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ABSTRACT

We prove results about the intersection of the p-rank strata and the boundary of the
moduli space of hyperelliptic curves in characteristic p > 3. Using this, we prove that

the Z /¢-monodromy of every irreducible component of the stratum H§ of hyperelliptic
curves of genus g and p-rank f is the symplectic group szg(Z /0)ifg >3, f #0,and
¢ # pis an odd prime. These results yield applications about the generic behavior of
hyperelliptic curves of given genus and p-rank. The first application is that a generic
hyperelliptic curve of genus ¢ > 3 and p-rank 0 is not supersingular. Other applications
are about absolutely simple Jacobians and the generic behavior of class groups and zeta
functions of hyperelliptic curves of given genus and p-rank over finite fields.

1. Introduction

Suppose C is a smooth connected projective hyperelliptic curve of genus ¢ > 1 over an alge-
braically closed field k of characteristic p > 3. The Jacobian Pic’(C) is a principally polarized
abelian variety of dimension g. The number of physical p-torsion points of Pic’(C) is p/ for some
integer f, called the p-rank of C, with0 < f < g.

Let H,¢ be the moduli space over k of smooth connected projective hyperelliptic curves of genus
g; it is a smooth Deligne-Mumford stack over k. The p-rank induces a stratification H, = UH§ by

locally closed reduced substacks H., whose geometric points correspond to hyperelliptic curves
of genus ¢ and p-rank f.

In this paper, we prove two results about Hi: for g > 3. The first is about the boundary of M,
specifically that the boundary of every irreducible component of Hé: contains the moduli point of
a singular curve which is a tree of elliptic curves and which has p-rank f. The second is that, for
an odd prime number ¢ distinct from p, the ¢-adic monodromy group of every irreducible com-
ponent of H§ is the symplectic group szg(Z /¢). Heuristically, this means that p-rank constraints

alone do not force the existence of extra automorphisms (or other algebraic cycles) on a family of
hyperelliptic curves.

This paper is a natural generalization of our paper [AP08], which is about M , the p-rank strata
of the moduli space of curves. The two papers share essential similarities, but there are several new
phenomena for hyperelliptic p-rank strata which increase the difficulty of the proofs and influence
the final results in this paper. First, the boundary component Ay is more complicated for H, than
for M. Second, for a singular hyperelliptic curve which is formed as a chain of two hyperelliptic
curves of smaller genera, the set of possibilities for the location of the ordinary double point is
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discrete. These two facts play a key role in the degeneration arguments which are part of the
inductive step of the proofs. The third issue, which arises in a base case for the monodromy result,
is that the stratum ’Hg is not as well understood as Mg.

We now state the results of this paper more precisely.

THEOREM C). Suppose p is an odd prime, § > 2 and 0 < f < g. Let S be an irreducible

component of ’Hg, the p-rank f stratum in Hg. Then the closure S of S in Hg contains the moduli
point of a tree of g elliptic curves, of which f are ordinary and g — f are supersingular.

Our proof does not yield much information on the structure of the tree in Theorem {3.11} how-
ever, once the tree’s structure is fixed, we prove that any choice of labeling of f components as
ordinary and g — f components as supersingular will occur for some moduli point in S.

As a consequence of Theorem we give an application to Newton polygons of hyperelliptic
curves. This relies on and generalizes [Oor91, Thm. 1.12], which is the case g = 3.

COROLLARY Suppose p is an odd prime and g > 3. Let S be an irreducible component of
Hg,, the p-rank 0 stratum in H,. Then S contains the moduli point of a curve whose Jacobian is not
supersingular.

The second result requires some notation. Let S be a connected stack over k, and let s be a geo-
metric point of S. Let C — S be a relative smooth proper curve of genus g over S. Then Pic’(C)[/]
is an étale cover of S with geometric fibers isomorphic to (Z/¢)?¢. The fundamental group 77 (S, s)
acts linearly on the fiber Pic’(C)[¢]s, and the monodromy group M;(C — S,s) is the image of
m1(S,s) in Aut(Pic®(C)[€]s). For the second result, we determine M;(S) := M,(C — S,s), where S

is an irreducible component of Hé,[ and C — S is the tautological curve.

THEOREM |4.10 Suppose p is an odd prime, ¢ > 1, and 0 < f < g. Let S be an irreducible
component of Hy, the p-rank f stratum in H,.
(i) If 1 < f < g and ¢ is an odd prime distinct from p, then M;(S) = szg(Z/E)

(i) If f = 0 and if ¢ > 5, then My(S) = szg(Z/E) for all primes { outside a finite set which
depends only on p.

We also prove that the (-adic monodromy group is Sp, (Z¢) in the situation of Theorem
(Note that the case of ordinary hyperelliptic curves, i.e., when f = g, follows directly from
previous work, see J.K.Yu [unpublished], [AP07, Thm. 3.4], or [Hal08, Thm. 5.1].) In addition, we

determine the p-adic monodromy of components of H§ when f > 1 (Proposition 4.13).

We give applications to class groups and zeta functions of hyperelliptic curves of given genus
and p-rank over finite fields. These build upon [K599, Thm. 9.7.13] and [Kow06, Thm. 6.1].

Applications: Let IF be a finite field of characteristic p. Under the hypotheses of Theorem

(i) there is an F-curve C of genus ¢ and p-rank f whose Jacobian is absolutely simple (Appli-

cation ;

(i) if |F] = 1 mod ¢, about ¢/ (¢> — 1) of the F-curves of genus g and p-rank f have a point of
order ¢ on their Jacobian (Application ;

(iii) for most F-curves C of genus g and p-rank f, the splitting field of the numerator of the
zeta function of C has degree 23g! over Q (Application |4.18).

The proof of Theorem relies on Theorem because it uses degeneration in order to
proceed by induction on the genus. For the inductive step, Theorem implies that the closure
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of every component S of ’H{; in ﬁg intersects the component A1 ; of the boundary of H, (Corollary
3.14). As in [APQ7], this implies that the monodromy group of S contains two non-identical copies

of SPZg—Z(Z /¢). The base cases use [Cha05| Prop. 4.4] for HJZC and an analysis of endomorphism
algebras for H_.

Here is an outline of the paper. Notation and background are found in Section [2| Section
contains the results about the boundary of the p-rank f stratum HC{; and the application to Newton
polygons. This section ends with some open questions about the geometry of ’Hg . For example,

the number of irreducible components of ’ng( is known only in special cases. The results about
monodromy and the applications to class groups and zeta functions are in Section [4}

We would like to thank the referee of [AP08] for suggestions which we used in this paper.

2. Background

Let k be an algebraically closed field of characteristic p > 3. With the exception of Section
where we work over a finite field, all objects are defined on the category of k-schemes. Let ¢ be an
odd prime distinct from p. We fix an isomorphism p, ~ Z/¢. Let r > 1 be a natural number.

2.1 Moduli spaces
Consider the following well-known categories, each of which is fibered in groupoids over the
category of k-schemes in the étale topology:

A, principally polarized abelian schemes of dimension g;

M, smooth connected proper relative curves of genus g;

'H, smooth connected proper relative hyperelliptic curves of genus g;

M, stable curves of genus g; and My, stable curves of genus g with r marked points.

Each of these is a smooth Deligne-Mumford stack and M, and Mg, are proper [DM69, Thm.
5.2]. Let Cq be the tautological curve over M, and let X; — M be the semiabelian scheme which
represents its Picard functor, so that Xy = PiCO(Cg/S). There is a natural inclusion Hy — M. Let
H be the closure of Hg in Mg and Hy,r = H, X3, Mg, Thus there are the following categories:

'H, stable hyperelliptic curves of genus g;
Hyg;r stable hyperelliptic curves of genus g with r marked points;

7‘~{g stable hyperelliptic curves of genus g, along with a labeling of the smooth ramification
locus (see [APQZ, Section 2.2]);

ﬁg;r stable hyperelliptic curves of genus ¢ with r marked points, along with a labeling of the
smooth ramification locus.

Again, these are smooth proper Deligne-Mumford stacks [Eke95, Thm. 3.2], see e.g. [APO7,
Lemma 2.2] for He. If S C ﬂg, let S be the closure of S in ﬂg.

The forgetful map ¢g; : ﬂg;r — ﬁg is proper, flat and surjective with connected fibers, and
thus is a fibration. Let Hg;r = Hyr X7, H,. The forgetful map @, : H, — H, is étale and Galois,
with covering group I, = Sym(2g + 2).
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2.2 Stratifications

Let X be a principally polarized abelian variety of dimension g defined over k. There is an integer
£(X), called the p-rank of X, such that X[p](k) = (Z/p)/X). More generally, if X /k is a semiabelian
variety, then its p-rank is dimp, Hom(p,, X). The p-rank of a curve is that of its Jacobian. If X — S
is a semiabelian scheme over a Deligne-Mumford stack, then there is a stratification S = US/ by
locally closed substacks such that s € Sf(k) if and only if f(X;) = f (this follows from [Kat79,
Thm. 2.3.1], see, e.g., [AP0S, Lemma 2.1]). Thus, H§ is the locus in H, parametrizing hyperelliptic
curves of p-rank f.

Every component of H£ has dimension ¢ — 1 + f [GP05, Thm. 1]. If £ is a geometric generic
point of H({; (with f > 1if ¢ < 2), then Aut(Cy¢) = {£1} [AGP08, Thm. 3.7].

We recall the definition of the Newton polygon of an abelian variety; see [Dem72, Chap. IV]
for details. The isogeny class of a p-divisible group G/k is determined by v(G), a lower-convex
polygon in R? connecting (0,0) to (height(G),dim(G)) with slopes A € QN [0,1] and integral
breakpoints. If X /k is an abelian variety, its Newton polygon is that of its p-divisible group X[p].
The Newton polygon is a finer invariant than the p-rank; indeed, the p-rank of X is exactly the
length of the slope 0 part of the Newton polygon. For example, X is ordinary exactly when its
Newton polygon only has slopes 0 and 1. By definition, X is supersingular if its Newton polygon
only has slope 1/2.

2.3 The boundary of the moduli space of hyperelliptic curves
The boundary of H, is 0H, = Hy — H,. The following description of 9H, follows [CHSS, Sec. 4(b)]
closely. In fact, while [CHS88] is written for the base field C, the description of H¢ and H, is valid
in any characteristic [Yam04]. Briefly, the irreducible components of 9, come from restriction of
the components of the boundary of M, except that Ay breaks into several components.

If ¢ > 2, the boundary 0H, is the union of components A; = A;[H| for 1 < i < g—1 and
Zi = Zi[Hg] for 0 < i < ¢ — 2 by [Yam04, p.410]. Here A; and A,_; are the same substack of H, and
Ziand =, ; 1 are the same substack of H,. Each A; and Z; is an irreducible divisor in H.

For 1 < i < g — 1, if nis the generic point of A;, then the curve C, ; is a chain of two smooth
irreducible hyperelliptic curves Y7 and Y>, of genera i and g — i, intersecting in one ordinary double
point P. The hyperelliptic involution t stabilizes each of Y7 and Y. The point P is a ramification
point for the restriction of ¢ to each of Y7 and Y; but is not part of the smooth ramification locus.

If n is the generic point of Zo, then the curve C,, is an irreducible hyperelliptic curve self-
intersecting in an ordinary double point P. The normalization of Cg ; is a smooth hyperelliptic
curve Y7 of genus ¢ — 1 and the inverse image of P in the normalization consists of an orbit under
the hyperelliptic involution.

For 1 < i < g — 2, if nis the generic point of Z;, then the curve Cq ;, has two components Y;
and Y, which are smooth irreducible hyperelliptic curves, of genera i and g — 1 — i, intersecting
in two ordinary double points P and Q. The hyperelliptic involution ¢ stabilizes each of Y; and Y5.
The points P and Q form an orbit of the restriction of ¢ to each of Y7 and Y5.

One can associate to a stable curve C its dual graph, in which the vertices are in bijection with
the irreducible components of C and in which there is an edge between two vertices exactly when
the corresponding components intersect. A component of C is called terminal if the corresponding
vertex is a leaf of the dual graph. A curve is called a tree if its dual graph is a tree. A curve is called
a tree of elliptic curves if it is a tree and if each of its irreducible components is an elliptic curve.

A stable curve is a tree if and only if its Picard variety is represented by an abelian scheme;
such a curve is also said to be of compact type. Let Ag = Ag[H,] be the union of Z; for 0 < i <
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| (g —1)/2]. The moduli points of stable hyperelliptic curves which are not of compact type are
exactly the points of Ag[H,).

If S is a stack equipped with a map S — H,, let A;[S]| denote S X7, Ai[Hg]. In particular,
A; [ﬁg] = ﬁg X, Ai- Also define A, [Ho)/ := (Ai[H,])/. Similar conventions are employed for Z;.

2.4 Clutching maps

Here are three types of clutching maps for positive integers g1 and g»:

Dg1+gy =~

K. ~
QL .
g1+82 811827

Kgi,gr - Hey X Hg,

Kgl . Hgl;l Hg]-‘rl/

Agrgr i Hgn X Heyn > Hgy+gr+1-

Each of these clutching maps is the restriction of a finite, unramified morphism between moduli
spaces of labeled curves [Knu83, Cor. 3.9]. We will describe these maps in terms of their images on
T-points for an arbitrary k-scheme T.

2.4.1 Information about k¢, o, Fori =1,2, supposes; € ﬁgi (T) is the moduli point of a hyper-
elliptic curve Y; with labeled smooth ramification locus. Then Ky, ¢,(s1,52) is the moduli point of
the labeled T-curve Y where Y has components Y; and Y3, and where the last ramification point
of Y7 and the first ramification point of Y are identified in an ordinary double point. This nodal
section is dropped from the labeling of the ramification points; the remaining smooth ramification
sections of Y7 maintain labels {1,...,2¢; + 1} and the remaining ramification sections of Y, are
relabeled {2g1 +2,...,2(81+8) + 2}. Thereis a unique hyperelliptic involution on Y which re-
stricts to the hyperelliptic involution on Y7 and Y. Moreover, Ky, ¢,(51,52) is the moduli point of
the (unlabeled) hyperelliptic curve Y. The image of kg, ¢, is Ag, [Hg, 44, )-

By [BLR90, Ex. 9.2.8],
Pic’(Y) = Pic®(Yy) x Pic®(Yy). (2.4.1)
Then the p-rank of Y is

f(Y) = f(Y1) + f(Y2). (2.4.2)

2.4.2 Information about kg,  Suppose s1 € Hy,;1(T) is the moduli point of (Y3; P), a hyperelliptic
curve with a marked section. Then kg, (s1) is the moduli point of the T-curve Y, where Y is the
stable model of the curve obtained by identifying the sections P and ((P) in an ordinary double
point P’. The hyperelliptic involution on Y; descends to a unique hyperelliptic involution on Y.
The image of kg, is Zo[Hg,+1)-

By [BLR90, Ex. 9.2.8], Pic’(D) is an extension
0 — Z —Pic’(Y) —=Pic’(v;) —0, (2.4.3)

where Z is a one-dimensional torus. In particular, the toric rank of Pic?(Y) is one greater than that
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of Pic’(Y1), and their maximal projective quotients are isomorphic, so that

f(Y)=f(v1) +1. (2.4.4)

2.4.3 Information about Ag, o, Fori=1,2,supposes; € Hg,1(T) is the moduli point of (Yj; P;),
a hyperelliptic curve with a marked section. Then Ag, ¢, (s1,52) is the moduli point of the stable
model Y of the T-curve obtained by identifying P; and P, in an ordinary double point P and by
identifying ((P;) and t(P,) in an ordinary double point Q. There is a unique hyperelliptic involution
on Y that restricts to the hyperelliptic involution on Y7 and Y. The image of Ag, o, is Z¢, [Hg, +g,41]-

By [BLR90, Ex. 9.2.8], Pic’(Y) is an extension
0 — Z — Pic’(Y) —=Pic%(Y7) x Pic’(Y2) —=0, (2.4.5)

where Z is a one-dimensional torus. In particular,

f(D) = f(¥1) + f(Y2) + 1. (2.4.6)

For later use, here is a description of the stable model Y when P is a ramification point of Y7,
but P, is not a ramification point of Y. Then Y consists of three components, namely the strict
transforms of Y7 and Y, and an exceptional component W which is a projective line. Also Y7 in-
tersects W in an ordinary double point and Y; intersects W in two other points, which are also
ordinary double points.

2.4.4 Clutching along trees The definition of k¢, ¢, above relies on an arbitrary, although con-
venient, choice of sections along which to glue, and a labeling of the smooth ramification locus
of the resulting curve. By considering morphisms of the form yg, 14, © Kg, ¢, © (Y4, X Vg, ), Where
Yor+g € Tgi+g and yg, € Tg and yg, € Ty, it is possible to clutch along arbitrary sections, with
complete control over the subsequent labeling.

This can be used to describe configurations of curves of compact type, as follows. A clutching
tree is a finite tree A along with a choice of natural number g, for each vertex v € A such that
deg(v) < 2gy + 2. Such a tree is called a clutching tree of elliptic curves if ¢, = 1 forallv € A. Let
|A| be the number of vertices in A, and let g(A) = ¥ yen Qo

Using a product of the clutching maps defined above, one can define a morphism

~ NPy Dg(A) 747
Kn: XoevHg, —= M) — = Hg(n)-

Let A be the image of ka. If 17 is the generic point of Ax, then Cg ;; is a hyperelliptic curve of
compact type with dual graph isomorphic to A, such that the irreducible component of s, corre-
sponding to the vertex v has genus g,.

Suppose v and v; are adjacent vertices in a clutching tree A. Consider the tree A’ obtained by
identifying v and v, in a new vertex, v, which is adjacent to all neighbors of v; or v; in A, with
label g, = gu, + $v,- Then k factors through kxr and Ay C Apr. A tree A refines a tree A if A’ can
be obtained from A through iterations of this construction.
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2.4.5 One more clutching map In the special case where A is a tree on three vertices, where the
leaves v1 and v3 have g,, = gv, = 1, and where g,, = ¢ — 2, we obtain the following diagram:

ﬁl X ﬁg_z X 7:21 I ﬁg—l X 7:21 (2.4.7)

e

ﬁ1 X ﬁg,1 ’F(g.

Let Ay,1[Hg| be the image of k1421 = @g 0 K1,4-21; it is an irreducible component of the self-
intersection locus of A1[H,]. If 1 is the generic point of Aj1[Hy], then the curve C, , is a chain of
three irreducible smooth hyperelliptic curves Y1, Y5, Y3 with ¢y, = gy, = 1 and gy, = ¢ — 2. For
i € {1,3}, the curves Y; and Y; intersect in a point P; which is an ordinary double point.

3. Boundary of the hyperelliptic p-rank strata

3.1 Preliminary intersection results
Suppose p > 3,and ¢ > 1and 0 < f < g. The p-rank strata of the boundary of H, are easy to
describe using the clutching maps. First, if 1 < i < g — 1, then (2.4.2) implies that A;[H,]/ is the
union of the images of ﬁ{ ' x ﬁ?_ ; under k; ,; as (f1, f2) ranges over all pairs such that
0<fi<i,0<fa<g—iand i+ fo=F. (3.1.1)
Second, if f > 1, then = [ﬁg]f is the image of ﬁjgf:};l under k, 1 by (2.4.4). Third, if f > 1 and
1 < i < g—2, then (24.6) implies that Z;[H,]/ is the image of ﬁlfll X ﬁ?,l,m under A; o 1 as
(f1, f2) ranges over all pairs such that
0<fi<i,0<for<g—1—-iandfi+fo=f—1 (3.1.2)
LEMMA 3.1. Supposeg >2and0 < f < g.
(a) If1 <i< g~ 1, then every component of A;[H,)/ and of A;[H,] has dimension g —2 + f.
(b) If f > 1and 0 < i < g — 2, then every component of Z;[H,)/ and of =;[H,)/ has dimension
g—2+f.
Proof. For parts (a) and (b), the claims for H, and for 7'~(g are equivalent, since @, is a finite map

which preserves the p-rank stratification. Recall that ﬂg and ﬁ§ are pure of dimension g — 1+ f
[GP05] Thm. 1].

For part (a), suppose 0 < f < g, 1 <i < g—1, and that (f1, f2) is a pair which satisfies (3.1.1).
Theirl H{ b 7—[?_ ; is pure of dimension dim(H{ Y+ dim(’]—lg ;) = §—2+ f.Since k;¢_; is finite,
Ai[H,)/ is pure of dimension g — 2 + f as well.

For part (b), first suppose i = 0. Then ﬁ(};j;l is pure of dimension dim(ﬁﬁj) +1=9¢—-2+f.
Since k,_1 is finite, Zg[Hg]/ is pure of dimension g — 2 + f as well.

To finish part (b), suppose 1 < i < ¢ — 2, and that (f1, f) is a pair which satisfies (3.1.2). Then
H{ll X ngfi—l—i;l is pure of dimension dim(H{l) + dim(H?_i_l) +2=g—2+ f.Since ;g1 is
finite, =;[H,]/ is pure of dimension g — 2 + f as well. O

The next lemma shows that if 71 is a generic point of ﬁg, then the curve Cq ;, is smooth. Thus no

component of ﬁg is contained in the boundary 0'H,.
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LEMMA 3.2. Supposeg > 1and0 < f < g.

(@) Then H§ is open and dense in ﬂg and 7'~(§ X7, H, is open and dense in ﬁ§

f

(b) Ifr > 1, then ’Hg;r is open and dense in ﬁg;r and ’F(g X7, H, is open and dense in ’F{f;

Proof. Part (a) is well-known for ¢ = 1. For g > 2, part (a) follows from Lemma since Wg and
ﬁé,[ are pure of dimension ¢ — 1 + f [GP05, Thm. 1]. Part (b) follows from part (a) since the p-rank
of a labeled curve depends only on the underlying curve, so that ﬁ;r = Hgyr X7, ﬁé. O

LEMMA 3.3. Let S be an irreducible component of H{;. If S intersects a component T" of A, [ﬁg]f
then S containsT.

Proof. A smooth proper stack has the same intersection-theoretic properties as a smooth proper
scheme [Vis89, p. 614]. In particular, if two closed substacks of H, intersect then the codimension of
their intersection is at most the sum of their codimensions. Now S and A;[H,] are closed substacks
of Hg and S ¢ A;[H,]. Thus the intersection of S with the divisor A;[H,] has pure dimension
dim S — 1, which equals dim(A;[H,]/) by Lemma Thus if S intersects a component I' of A;[H,]/
then it must contain the full component T". O

LEMMA 3.4. Suppose g > 2 and 0 < f < g. Let S be an irreducible component ofHé,[.
(a) Then S intersects Ag[H,] if and only if f > 1.

(b) If f > 1, then each irreducible component of Ay[S| contains either (i) the image of a compo-
nent of ﬁé;j/.l under k1 or (ii) the image of a component of szl—l X ﬁgz,l,i;
for some 1 < i < g — 2 and some pair (f1, f») which satisfies (3.1.2).

(c) If f = 0, then S contains the image of a component of 7—7? X 7:2271- under k; ,; for some 1 <
i<g—1

1 under Ai,g—l—i

The containment in Lemma b) may be strict since Z;[S] may contain points s such that Cy
has p-rank strictly less than f.

Proof. If f = 0, then (2.4.4) implies that S does not intersect Ag[H,]. If f > 1, then S is a complete
substack of dimension greater than g — 1. By [FvdG04, Lemma 2.6], a complete substack of Hg —
Ao[H,| has dimension at most g — 1. Therefore, S intersects Ag[H,| nontrivially. This completes
part (a).

For part (b), each irreducible component of Ay[S] intersects either Kg,l(ﬁéf,j;l) C Zo[H,] or
Ai,g_l_i(ﬂ{;ll X ﬁjgrz,l,i;l) C Zi[H,] for some 1 < i < g — 2 and some pair (fi, f») which satisfies
(3.1.2). The result then follows from Lemma 3.3

For part (c), recall that H, contains no complete substacks of positive dimension (e.g., [Yam04,

Cor. 1.9]). Thus S intersects A; for some 0 < i < g — 1. By part (a), i # 0. The result follows from
Lemma(3.3l O

3.2 Complements on trees

Many of the results for A; for positive i have analogues for Ax. For a clutching tree A and a non-
negative integer f, define an index set by

F ={{friveA}:0< S <50 S fo= 1} (321)
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LEMMA 3.5. Let A be a clutching tree with g(A) = g.
(a) The p-rank strata of Ax[H,| are given by

MH = U ka(xeenHR). (3.2.2)
(fo}eFAf)

(b) Every component of Ap[H,|/ has dimension g + f — |A|.

Proof. Part (a) follows from (3.1.1) and induction on |A|. Part (b) follows from this and the calcula-
tion that, for {f,} € F(A, f),

dim(xoenH) = 3 (go+ fo—1) =g+ f —|Al.

vEA

O]

LEMMA 3.6. Let S be an irreducible component of ’Hé. Let A be a clutching tree with g(A) = g. If
S intersects a component I" of Ax[H,)/, then S containsT.

Proof. The proof is similar to that of Lemma (3.3 Note that dimT" > dim S + dim A, — dim H,. By
Lemma b), this equals g + f — [A| = dim Ax[H, ]/ O

3.3 Adjusting marked points and trees
The next lemma shows that one can adjust the marked points of an r-marked hyperelliptic curve

of genus g and p-rank f without leaving the irreducible component of ﬁg;r to which its moduli
point belongs.

LEMMA 3.7. Let S be an irreducible component of ngf;r, and let S be the closure of S in ﬁg/.r. Then
S = d)é;}(cj)g;r(g)). Equivalently, if T is a k-scheme, if (C; Py, ..., P,) € S(T), and if (Q1,...,Q,) is
any other marking of C, then (C; Qy,...,Q,) € S(T).

Proof. Let S be an irreducible component of Hf;r, with closure S. It suffices to show that (;bgj} (¢e(S)) C
S. Note that S is the largest irreducible substack of Wéf,;r which contains S. The fibers of ¢y.r|s
are irreducible, so ¢} (¢g;(S)) is also an irreducible substack of ﬁjgr;r which contains S. Thus
Ggr (Pg:(S)) C S. This shows that ¢ 1 (dgr(S)) = S.

To finish the proof, it suffices to show that the T-points of S and d)é;} (¢4:+(S)) coincide for an
arbitrary k-scheme T. To this end, let « = (C; Py,...,P) € S(T),and let B = (C;Q1,...,Q,) €
ﬂ;r(T). Note that ¢g;-(8) = ¢g;r(x), and ¢g, () is supported in the closure of ¢g;-(S) in ﬂjgf.
Because Hy, is dense in Hg,, it follows that 3 is supported in the closure of qbgj} (¢gr(S)) in ﬁé;r,
which is S. O

It is not clear whether one can change the labeling of the smooth ramification locus of a hyperel-

liptic curve without changing the irreducible component of 7‘~(§ to which its moduli point belongs.
To circumvent this issue, the following lemma about hyperelliptic curves of genus 2 and p-rank 1
will be useful.

LEMMA 3.8. (a) First, ﬁ; is irreducible and intersects K1 1 (7?(% X ﬁ(l))

(b) Second, let S be an irreducible component of 77{% If S intersects K11 (7?{% X 7'7?), then S also
intersects k1,1 (HY x H1).
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Proof. For part (a), recall that the Torelli morphism H, — A, is an inclusion [OS80, Lemma 1.11].
Since dim(H3}) = dim(.A}), and since A} is irreducible (e.g., [EvdG09, Ex. 11.6)), it follows that

1. . . . . I . .
H, is irreducible. Consider a chain Y of two elliptic curves, one ordinary and one supersingular,
intersecting in an ordinary double point, which is a fixed point of the hyperelliptic involution on

each elliptic curve. The moduli point of Y is in the intersection of k1 1 (7—7% X ’F(?) and W;.
For part (b), let S* be the closure of S in H,. The reason for working with §* is that it can
contain the moduli points of curves with p-rank 0. By hypothesis and Lemma a S contains a

component of k; 1(7’(1 X HO) Every component of H1 contains a component of H! in its closure
since any nonisotrivial proper family of curves of genus one has supersingular f1bers It follows

that S* contains a component of k1 1 (HO X HO) and thus intersects the closure of a component of
K11 (H1 X H}) By Lemma E S* contains a component of k7 1 (H(l) X ’H%), which then implies the
same for S. O
REMARK 3.9. Note that a genus two curve has six ramification points and thus there are potentially
up to 6! = |I| irreducible components of 7-7% In particular, the fact from Lemma a) that W;
intersects k1 1 (H} x H?) does not imply the hypothesis in part (b) that S intersects &1 1 (H1 x H?).

LEMMA 3.10. Let S be an irreducible component of ’Héc . Suppose A is a clutching tree of elliptic
curves with g(A) = g. If S intersects Ax[H,], then for any choice of {f,} € F(A, f), S contains an

irreducible component of Kk (X pe /\ﬁ{;ﬂ, ).

Proof. By Lemma there exist a choice of data {f;'} € F(A, f) and components T, C ﬁg such

that S contains ka (X enTy). One immediately reduces to the case in which v; and v; are adjacent
vertices in A with f; = 1and f;, = 0,and {f,} € F(A, f) is given by

f = fs v & {v1, 02}
’ 1—f;k (/S {Ul,l)z}.
Let A be the tree obtained d by identifying v1 and v; in a new vertex v1, with g,,, = 2. By Lemma
there is a component T, C H2 such that S contains
K/\/ (Tv]z ( XUG/\’ 07&012 TZJ))
Now, TU12 contains a component of i (H1 x HY). By Lemma ib) Tv12 contains a component of
%11(HO x H1) as well. Then S contains a component of ka (X e /\Hé(v) O

3.4 Main intersection results

In this section, we prove that the closure of each irreducible component S of H{; contains the mod-
uli point of a singular curve which is a tree of elliptic curves and has p-rank f.

THEOREM 3.11. Suppose g > 2 and 0 < f < g. Let S be an irreducible component ofH{g(.

(a) There exists a clutching tree of elliptic curves A with g¢(A) = g such that S contains an irre-
ducible component of Ax[H,]/.

(b) For any choice of {f,} € F(A, f), S contains an irreducible component of k(X e Aﬁgﬁ;).

(c) In particular, S contains the moduli point of a tree of elliptic curves, of which f are ordinary
and g — f are supersingular.

Proof. It suffices to prove part (c) since parts (a) and (c) are equivalent by Lemma and since
parts (a) and (b) are equivalent by Lemma [3.10}

10
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First suppose ¢ = 2. If f = 2, then H3 is irreducible and affine and ﬁ; contains the moduli
point of a tree of 2 ordinary elliptic curves. If f = 1 (resp. f = 0), the result is true by Lemma 3.§(a)
(resp. Lemma [3.4(c)). Now suppose ¢ > 3 and 0 < f < g and suppose as an inductive hypothesis

that the result is true when 2 < ¢’ < g. Let S be an irreducible component of Hét.

CLAIM 3.12. To complete the proof, it suffices to show that S intersects A, [ﬁg]f for somel < i<
g—1

Proof of claim. Suppose S intersects A;[H,)/ forsome 1 < i < g—1.Letg; =iand g = g—1i.
By Lemma S contains a component of Agl [H,)/. In other words, there exist a pair (f1, f2)

satisfying (3.1.1) and, for j = 1,2, components V]- of Hi; such that S contains kg, ¢,(V1 x V2). Then
V= @y, (17]) is a component of ﬁjgz.
By the inductive hypothesis, V; contains the moduli point s; of a tree Y; of g; elliptic curves, of

which f; are ordinary and g; — f; are supersingular. Let A; be the dual graph of Y;. Let s; € ‘7]- be
such that @, (s;) = s;. In other words, s; is the moduli point of Y; along with the data of a choice
of labeling of the smooth ramification locus. Then &y, ¢,(51,52) is the moduli point of a curve C
whose dual graph is obtained by connecting a vertex of Ay with a vertex of A;,. Since C is a tree,
Kg1,¢2(51,52) is the moduli point of a tree of g elliptic curves, of which f = fi + f, are ordinary and

g — f are supersingular. This completes the proof of the claim since kg, 4, (51,52) isin S. O

Continuing the proof of Theorem (3.11} first suppose f = 0. By Lemma 3.4 Hc) S intersects
A[H,] forsome1 <i<g—1.B Clalm 3.12} this completes the proof when f = 0.
8 8 y p p

Now suppose f > 0. By Lemma 3.4 ma), S intersects Ag[H,]/.

Case (i): S intersects =.
By Lemma ib) S contains the 1mage of a component V' of Hf 1,1 under k1. Consider

V=g 12V ) which is a component of H 1 By the inductive hypothesis, V contains the moduli
point of a curve Y7 which is a treeof g — 1 elhptlc curves, of which f — 1 are ordinary and g — f are
supersingular. Let E be a terminal component of Y7 and let Y7 be the closure of Y1 — E in C. Let R be
the point of intersection of E and Y. Since the quotient of Y7 by the hyperelliptic involution ¢ has
genus 0, the elliptic curve E is stabilized by 1. Let P # R be a point of E which is not a ramification
point of t. By Lemma 3.7} the moduli point  of (Y1; P) isin V.

Let Z be the singular irreducible hyperelliptic curve of genus two with exactly one ordinary
double point P’ such that the normalization of Z is the elliptic curve E and the pre-image of P’
consists of the points P and ((P). In other words, the moduli point of Z is the image of the moduli
point of (E; P) under k.

Consider the point s = k,_1(t) of S. The curve C; has components Z and Y] which intersect in
exactly one ordinary double point R. The p-rank of C; is f(E) + f(Y]) + 1 = f. Since g > 3, there
is a terminal component of Y] not containing R which is an elliptic curve. Thus s is in A1 [H,}/. (In
fact, s is also in A, [ﬁg]f because of the component Z.) By Claim this completes the proof in
Case (i).

Case (ii): S intersects =; for some 1 <i < g — 2.
Letg1 =iand gp = g—1—1i. By Lemma Hb), S contains a component of Z;[H,]/. In other
words, there exists a pair (f1, f2) satisfying (3.1.2) and, for j = 1,2, there exist components V; of

Hf ', such that S contains Ay, ¢, (V' x V). Then Vi=dga(V ) is a component of Hf !
11
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By the inductive hypothesis, V]' contains the moduli point s; of a tree Y; of g; elliptic curves, of
which f; are ordinary and g; — f; are supersingular. Let E; be a terminal component of Y; and let Y}
be the closure of Y; — E; in C. Let R; be the point of intersection of E; and Y}. Since the quotient of
Y; by the hyperelliptic involution ¢; has genus 0, the elliptic curve E; is stabilized by ;. Let P # R4
be a point of E; which is a ramification point of ;. Let P, # R, be a point of E, which is not a
ramification point of 1.

By Lemma the moduli point s; of (Yj; Pj) is in V;. Consider s = Ag, ¢,(s],55) which is a
point of S. By Section m the components of the stable model Cs are the strict transforms of Y;
and Y, and an exceptional component W which is a projective line. Moreover, Y7 intersects W in
an ordinary double point and Y; intersects W in two other points, which are also ordinary double
points. The p-rank of Cs is f(Y1) + f(Y2) +1 = f.

The curve C, has a terminal component E/ of genus 1. To see this, let E} = E; wheni =1 (e.g.,
when ¢ = 3) and when i > 1, let E{ # E; be another terminal component of Yj. It follows that s is
in A1[H,)/. (Also s is in A;[H,)/ because of the component Y;.) By Claim@ this completes the
proof in Case (ii). O

Here are several consequences of Theorem which will be used later in the paper.

In the setting of Theorem one can deduce that S intersects A; nontrivially only when A
has an edge whose removal yields two (connected) trees of size i and g — i. This is only guaranteed
when i = 1. Luckily, the following information on degeneration to A; is sufficient for the later
applications in the paper.

COROLLARY 3.13. Suppose g > 2 and 0 < f < g. Let S be an irreducible component of Hé,(. Then
S intersects Ay [H,)/. Furthermore:

a) if f < g—1, then S contains an irreducible component of k1,41 (7—7? X ’F[f _4);and
(b) if f > 1, then S contains an irreducible component of Kl,g_l(Hl Hf 1)

Proof. By Theorem c), S contains the moduli point of a tree of elliptic curves, of which f are
ordinary and g — f are supersingular. Every tree has a leaf; by Theorem [3.11[b), that leaf can be
chosen to be ordinary or supersingular if the obvious necessary constraint is satisfied. The result
follows by Lemma O

The /-adic and p-adic monodromy proofs in Section {4 rely on degeneration to A; ;. We label
the four possibilities for (f1, f2, f3) such that f1 + fo + f3 = f and fi, f3 € {0,1} as follows: (A)
(1,f—2,1);(B) (0, f—1,1); (B") (1,f —1,0); and (C) (0, f,0).

COROLLARY 3.14. Suppose g > 3 and 0 < f < g. Let S be an irreducible component ofH{;.
(a) Then S intersects A11[H,]/.

(b) There is an irreducible component S of S x Hg, and a choice of (f1, f2, f3) from cases (A)-
(C); and there are irreducible components S of H1 and S, of H * , and S3 of HP and there

are irreducible components Sg of H?jf > and S; of Hf 1t % Such that the restriction of the
clutching maps of[2.4.7 yields a commutative diagram

Sl X Sz X 53 E—— 51 X SR (341)

|

Sp X S3 ——— SN Al,l[ﬁg]-

12
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(c) Furthermore, case (A) occurs as long as f > 2, case (B) or (B’) occurs aslongas1 < f < g—1,
and case (C) occurs as long as f < g — 2.

Proof. By Theorem 3.11] ua) there is a clutching tree of elliptic curves A such that S contains a com-
ponent of Ap [’Hg]f Let v1 and v3 be two leaves of A; using Theorem b) one can assume that
fo, = fi where (f1, fa, f3) is chosen as in part (c). Let A’ be the tree obtamed by coalescing all ver-
tices of A except for v1 and v3. Let v, denote this new vertex and let f,, = f,. Since A refines N,

then S intersects Ax [Hg]f which Completes part (a). Moreover, there is an irreducible component S
of S X7 ’Hg such that S intersects A; 1[Hg] Part (b) follows from the definition of A4 1[Hg]f and
Lemma ]

COROLLARY 3.15. Let S be an irreducible component of Hf For each 0 < f' < f, there exists an

irreducible component T of H§ such that S contains T.

Proof. It suffices to prove the result for f = f — 1. Let S* be the closure of S in Hy — Ag[H,].
A purity result [Oor74, Lemma 1.6] shows that S* — (5*)f, if nonempty, is pure of dimension
dim S* — 1. In particular, let Z = (5*)/~1; then Z, if nonempty, is pure of dimension ¢ — 2 + f.

By Corollary [3.13(b), S* contains an irreducible component of k; 1(H1 X ’Hf 1)- Since ﬁ% is

dense in Hj, its closure contains the moduli points of supersingular elliptic curves (with labeled
smooth ramification locus). Therefore, S* contains an irreducible component of ; 1(7—[1 X Hf 1)

and Z isnonempty. Thendim Z = g —2 + f = dim Hf; ,and so Z contains a component of H§ !
By Lemma Z, and thus S, contains a component of H§ . O

3.5 Application to Newton polygons
Recall that a stable curve C of compact type is supersingular if all the slopes of the Newton polygon
of its Jacobian equal 1/2. This is equivalent to the condition that the Jacobian of C is isogenous to a
product of ¢ supersingular elliptic curves. Note that a supersingular curve necessarily has p-rank
zero. An abelian variety of p-rank zero is necessarily supersingular only when ¢ € {1,2}.
In this section, we prove that the Newton polygon of a generic hyperelliptic curve of p-rank 0
is not supersingular when g > 3. The result generalizes [Oor91, Thm. 1.12] which is the case g = 3.
Newton polygons have the following semicontinuity property: let S = Spec(R) be the spec-
trum of a local ring, with geometric generic point 7 and geometric closed point s; if G is a p-
divisible group over S, then v(Gy) either equals or lies below v(Gs). (The latter condition means
that v(Gy) and v(Gs) have the same endpoints and all points of v(Gy) lie below v(Gs).)

COROLLARY 3.16. Suppose p is an odd prime and g > 3. Let n be a generic point o.fH0 Then Cg ,
is not supersingular. In particular, there exists a smooth hyperelliptic curve of genus g and p-rank
0 which is not supersingular.

Proof. When ¢ = 3, this follows from [Oor91, Thm. 1. 12] For ¢ > 4, the proof proceeds by in-
duction. Let S be the closure of 1 in ’HO By Corollary (3.13] S contains a component of Aq[H,]°.

Thus there are components 171 of ’F((l’ and \72 of ﬁgfl such that S contains Kl,g,l(\71 X 172) By

the inductive hypothesis, the Newton polygon of the generic point of V, is not supersingular; in
particular, it has a slope A such that 0 < A < 1/2. The same is then true of the generic point of
K1,g—1 (V1 x V). By semicontinuity [Kat79, Thm. 2.3.1], the generic Newton polygon of S (and thus
of S) either equals or lies below that of k14 1(V1 X Vz) In particular, it has a slope A’ < 1/2. Thus
Cq,n is not supersingular. O

13
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REMARK 3.17. When p = 2, there are some results about the slopes of Newton polygons of hyper-
elliptic curves of p-rank 0, see e.g. [SZ02].

3.6 Open questions about the geometry of the hyperelliptic p-rank strata

QUESTION 3.18. Does the closure of each component of H{; contain the moduli point of a chain of
elliptic curves with p-rank f?

If the answer to Question is affirmative then Lemma implies that every ordering of
f ordinary and g — f supersingular elliptic curves occurs for such a chain. In [AP0S8, Cor. 3.6],

the authors show the analogous question has a positive answer for every component of Mf; . The

difference for /\/l£ is that the clutching morphism identifies two curves at an arbitrary point of
each, rather than a ramification point of each. The location of these points can then be changed

using Lemma
QUESTION 3.19. For 2 < i < g — 2, does the closure of each component of Hé,[ intersect A;[H,]/?

In [APOS8, Prop. 3.4], the authors show that the analogous question has a positive answer for

every component of M, also with control over the arrangement of p-ranks. An affirmative answer
to Question would imply an affirmative answer to Question [3.19}

QUESTION 3.20. How many irreducible components does Hg have?

One knows that H§ is irreducible for all p when f = g or when g =2 and f = 1. If g > 3, then

A§ is irreducible by [Cha05, Remark 4.7]. If Hé: is irreducible, then there is a very short proof that
Questions 3.18[and have affirmative answers.

4. Monodromy

In this section, we determine the /-adic monodromy of components of ’Hé[ for odd primes ¢ using
an inductive process. The first base case, when ¢ = 2 and 1 < f < 2, relies on a special case
of [Cha05, Prop. 4.4]. Unfortunately, the monodromy group of HJ is small, since supersingular
families of abelian varieties have finite /-adic monodromy groups; and the methods of [Cha05] do
not apply to Hg for ¢ > 3, because the hyperelliptic Torelli locus is not Hecke-stable. Thus the proof
requires another base case when f = 0. For lack of a strategy to calculate the /-adic monodromy of
HY, we analyze the case when ¢ = 5 and f = 0 in Section|4.2|by studying endomorphism algebras.

4.1 Integral monodromy

We summarize the discussion in [AP07, Sec. 3.1] about Z/¢- and Z,-monodromy. Let S be a con-
nected k-scheme on which the prime / is invertible. Let 7 : C — S be a relative curve of compact
type whose fibres have genus g. Then R'7. (u,), or equivalently Pic’(C)[/], is an étale sheaf of
Z/¢-modules. If s is a geometric point of S, then R, (u,) is equivalent to a linear representation

Pc—s,z/e m(S,s) — AUt((Rlﬂ*(ﬂ-é))S) = GLyg(Z/0).

Let My(C — S, s) be the image of pc_.5 7/, and let My(S) be the isomorphism class of this image
as an abstract group. If the family C — S is clear from context, these will be denoted M,(S,s) and
M (S), respectively. There is a canonical polarization on Pic’(C), and thus (after a choice of £ root
of unity on S) there is a symplectic pairing on Pic’(C)[¢]. Therefore, there is an inclusion of groups
M,(S) C Sp, g(Z /¢). Similarly, for each natural number 7 there is a representation

pcszjen s m(S,s) = Aut((R'7 (pen))s)-
14
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Let Mz,(C — S,s) = lim- pc_57/m(7m1 (S, s)). One can employ an analogous formalism to define
the monodromy group of a relative curve over a stack [Noo04].

4.2 A base case for p-rank zero
In this section we show that if S is an irreducible component of H2, then M;(S) = Sp,,(Z/¢) for
all primes ¢ outside some finite set. The set of exceptional primes may depend on the characteristic
p of the base field, so that our results are valid for ¢ >, 0. Recall that Xg — ﬂg represents the
relative Picard functor.

To ease notation, if X is an abelian variety, let E(X) = End(X) ® Q, and let E/(X) = End(X) ®
Zy; then E;/(X) acts on the Tate module Ty(X). If X is simple, then the center of E(X) is either a
totally real or totally imaginary number field.

LEMMA 4.1. Let & be a geometric generic point of H3. Then either E(X5¢) = Q or E(X3;) is a
totally real cubic field.

Proof. Suppose there is an isogeny X3 ; ~ A @ A; for abelian varieties A1 and A, of dimensions 1
and 2. Then A; and A; each have p-rank 0 and are thus supersingular. Then A3 ; is supersingular,
which contradicts the fact that the Newton polygon of X3 has slopes 1/3 and 2/3 [Oor91, Thm.
1.12]. Thus A&j ; is simple.

From the classification of simple endomorphism algebras of abelian varieties of prime dimen-
sion (e.g., [Oor88, 7.2]), to complete the proof it suffices to show that neither a complex multiplica-
tion field of degree six nor a quadratic imaginary field acts on X ;. Let S be the closure of & in H3.
Since dim S = 2 > 0 but abelian varieties with complex multiplication are rigid, E(X5 ;) is not a
complex multiplication field of degree 6.

To address the possibility of an action by a quadratic imaginary field, suppose to the con-
trary that there is a subring of End(X3¢) isomorphic to an order Ok in a quadratic imaginary
field K. Then Ok ® Z, acts on the p-divisible group A3 [p*]. There is an inclusion K ® Q, —
End(X3£[p>]) ® Qp = Dy/3 ® D, /3. (Here, D, denotes the central simple Q,-algebra with Brauer
invariant A.) Since every maximal subfield of D; /3 or D, 3 is a cubic extension of Q,, K® Q) can-
not be a field. In particular, A3 ; does not admit an action by a quadratic imaginary field inert or
ramified at p.

Finally, suppose X3; admits an action by a quadratic imaginary field which splits at p. Let
(r,s) be the signature of the action of Ok on Lie(X3;); the dimensions r and s are nonnegative
and r + s = 3. Consider the moduli space Sho,(;,s) of abelian threefolds with an action by Ok of
signature (7,s). The Torelli morphism 7 restricts to a finite morphism from S to a component of
Shogi(rs)- Since dim S = 2 and dim Shp,;(,,s) = 7 - 5, then (7, 5) is either (1,2) or (2,1). Thus 7(S5)
is dense in Shp, ;). This gives a contradiction since C3 ¢ has p-rank zero but the generic member
of Sho,;(rs) is ordinary [Wed99, Thm. 1.6.2]. O

REMARK 4.2. In the situation of Lemma using the description of the p-rank strata of Hilbert
modular threefolds, one can show that if E(Xj3 ;) is a cubic field, then it is either (totally) inert or
ramified at p. This will not be used in the sequel.

LEMMA 4.3. LetY be a simple abelian variety whose dimension g is relatively prime to 3. If there
exists a geometric generic point &3 of HY for which there is a nontrivial homomorphism End (Y) —
E(X3,), then End(Y) = Z.
Proof. If Z is a simple abelian variety, let Eo(Z) be the subring of E(Z) fixed by the Rosati involu-
tion, and let eg(Z) = [Eo(Z) : Q]. Then eg(Z)|dim(Z).

By Lemma E(AX3z,) is a totally real field of dimension 1 or 3 over Q. On one hand, the
existence of a nontrivial homomorphism End(Y) — E(Xj ., ) forces eo(Y) to divide (A5 s, ), and

15
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thus ep(Y)|3. On the other hand, ey(Y)|g. Therefore, eg(Y) = 1 and E¢(Y) = Q. Neither a noncom-
mutative algebra nor a totally imaginary field admits a nontrivial homomorphism to E(X3 ¢, ), and
thus E(Y) = Eo(Y) and End(Y) = Z. O

LEMMA 4.4. Let X — S be a polarized abelian scheme over a reduced irreducible noetherian
stack. Let n be the generic point of S, and let s € S be any point. Then there exists an inclusion
End(Xﬁ) — End(Xg)

Proof. By introducing a rigidifying structure on X — S, such as coordinates on the space of sections
of the third power of the given ample line bundle, we may and do assume § is an integral noethe-
rian scheme. Since the absolute endomorphism ring of an abelian variety is attained after a finite of
the base field, it suffices to show the existence of an inclusion End(X;) — End(X;). If S is normal,
then End(X;,) extends uniquely to End(Xs), and in particular to End(X;) [FC90, 1.2.7]. In general,
letv: S — S be the normalization map; let i/ be the generic point of S’, and let s’ be a point of S’
over s'. The desired result follows from the canonical map End((v*X),/) — End((v*X)y) and the
isomorphisms of abelian varieties (v*X),, = X, and (v*X)y = X. O

PROPOSITION 4.5. If &4 is a geometric generic point of HY, then End (Xy¢,) = Z.

Proof. Let S, be the closure of & in Hg.

The first step is to show that Xy ¢, is simple. Suppose there is an isogeny Xy s, ~ A1 @© A, for
two abelian varieties A and A;. If A; and A, each have dimension 2, then they are supersingular
since they have p-rank 0. Then &} ¢, is supersingular, which contradicts Corollary If Ay has
dimension 1 and A, has dimension 3, then there is a curve W of genus 3 such that Jac(W) ~ A,.
The inclusion of A, into Xy, yields a cover ¢ : Cy:, — W. By the Riemann-Hurwitz formula
6 > 4deg(y) which is impossible since deg() > 2. Thus X} ¢, is simple.

By Corollary -(a) there exist components V1 - H1 and VZ C HO such that S contains
1<1,3(V1 X Vz) Let &; and &3 be geometric generic points of V; and Vs, respectively, and let n =
k1,3(&1,&3). Since X ¢, is an elliptic curve and since X3¢, is simple, there are no nontrivial homo-
morphisms between A3 ;, and X ¢, . Since X} ¢, is simple, this yields an isomorphism

E(Xyy) = E(X15) © E(X3g).
By Lemmal[4.4] there is an inclusion E(Xy ¢, ) < E(X3¢,). Then End (X}, ) = Z by Lemma O

PROPOSITION 4.6. If ¢ = 5 and &s is a geometric generic point of H?, then End (X5 ¢,) & Z.

Proof. Let &5 be a geometric generic point of H2, with closure S5 in ﬁg

By Corollary |3 . 4}, S5 intersects Aq 1[Hs]? and there is an irreducible component SofS 5 X H5,
and there are irreducible components S; of HO and S, of HO and S; of H; and there are irre-
ducible components Sg of H4 and S; of HY; such that the restriction of the clutching maps yields
a commutative diagram

51 X 52 X 53 E—— 51 X SR (421)

|

S; X S3 SN VR [7:25]
Let 1; be the generic point of S; for i € {1, 2,3}, similarly, let 1, be the generic point of Sy, and ng
that of Sg. Lets = ?1/3/1(7]1, M2, 713).
Choose a prime ¢ such that for any supersingular elliptic curve E /k, E;(E) = Maty(Z;). There is
a canonical isomorphism T;(X55) = T;(X1,,,) X Ty(X3y,) X Ty(X1,,). Choose coordinates on the
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10-dimensional Z,-module T;(X5,s) compatible with this decomposition. By Lemma[4.4/and Propo-
sition E/ (X5 K41(ann3)) acts on Ty(AXss) as diagg(Z¢) ® Maty(Zy). Similarly, EK(XS,%A(anR))
acts as Matz(Z[) @ diagg(Zy). Invoking Lemma [4.4] twice shows that

Eo(Xs5.65) C Er( X5z, (nxns) MVE( X5z, 4 (1 xng)) © End(Te(Ass)).
Therefore, E/(X5,:,) = Z; and End (X5 ;) = Z. O

REMARK 4.7. One can use the same argument to show inductively that if & is a generic point of Hg
for any g > 4, then End (). Instead, we will deduce this in Application as a consequence of
a monodromy calculation.

COROLLARY 4.8. For (>, 0, if S is an irreducible component of H2 then M;(S) = Sp,,(Z/{).

Proof. Since H2 has only finitely many irreducible components, it suffices to prove the statement
for £ >, 0 for each component S. This follows from Proposition 4.6(and Serre’s open image the-
orem [Ser(00, Thm. 3]. (In fact, Serre’s result is stated for abelian varieties of odd dimension over
number fields; but his argument, which involves only the fundamental group of the base and the
structure of symplectic groups, works in this generality [Ser00, 8.2].) O

4.3 Monodromy of the hyperelliptic p-rank strata
In this section, let p and ¢ be distinct odd primes. We find the integral monodromy of the p-rank

strata H§ when 1 < f < g. We also find the integral monodromy of HO for ¢ > 5 for all but finitely
many /. The integral monodromy of H,, which is the same as the case f = g, already appears in
[APO7, Thm. 3.4] (see also unpublished work of ].-K. Yu, and [Hal08, Thm. 5.1]).

The following argument shows that to determine the monodromy of families of hyperelliptic
curves, one may work with either ﬂg or H,.

LEMMA 4.9. Let p and { be distinct odd pr1mes and suppose g > 2. Let S C 'Hg be irreducible and
let S be an irreducible component of 5 X7, Hg Then M,(S) = szg(Z/ﬁ) if and only if My(S) =

S (Z/1).

Proof. Since S — S is finite, M,(S) is a subgroup of M,(S). If My(S) = szg(Z/é) then My(5) is
maximal, and thus so are My(S) and My(S).

Conversely, suppose M((S) = Sp,,(Z/{). Since @y is étale with Galois group Iy = Sym(2g +
2), the cover S — S is Galois with covering group G a subgroup of I';. Consider the finite simple
group Pszg(Z /¢). The smallest integer N for which there exists an embedding Pszg(Z /l) —
Sym(N) is N = (¢28 —1)/(¢ — 1) [Gre03, Thm. 3]. Thus G and Spyg(Z/1) have no common non-
trivial quotient, and M,(S) = Sp, g(Z /¢) by the argument of [AP07, Lemma 3.3]. O

THEOREM 4.10. Let p and ¢ be distinct odd primes and suppose § > 1. Suppose1 < f < g. Let S
be an irreducible component of 1, the p-rank f stratum in H,. Then M,(S) = szg(Z/ﬁ).

Proof. The proof is by induction on g. The base cases involve the monodromy of H3 and H3, which
follow from [Cha05, Prop. 4.4]; see [AP08, Thm. 4.5].

Now suppose ¢ > 3 and 1 < f < g. As an inductive hypothesis assume, for all pairs (g’, f')
where 1 < f < g' < g, that My(S') = Sp,,(Z/¢) for every irreducible component 5’ of Hi:,.

Let S be an irreducible component of Hg. Recall the degeneration types identified immedi-
ately before Corollary If f =g let(f1,faf3) = (1,¢—2,1)asin case (A),if f = g—1, let
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(fi, f2, f3) = (0,g—2,1) asin case (B), and if 1 < f < g— 2, let (fl,fz,fg) = (0, /,0) as in case
(C). Then by Corollary 3.14] there are irreducible components SofS X7, Hg, S 1 of H{ , 52 of 'Hf 2

and §3 of 7-7{3 ; and there are irreducible components S r of Hj;z_lf >and S, . of Hf; 1f 2. such that the
restriction of the clutching morphisms gives a commutative diagram

§1 X gz X §3 - §1 X §R (4.3.1)

| TR

§L X §3 SN A1,1 [ﬁg]

In all cases fi + f» and f» + f3 are positive, and so S; and Sk have monodromy Spy(g-1)(Z/€), b
induction and Lemma4.9]

The rest of the proof is identical to that of [APO7 Thm. 3.4]. Briefly, one calculates the mon-
odromy group of Sata point s in the image of S1 X S X 53 under & g—2,1- On one hand, there
is an a priori inclusion M,(S,s) C szg(Z /¢). On the other hand, we have shown that M,(S, s)
contains two distinct subgroups isomorphic to Sp,, (Z]2). A group-theoretic result shows that

My(S,s) = Sp, g(Z /¢). The result then follows from Lemma O

In the following result, note that the exceptional set of primes depends on p, but not on g.

THEOREM 4.11. If ¢ >, 0,if ¢ > 5 and if S is an irreducible component of H), then M(S) =
Sp,(Z/1).

Proof. Suppose ¢ is not in the finite set of exceptional primes from Corollary The proof is by
induction on g with the case ¢ = 5 supplied by Corollary The rest of the proof is identical to

that of Theorem with Corollary being used to degenerate to an irreducible component of
K121 (H] x Hg_, x HY). =

4.4 A p-adic complement

In this section we determine the p-adic monodromy of components of the p-rank strata Hg.

Let S be a connected scheme of characteristic p with geometric point s, and let X — S be an
abelian scheme with constant p-rank f. The group scheme X|[p] and p-divisible group X[p*>| admit
largest étale quotients, X[p]¢* and X[p>]¢. These are respectively classified by homomorphisms
m(S,s) — Aut(X[p]*)s = GLs(Z/p) and m(S,s) — Aut(X[p>])s = GLf(Z,), whose images
we denote M, (X — §) and Mz, (X — §), or simply M, (S) and Mz, (S).

LEMMA 4.12. Suppose g > 1 and1 < f < g. Let S be an irreducible component of H., and let
S be an irreducible component of S X7, 7‘~{g. Then M,(S) = GL¢(Z/p) if and only if I\/Ip(g) =
GL¢(Z/p).
Proof. Since S — § is finite, I\/Ip(g) is a subgroup of M, (S). If I\/Ip(g) = GLf(Z/p) then Mp(g) is
maximal, and thus so are M, (S) and M,(S).

Conversely, suppose M, (S) = GLf(Z/ p). Let S* be the closure of S in Hy — Ag[H,] and let
S* be the closure of S in Hg — A [Hg] Let T = S* — (5*)f be the locus with p-rank smaller than
f- Then T is nonempty by Corollary [3.15 On one hand, S* — S* is étale since p is odd and the
cover §* — S* is tantamount to a partial level-two structure. On the other hand, the GL¢(Z/p)-
cover Iy := Isomg((Z/p)/, ]ac(Cg) [p]¢") — S is ramified along T. Therefore, the covers Iy — S and
S — Sare disjoint, and M (S) = M,(S) = GL((Z/p). O
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PROPOSITION 4.13. Suppose g > 2 and 1 < f < g. Let S be an irreducible component ofHé,[. Then
Mp(S) = GLf(Z/p) and Mz, (S) = GL¢(Zy).

Proof. First suppose f = ¢. When g = 2, the result for H3, or equivalently M3, is a special case of
[Eke91) Thm. 2.1]. For ¢ > 3, suppose as an inductive hypothesis that MP(HE:}) = GLg 1(Z/p).

By Lemma(4.12 Mp(ﬁgj) = GL;_1(Z/p). By Corollary 3.14; there is a commutative diagram

HL x ﬁg:i X Hl —=H! x ﬁgj (4.4.1)
|
HE™) x H] Ava[Hy].

Consider a geometric point s € ﬁg in the image of 77(% X ﬁg:g X ﬁ% under K1,¢ 2 1. By the induc-

tive hypothesis and Lemma Mp(ﬁg, s) contains two distinct copies of GLg_1(Z/p) and thus
equals GL¢(Z/p) by the argument of [AP07, Lemma 3.2]).

Now suppose 1 < f < g — 1. By Corollary a), there are irreducible components Vi C HY
and 172 - ﬁg_l such that S contains Kl,g-1 (171 X \72) By the inductive hypothesis and Lemma4.12
Mp(\72) = GLf(Z/p), and thus M, = GL¢(Z/p) as well.

The proof that Mz, (S) & GL¢(Z,) is identical. O

4.5 Arithmetic applications

The results of the previous section about the monodromy of components of H§ have arithmetic
applications involving hyperelliptic curves over finite fields. For example, they imply that there
exist hyperelliptic curves of given genus and p-rank with absolutely simple Jacobian (Application
[.14). Moreover, they give estimates for the proportion of hyperelliptic curves with a given genus
and p-rank that have a rational point of order £ on the Jacobian (Application[4.16) or for which the
numerator of the zeta function has large splitting field (Application [4.18).

Throughout this section, IF denotes a finite extension of Fp.

4.5.1 Technical context We do not include proofs in this section, since they are very similar to
those found in [APOS8, Section 5]. Here is a brief description of the main ideas involved. One first
defines H, over the category of F,-schemes and defines the arithmetic monodromy group of a
substack of H. For a relative curve 7 : C — S/IF of genus g > 2 defined over a finite field, one
shows that if ME*°™(S) = szg(Z/é), then M%jom(S) = szg(Zg); and Mazljth(S) has finite index in
GSp,, (Z¢); and ME*™(S) = Sp,,(Q;) [AP0S, Lemma 5.1].

Secondly, in order to use Chebotarev arguments for curves over finite fields, it is necessary
to add rigidifying data, such as the data of a tricanonical structure, so that the corresponding
moduli problems are representable by schemes. Recall that Q?;’S is very ample, that 7, (Q?ﬁs) isa
locally free Os-module of rank 5¢ — 5, and that sections of this bundle define a closed embedding
C — Pzg ~°. A tricanonical (3K) structure on 77 : C — S is a choice of isomorphism O?Sg*S =
7T, (Q?/Ss)' and the only automorphisms of a hyperelliptic curve with 3K-structure are the identity

and the hyperelliptic involution. The moduli space H, 3k of smooth hyperelliptic curves of genus
g equipped with a 3K-structure is representable by a scheme [KS99, 10.6.5], [MFK9%4, Prop. 5.1].

Third, since H; may be constructed as the quotient of H3x by GLs_5, the forgetful functor
Yo 1 He sk — Hyg is open [MEK94, p. 6] and a fibration with connected fibers [Noo04, Thm. A.12].
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This allows one to show, if S C H, is a connected substack and Szx = S x M, Hg 3k, then M ¢(S3k) =
M,(S) [APO8|, Lemma 5.2]. Since the data of a tricanonical structure exists Zariski-locally on the
base (as opposed to that of a Jacobi level structure which only exists étale-locally on the base),

one can relate point counts on Hg 3k (IF) to those on H,(IF). Specifically, if s € Hg(IF) is such that
Aut(Cys) = {1}, then the fiber of H, 3k (F) over s consists of |GLyg(F)|/2 points [KS99, 10.6.8].

4.5.2 Application to simple Jacobians Using the Q;-monodromy of H., we deduce that there
exist hyperelliptic curves of genus g and p-rank f with absolutely simple Jacobian.

APPLICATION 4.14. Suppose g > 1 and 0 < f < g with f # 0if g < 3. Let S be an irreducible
component of Hf;.

(a) Then there exists s € S(IF) such that the Jacobian of C; is absolutely simple.
(b) Ifn is a geometric generic point of S, then End (Jac(Cs ets)) = Z.

Proof. The proof of (a) is very similar to that of [AP08, Application 5.7] and uses Theorems [4.10}
(and also Propositionwhen ¢ =4and f = 0) and [Cha05, Cor. 4.3]. Statement (b) follows
immediately from Theorems4.1014.11 O

REMARK 4.15. Under the hypotheses of Application[4.14} if 11 is a generic point of S, one can deduce
that Aut(Jac(Cy,,)) = {£1}. This yields a new proof of [AGP08, Thm. 3.7].

4.5.3 Application to class groups Recall thatif s € H, (), then Pic? (Cg,s)(IF) is isomorphic to the
class group of the function field F(Cy ). The size of the class group is divisible by ¢ exactly when
there is a point of order ¢ on the Jacobian. Roughly speaking, Application [4.16shows that among
all curves over F of specified genus and p-rank, slightly more than 1/¢ of them have an F-rational
point of order ¢ on their Jacobian.

APPLICATION 4.16. Suppose { # p are odd primes and g > 3 and 1 < f < g. Suppose S is an

irreducible component ofH§ such that S(F) # (). Let m be the image of |F| in (Z/¢)*. There exists
a rational function &g, (T) € Q(T) and a constant B = B(p, g, ) such that

#{S S S(F) I#ESH(#IE].—‘))iCO(Cg,s)(F)} . (Xg,m(g) < 5@ (4.5.1)

If f = 0 and g > 5, the same result is true for all £ > 0.

REMARK 4.17. For £ odd, one knows that ot 1 (£) = % +O(1/¢%), while aeg 1 (£) = 725 +O(1/£%)
if m # 1. A formula for &, 1(¢) is given in [Ach06].

Proof of The proof is very similar to that of [AP08, Application 5.9] and uses Theorems
and [KS99, 9.7.13]. 0

4.5.4 Application to zeta functions If C/F is a smooth projective curve of genus g, its zeta func-
tion has the form Le/g(T)/(1 — T)(1 —qT), where L¢c/r(T) € Z[T] is a polynomial of degree 2g.
The principal polarization on the Jacobian of C forces a symmetry among the roots of L¢r(T); the
largest possible Galois group for the splitting field over Q of L¢/p(T) is the Weyl group of Spy,
which is a group of size g!23.

APPLICATION 4.18. Suppose § > 3, p
component of H{; such that S(F) # (. There exists a constant y = y(g) > 0 and a constant

20
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E = E(p, g) such that

#{s € S(F) : L, /r(T) is reducible, or has splitting field with degree < 23g!}

7S <Eq". (452)

Proof. The proof is very similar to that of [AP08, Application 5.11] and uses Theorems 4.10{4.11
and [Kow06, Thm. 6.1 and Remark 3.2.(4)]. O

REFERENCES

Ach06

AGPO08

APO7

APO8

BLR90

CHS8

Cha05

Dem?72

DM69

Eke91

Eke95

EvdG09

FC90

FvdG04

GP05

Gre03

Hal08
Kat79

Knu83

Jeffrey D. Achter, The distribution of class groups of function fields, J. Pure Appl. Algebra 204 (2006),
no. 2, 316-333. MR MR2184814

Jeffrey D. Achter, Darren Glass, and Rachel Pries, Curves of given p-rank with trivial automorphism
group, Mich. Math. J. 56 (2008), no. 3, 583-592.

Jeffrey D. Achter and Rachel Pries, The integral monodromy of hyperelliptic and trielliptic curves, Math.
Ann. 338 (2007), no. 1, 187-206.

, Monodromy of the p-rank Strata of the Moduli Space of Curves, Int Math Res Notices 2008
(2008), no. rnn053, rnn053-25.

Siegfried Bosch, Werner Liitkebohmert, and Michel Raynaud, Néron models, Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 21, Springer-
Verlag, Berlin, 1990. MR MR1045822 (91i:14034)

Maurizio Cornalba and Joe Harris, Divisor classes associated to families of stable varieties, with appli-
cations to the moduli space of curves, Ann. Sci. Ecole Norm. Sup. (4) 21 (1988), no. 3, 455-475. MR
MR974412 (89j:14019)

Ching-Li Chai, Monodromy of Hecke-invariant subvarieties, Pure Appl. Math. Q. 1 (2005), no. 2, 291-
303. MR MR2194726 (2006m:11084)

Michel Demazure, Lectures on p-divisible groups, Springer-Verlag, Berlin, 1972, Lecture Notes in
Mathematics, Vol. 302. MR 49 #9000

Pierre Deligne and David Mumford, The irreducibility of the space of curves of given genus, Inst. Hautes
Etudes Sci. Publ. Math. (1969), no. 36, 75-109. MR 41 #6850

Torsten Ekedahl, The action of monodromy on torsion points of Jacobians, Arithmetic algebraic geome-
try (Texel, 1989), Birkhduser Boston, Boston, MA, 1991, pp. 41-49. MR 92¢g:14017

, Boundary behaviour of Hurwitz schemes, The moduli space of curves (Texel Island, 1994),
Progr. Math., vol. 129, Birkhduser Boston, Boston, MA, 1995, pp. 173-198. MR MR1363057
(96m:14030)

Torsten Ekedahl and Gerard van der Geer, Cycle Classes of the EO Stratification on the Moduli of
Abelian Varieties, Algebra, arithmetic and geometry — Manin Festschrift (Y. Tschinkel and Y. Zarhin,
eds.), Progress in Mathematics, vol. 269, Birkhaduser, 2009, to appear.

Gerd Faltings and Ching-Li Chai, Degeneration of abelian varieties, Springer-Verlag, Berlin, 1990,
With an appendix by David Mumford. MR 92d:14036

Carel Faber and Gerard van der Geer, Complete subvarieties of moduli spaces and the Prym map, ].
Reine Angew. Math. 573 (2004), 117-137. MR MR2084584 (2005g:14054)

Darren Glass and Rachel Pries, Hyperelliptic curves with prescribed p-torsion, Manuscripta Math. 117
(2005), no. 3, 299-317. MR MR2154252 (2006e:14039)

Maria A. Grechkoseeva, On minimal permutation representations of classical simple groups, Sibirsk.
Mat. Zh. 44 (2003), no. 3, 560-586. MR MR1984704 (2004b:20021)

Chris Hall, Big symplectic or orthogonal monodromy modulo £, Duke Math. J. 141 (2008), no. 1, 179-203.

Nicholas M. Katz, Slope filtration of F-crystals, Journées de Géométrie Algébrique de Rennes
(Rennes, 1978), Vol. I, Soc. Math. France, Paris, 1979, pp. 113-163. MR 81i:14014

Finn F. Knudsen, The projectivity of the moduli space of stable curves. II. The stacks M, ,, Math. Scand.
52 (1983), no. 2, 161-199. MR MR702953 (85d:14038a)

21



Kow06

KS99

MFK94

Noo04

Oor74
Oor88

Oor91

0S80

Ser(00

5702

Vis89

Wed99

YamO04

THE p-RANK STRATA OF THE MODULI SPACE OF HYPERELLIPTIC CURVES

Emmanuel Kowalski, The large sieve, monodromy and zeta functions of curves, J. Reine Angew. Math.
601 (2006), 29-69. MR MR2289204

Nicholas M. Katz and Peter Sarnak, Random matrices, Frobenius eigenvalues, and monodromy, Amer-
ican Mathematical Society, Providence, RI, 1999. MR 2000b:11070

David Mumford, John Fogarty, and Frances Kirwan, Geometric invariant theory, Ergebnisse der
Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)], vol. 34,
Springer-Verlag, Berlin, 1994. MR MR1304906 (95m:14012)

Behrang Noohi, Fundamental groups of algebraic stacks, J. Inst. Math. Jussieu 3 (2004), no. 1, 69-103.
MR MR2036598 (2004k:14003)

Frans Oort, Subvarieties of moduli spaces, Invent. Math. 24 (1974), 95-119. MR 54 #12771

, Endomorphism algebras of abelian varieties, Algebraic geometry and commutative algebra,
Vol. II, Kinokuniya, Tokyo, 1988, pp. 469-502. MR MR977774 (90j:11049)

, Hyperelliptic supersingular curves, Arithmetic algebraic geometry (Texel, 1989), Progr.
Math., vol. 89, Birkhéduser Boston, Boston, MA, 1991, pp. 247-284. MR MR1085262 (92c¢:14043)
Frans Oort and Joseph Steenbrink, The local Torelli problem for algebraic curves, Journées de
Géometrie Algébrique d’Angers, Juillet 1979/ Algebraic Geometry, Angers, 1979, Sijthoff & No-
ordhoff, Alphen aan den Rijn, 1980, pp. 157-204. MR MR605341 (82i:14014)

Jean-Pierre Serre, Lettre & Marie-France Vigneréras, (Euvres. Collected papers. IV, Springer-Verlag,
Berlin, 2000, 1985-1998, pp. 38-55. MR MR1730973 (2001e:01037)

Jasper Scholten and Hui June Zhu, Hyperelliptic curves in characteristic 2, Int. Math. Res. Not. (2002),
no. 17, 905-917. MR MR1899907 (2003d:11089)

Angelo Vistoli, Intersection theory on algebraic stacks and on their moduli spaces, Invent. Math. 97
(1989), no. 3, 613-670. MR MR1005008 (90k:14004)

Torsten Wedhorn, Ordinariness in good reductions of Shimura varieties of PEL-type, Ann. Sci. Ecole
Norm. Sup. (4) 32 (1999), no. 5, 575-618. MR 2000g:11054

Kazuhiko Yamaki, Cornalba-Harris equality for semistable hyperelliptic curves in positive characteristic,
Asian J. Math. 8 (2004), no. 3, 409-426. MR MR2129243 (2005j:14039)

Jeffrey D. Achter |j.achterQcolostate.edu
Department of Mathematics, Colorado State University, Fort Collins, CO 80523

Rachel Pries pries@math.colostate.edu
Department of Mathematics, Colorado State University, Fort Collins, CO 80523

22


mailto:j.achter@colostate.edu
mailto:pries@math.colostate.edu

	Introduction
	Background
	Moduli spaces
	Stratifications
	The boundary of the moduli space of hyperelliptic curves
	Clutching maps

	Boundary of the hyperelliptic p-rank strata
	Preliminary intersection results
	Complements on trees
	Adjusting marked points and trees
	Main intersection results
	Application to Newton polygons
	Open questions about the geometry of the hyperelliptic p-rank strata

	Monodromy
	Integral monodromy
	A base case for p-rank zero
	Monodromy of the hyperelliptic p-rank strata
	A p-adic complement
	Arithmetic applications


