Q; = W&d as Gal(K')-module.

(a) For p in a set of density at least 1/[K' : K|, there exists an abelian variety Y, over k(p) such
that X, ~ Y.

(b) Suppose (X/K',G/Z[1/A], L) satisfies (1.2), and that (X/K,K') satisfies (1.1). Suppose
there is a constant C < 1 such that for each ¢ € 1L and each group H; of type G(Z/¥),
\I,(H,)|/|Hy¢| < C. Then for p in a set of density at least 1/[K’ : K], X, x k(p) ~ Yﬁmfor an

absolutely simple abelian variety Yg/k(p).

Proof. Let T(X /K, K') be the set of primes p € M(X/K) which lie under some p’ € M(X/K') with
prime residue field. (Note that T(X /K, K’) has density at least 1/[K’ : K].) If p € T(X/K,K’), then
X, is reducible by Lemma ). Since k(p’) = k(p), X, is reducible, too. This proves (a).

Now supposes the hypotheses of (b) hold. Let T*(X/K’) be the set of primes p’ € M(X/K’) such
that X,/ is isogenous to Y;J?d for some simple abelian variety Yy /k(p’). By hypothesis (L), such a

Yy is actually absolutely simple. By Lemma T*(X/K’) has density one; the set of primes of
K lying under elements of T*(X/K’) has density at least 1/[K’ : K]. O
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1.3. Lefschetz groups. Suppose X/K is an abelian variety whose endomorphism algebra is a
(noncommutative) division algebra. In this section we show that the representation of Gal(K)
on T;(X) is isomorphic to a several copies of the same representation. The result follows from an
analogous description of Lefschetz groups due to Milne, whose treatment [16] we follow here.

Consider a Weil cohomology theory X +— H*(X) with coefficients in a field k of characteristic zero.
Examples of such a theory include Betti cohomology (for varieties over C) and ¢-adic cohomology.
If X is an abelian variety, let V(X) be the dual of its first cohomology group in this cohomology
theory. For example, V(X)q, = T¢(X) ®z Q; and if X is a complex abelian variety, then V(X)q is
its first Betti homology H;(X(C), Q).

In this context there is a Lefschetz group Lef(X)y, an algebraic group over k which is naturally a
subgroup of GL(V (X)x).

Suppose X is a simple abelian variety; recall the conventions surrounding the endomorphism
algebra D(X) = End(X) ® Q introduced in Section[1.2] Say that k totally splits D(X) if E(X) ®q
k= @ rp(x)eik = k®¢(*), and if for each T : E(X) — k, one has D(X) ®g(x),r k = Matyx) (k).
Lemma 1.13. Let X be an absolutely simple abelian variety. Consider a Weil cohomology theory with
coefficients in a field k, and suppose that k totally splits D(X). There is a representation Wy of Lef(X)j
such that V(X)) = W,f9 1) s Lef(X)-representations.

Proof. Suppose k is algebraically closed. There exists an algebraic group IE(X) r and a natural
isomorphism ¢ : Lef(X); = @U:F(X)%ki\e/f(X) k [16} Sec. 2]. Moreover, there exists a representation
Vi of Ij\e/f(X) k such that, under the isomorphism ¢, V(X); and @U:F(X);)k\?,? 1) are isomorphic
representations of Lef(X);. Then Wy := @.p(x)k Vi is the sought-for decomposition of V(X)j
as Lef(X)y representation. The analysis in [16, Sec. 2] relies only on the fact that the field of

coefficients totally splits the endomorphism algebra, and thus the result holds under this weaker
hypothesis on k. O

Recall that for an abelian variety X over a number field K, Hy kg, is the Zariski closure of
px/k,z,(Gal(K)) in GL(V(X)q,)-

Lemma 1.14. Let X /K be an absolutely simple abelian variety over a number field. Suppose Qy totally
splits D(X). Suppose that Hy k., is connected. There is a representation Wy, of Gal(K) such that, as
Gal(K)-modules,

~ d(X
V(X)g, = Wg ™.

Proof. Fix an embedding K — C, so that X has a natural structure of complex abelian variety.
Associated to X is its Mumford-Tate group MT(X). It is an algebraic subgroup of GL(V(X)q),
and there is a natural inclusion MT(X) C Lef(X)g. Since comparison isomorphisms in cohomol-
ogy furnish isomorphisms of Lefschetz groups, there are thus natural inclusions MT(X) x Q; C
Lef(X)g x Q¢ = Lef(X)g,. Work of Deligne, Piateskii-Shapiro and Borovoi (see, for example [9,
Prop. 2.9 and Thm. 2.11]) shows there is a natural inclusion

(1.4) Hx k0, € MT(X) xq Q.
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(In general, holds only for the connected component HY Q) the Mumford-Tate conjecture
asserts that (1.4) is actually an equality.) By Lemma there exists a representation Wg, C
V(X)q, such that V(X)q, = W&d(x). Therefore, V(X)gq, = ng(x) as Hy k,g,-modules, and thus
as Gal(K)-modules. O

2. TOWARDS THE MURTY-PATANKAR CONJECTURE

2.1. Commutative endomorphism ring.

Theorem 2.1. Let X/K be an absolutely simple abelian variety over a number field. Suppose F =
Endy(Xg) ® Q is a totally real field. If r = dim X/[F : Q] is odd then S*(X/K), the set of primes
where X has good, absolutely simple reduction, has density one.

Proof. Using Lemma choose a finite Galois extension K'/K such that (X/K, K’) satisfies (L.I).
Let G = Rp, 7z GSp,,, with derived group Gder = Ry, /25P,,- For all £ > 0, the derived group
of Hy /g is G9°7(7/¢) [2, Thm. B] (see also [19] for the case r = 1), so that Hy k¢ is of type
G(Z/?). Moreover, Gal(K’) acts irreducibly on X;. By Lemmas 1.1]and [1.3|and Proposition [1.11]
S*(X/K) = 1. 0

Theorem 2.2. Let X/K be an absolutely simple abelian variety over a number field. Suppose there is some
prime £y such that Hy kg, = Gszg(ng). Then S*(X/K) has density one.

Proof. There is always an a priori inclusion Hy /x g, € GSp, g(Qg). Since if the Mumford-Tate con-
jecture is true for X at one prime /¢y it is true at all primes [15, Thm. 4.3], the hypothesis holds
for every rational prime ¢. A theorem of Larsen [14, Thm. 3.17], combined with Lemma
implies that for £ in a set of primes . of density one, the derived subgroup Hi‘;rK , of the im-

age of py k¢ is szg(Z/E). Choose an extension K'/K such that (X/K, K’) satisfies (I.I). Then

H;i{e/rK,’ , = Sp, g(Z /¢) for ¢ in a set of primes " C L which still has density one. Again, Lemmas

and|1.3|and Proposition show that S$*(X/K) has density one. O

Remark 2.3. Under the hypotheses of Theorem 2.2} Chai and Oort show that S(X/K) has positive
density [4, Rem. 5.4]. Under the apparently stronger hypothesis that Hy x = GSp,,(Z/) for all

¢ > 0, Chavdarov shows that $*(X/K) has density one [5, Cor. 6.10].

Let X /K be an absolutely simple abelian variety of dimension g such that Endg (X) ® Q = Endg(X) ®
Q = E, a totally imaginary extension of Q. Let r = 2¢/[E : Q]. Fix an embedding E — C; the
tangent space Lie(X¢) of X¢ is a g-dimensional vector space over C, and thus a module over
E®gC = @®rpcC. Let m; be the C-dimension of the subspace of Lie(X¢) on which E acts
via 7. For T € Hom(E, C), let T denote the composition of T with complex conjugation. Then
my + mz = r is independent of the choice of 7.

Vasiu has proved the Mumford-Tate conjecture for X, provided that the action of E on X is non-
special [25, Thm. 1.3.4]. We defer a full exposition to loc. cit., but note that each of the following is
an example of a non-special action [25] 6.2.4]:
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(i) r =4 orris prime;
(ii) there exists a T € Hom(E, C) such that m, = 1;
(iii) there exist T and 7’ such that 1 < m, < my < r/2 and either ged(m, ) or ged(my, 1)
is 1;
(iv) there exists a T such that ged(m,, mz) = 1, and the natural numbers (., mz) are not
of the form ((;,), (})) for any natural numbers i and j.

The case of the Mumford-Tate conjecture where [E : Q] = 2 and r = g is prime is due to Chi [8|
Cor. 3.2].

Theorem 2.4. Let X/K be an absolutely simple abelian variety over a number field. Suppose E :=
Endg(Xg) ® Q is a totally imaginary field, and that X is of non-special type. Then S*(X/K) has den-
sity one.

Proof. Since Murty and Patankar have proved this result for abelian varieties of CM type [18,
Thm. 3.1], we assume that 2dim X /[E : Q] > 1. Let K’/K be a finite extension such that (X /K, K’)
satisfies (1.I). By [25, Thm. 1.3.4], the Mumford-Tate conjecture is true for each representation
PX /K,Q, |Gal(kr)- More precisely, there is a group G/Z[1/A] of type (A) such that for almost all £, the
Zariski closure of Hx ks g, is isomorphic to a subgroup of G(Qy) which contains GYer(Qy). By [14,
Thm. 3.17] and Lemma there is a set of primes L of density one such that for £ € L, Hx/x ¢
is of type G(Z/(). Since the groups G(Z/{) satisfy Goursat’s lemma (Lemma [1.3), $*(X/K) has
density one by Lemma [I.1]and Proposition [1.11] O

Via the Torelli functor, these results yield information about curves. For example, consider the
following condition on a curve C over a field k:

(2.1) If C — D is finite, then D has genus zero.

If the Jacobian Jac(C) is simple, then C satisfies (2.I). The converse is true if the genus of C is at
most 6, since almost every principally polarized abelian variety is a Jacobian in dimension at most
3.

Corollary 2.5. Let C/K be a curve of genus of odd prime genus g over a number field such that C/K
satisfies (2.1). Suppose that either ¢ € {3,5} or that Jac(C) is absolutely simple. For almost all primes p,

Cp/k(p) satisfies (2.1)).

Proof. By hypothesis (and the preceding discussion), Jac(C) is absolutely simple. A simple abelian
variety of odd prime dimension over a number field has commutative endomorphism ring. This
endomorphism ring is totally real or totally imaginary; and in the latter case, the action is not
special. Now use Theorem [2.1|or [2.4{as appropriate. O

In general, a curve C which satisfies (2.1) need not have reductions C, satisfying (2.1) for a dense,
or even infinite, set of primes p. Indeed, let C be the second curve considered in the introduction.

Then Jac(C) is simple, thus C satisfies ; but for each prime p of good reduction, Jac(C, x k(p))
dominates, and thus C, covers, an elliptic curve.
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2.2. Noncommutative endomorphism ring.

Proposition 2.6. Let X /K be an absolutely simple abelian variety over a number field. Suppose that
Endg(Xg) is noncommutative.

(a) Then R(X/K), the set of primes p such that X, is reducible, has positive density.
(b) If Endx(X) = Endg(X) and Hy kg, is connected, then R(X/K) has density one.

Proof. Let K’ /K be a finite extension such that (X /K, K’) satisfies (I.1); such an extension exists by
Lemma The conclusion of (b) for Xy implies the conclusion of (a) for X. Therefore, it suffices
to assume Endg(X) = Endg(X) and that Hy g g, is connected, and then prove that R(X/K) =

Let D(X) = End(X) ® Q, let E(X) C D(X) be its center, and let d(X) = /[D . Con-
sider the set L of primes ¢ such that Qy totally splits D(X). Note that L has posmve den51ty, and in

particular is infinite. Suppose ¢ € L. By Lemma there exists a representation Wq, of Gal(K)
such that T;(X) ® Q = W®d %) as Gal(K)-module. Note that d(X) > 1 since D(X) is noncommu-

tative. By Lemma for p in a subset of M(X/K) of density one, X, is isogenous to Yga 9 for
some abelian variety Y, /k(p). O

Remark 2.7. In the special case of an abelian surface X with action by an indefinite quaternion
algebra, X has absolutely split reduction at every prime of good reduction. This is explained in
detail in [17, Sec. 2]; see also [4, Rem. 5.(ii)]. It is possible that Lemmawill yield a generalization
of this. In the context of Proposition Murty and Patankar show [18] Prop. 5.4] that X, is not
simple at any prime p of ordinary reduction.

Lemma 2.8. Let X /K be an absolutely simple abelian variety over a number field with noncommutative
endomorphism algebra D(X). Let A be the product of all (finite) primes of E(X) which ramify in D(X).
Suppose p € M(X/K) is relatively prime to A. Then E(X,) is ramified at every prime dividing A.

Proof. Suppose X, is simple, and let p be the characteristic of x(p). The inclusion End(X) —
End(X,) forces D(X,) to be noncommutative. By [23| Thm. 2(e)], D(X,) is split at all primes not
dividing p. In particular, D(X,) is split at all primes not dividing A. Since only a ramified field
extension splits a division algebra (over a local field), E(X,) must ramify at all primes dividing
A. O

If the endomorphism ring of X is an indefinite quaternion algebra, one knows more about the
structure of the reductions X:

Theorem 2.9. Let X /K be an absolutely simple abelian variety over a number field. Suppose that Endg(Xg) ®
Q is an indefinite quaternion over a totally real field F. If dim X /2[F : Q] is odd, then for p in a set of
positive density, X, is geometrically isogenous to the self-product of an absolutely simple abelian variety

Y5/k(p) of dimension (dim X) /2.

Proof. Let K’ /K be a finite extension of K such that (X /K, K’) satisfies (1.1). By [2, Thm. B], Lemma
and Lemma [1.3] there exists a group G/Z[1/A] of type (C) and an infinite set of primes L such
that (X/K’, G/Z[1/A], L) satisfies (1.2). Moreover, there is a G-module W /Z[1/A] such that for all
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¢ €L, W®Z/{is an irreducible G(Z/¢)-module and X, = (W & W) ® Z/{ as G(Z/{)-module.
(This is [2, Thm. 5.4]; see also [7] for the analogous statment for Q/,-modules.) The result now
follows from Proposition [1.12} O
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