On the probability of having rational /-isogenies
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Abstract. We calculate the chance that an elliptic curve over a finite field has
a specified number of /-isogenies which emanate from it. We give a partial
answer for abelian varieties of arbitrary dimension.

Mathematics Subject Classification (2000). 11G20; 14K02.
Keywords. elliptic curve, isogeny, abelian variety, finite field.

1. Introduction

Suppose E and E’ are elliptic curves over a field K. A (K-rational) isogeny is a
morphism ¢ : E — E/, defined over K, which takes the identity element of E to
that of E’; such a morphism is necessarily a group homomorphism. Let e(E, ¢, K)
be the number of K-rational isogenies (up to isomorphism) of degree £ which em-
anate from E. In this paper we analyze the distribution of e(E, /,F;) as E ranges
over all elliptic curves over the finite field IF,.

Isogenies of prime order £ have algorithmic significance. For example, much
information about the trace of Frobenius t of an elliptic curve E /I is encoded in
e(E, ¢, F,). Indeed, let mg = t2 — 4q, and suppose that E is ordinary with j(E) ¢
{0,1728}, so that Auty, (E) = {&1}.If (“E) =1, thene(E, (,F,) = 2;if (") =
—1, then €(E,{,F;) = 0; and if mg = 0mod /, then e(E,(,F;) € {1,/+ 1}.
This is exploited in various algorithms for counting |E(FF;)| such as the Schoof-
Elkies-Atkin method (e.g., [4,[6]). Related work gives algorithms for constructing
isogenies of given degree [7].

With this backdrop, we pose the following question: If an elliptic curve is
drawn at random among all elliptic curves over a finite field, what is the proba-
bility that it admits a rational isogeny of order £? A special case of our main result
says the following:

Theorem. Suppose char(F;) # 2 and { is an odd prime relatively prime to q. Let
Mueg(Fy) = Fy —{0,1}, and for A € Myeg(IFy) let Epega be the elliptic curve with
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affine model y> = x(x — 1)(x — A). Define

‘{A e MLeg(Eq) : e(ELeg)\,f, Eq) = 1’}!
@e Lr,Fy) = : .
ELeg— Mueg (€1, Fq) |MLeg (Fy)

Then
40002 1)
Vi

‘a)gLegéMLeg (£, 1Fy) —v(¢, r,q)’ <

where y(¢,1,q) is given in (2.2).

(This is a restatement of Theorem [2.3|for the Legendre family, using the re-
marks in 2.1]and 2.5]) The quantity y(¢,r,q) is purely group-theoretic, and de-
pends only on the combinatorics of GL,(Z/{).

We prove something similar for sufficiently general families of abelian va-
rieties arbitrary dimension (Proposition 3.4). Here, the isogeny statistics are con-
trolled by the group of symplectic similitudes GSp, g(Z /?). The combinatorics of
Gszg(Z /¢) are more intricate than those of GL,(Z//), and we are only able to
give an exact formula for the chance that an abelian variety admits o isogenies
of degree ¢ (Proposition 3.6).

It is tempting, but quite difficult, to use the trace of Frobenius to prove The-
orem [2.3| directly. If traces of elliptic curves were equidistributed on the Hasse
interval, one could use the relationship between mg and e(E, ¢, F;) to estimate
@ (¢, 1,Fy). Itis the (conjugacy class of the) Frobenius element in Aut(E[¢](FF;)) =
GL,(Z/?), rather than its trace, which is equidistributed. This is the key to our
proof of Theorem 2.3]

We thank the referee for helpful comments.

2. Elliptic curves

If E/F is an elliptic curve, let e(E, ¢, F) be the number of F-isogenies of order ¢
which emanate from E, where we identify isogenies up to isomorphism of the
target. Differently put, we identify F-isogenies o; : E — Ej and ap : E — Ej if
there exists an F-isomorphism 3 : E; — E; such that ay = 3 0 «;. Our intention
is to study the distribution of e(E, ¢, F) for varying E; speaking of distributions
makes sense only once we have chosen an appropriate sample space. To this end,
let M /F be a smooth absolutely irreducible variety over a finite field, and let
& — M be a non-isotrivial relative elliptic curve. (The “non-isotrivial” condition
means that the j-invariant of this family is not constant.)

Example 2.1. Suppose char(F) # 2. The Legendre family is £ ey — MLeg, where
Mieg = P —{0,1, 00}, and the fiber of &g Over A € My eg(F) is the elliptic
curve with affine model y?> = x(x — 1)(x — A). The j-invariant of this family,
256(A* — A +1)3/A%(A — 1)2, is a non-constant function on M.
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For any r € Z>( and any finite extension [, of IF, let
_ [{x € M(Fy) : e(&x, (,Fy) =1}
| M(IF,)

We will see that for almost all /, this value is close to

e M (Z, 7, Fq) :

2.1)

v(l,1,q) =
[{x € GLy(Z/?) : det(x) = g mod ¢, x fixes exactly r subspaces of dimension one}|
SL2(Z/2)] '
Lemma 2.2. Suppose ¢ is odd and relatively prime to q. Then
—(%)
2(£+[1) r=0
1+Z%) o1
4rg) =4 =2=1) ,_ 2.2
')/( 7‘7) 2(2;1§ r=2 (2.2)
1;(_?2 r=40+1
0 otherwise

where (%) is the quadratic character of g modulo £. Moreover, ¥(2,0,1) = 1/3;¥(2,1,1)
1/2;v(2,3,1) =1/6;and y(2,1,1) = 0 for all other r.

Proof. (Compare [8, Lemma 4.1].) Since ¥(2, #, 1) may be calculated by examining
each element of GL,(Z/2), we henceforth assume ¢ odd. In Table[l|we have par-
titioned conjugacy classes of GL, according to the structure of their eigenspaces.
The four rows correspond to, respectively, elements which are semisimple with
no eigenvalues in Z/¢; not semisimple; semisimple with distinct eigenvalues de-
fined over Z/¢; and semisimple with a single eigenvalue. For each class we de-
scribe the centralizer of a representative element; calculate the size of each conju-
gacy class; and list the number of subspaces of dimension one of (Z/¢)? which are
stable under an element of a conjugacy class. Then y(¢,r,q) is readily computed
q

using this data. For example, there are % conjugacy classes in GL,(Z/?)
with determinant g and distinct, Z/¢-rational eigenvalues, and the size of each
conjugacy class is |GLy(Z/¢)|/(¢ — 1)2. Dividing the size of such a conjugacy
class by |SL,(Z/?)| yields the calculation of y(¢,2,q) in .2); ¥(¢,1,q) for other
values of r are computed analogously. O

The following result says that for the typical family &€ — M of elliptic
curves, @g_,pm({,1,Fy) =~ y({,1,q), where the right-hand side is calculated in
Lemma[2.2l

Theorem 2.3. Let M be a smooth absolutely irreducible variety over a finite field IF, and
let £ — M be a non-isotrivial relative elliptic curve.



4 Jeffrey D. Achter and Daniel Sadornil

representative centralizer size of class stable subspaces
Au x)2 a b 2 _
5it A)é%((Z/ﬁ) ) (51) . -0 0
Al a b 2
A ( a) =1 1
A * 2
i A#u -+ 0 2
A * ok
)\) * 1 t+1

TABLE 1. Conjugacy classes in GL,

a. For all but finitely many { there exists a constant By = B(€ — M, {) such that
for all finite extensions IF, /TF,

By
g Wl r,F)—y(l,r, < —. (2.3)
b. There exists a constant By such that for all but finitely many £ with |SLy(Z/¢)|
relatively prime to char(IF), one may take By = By|SLy(Z/¢)| in inequality (2.3).

Remark 2.4. This shows that the chance an elliptic curve chosen at random from
the family £ — M admits an isogeny of degree ¢ is about 1 — y(¢,0,9) ~ 1/2.
Note, however, that the expected number of isogenies of degree ¢ emanating from
a member of this family is close to 3, ry(¢,,q) = 1. This reflects the fact that the
“relative moduli space” of fibers of £ — M equipped with an isogeny of degree
¢ is an absolutely irreducible variety whose dimension is the same as that of M.

Proof of Theorem Fix a base point s € M([F). Since £ — M is not isotrivial, for
all but finitely many primes ¢, the geometric monodromy representation 7 (M x
F,s) — Aut(&s[l]) has image SLy(Z//) (e.g., [2, Lemma 2.2]). Let ¢ be any such
prime; the family is said to be general at ¢.

The presence of (-isogenies emanating from E/IF, is controlled by the IF,-
structure of E[/](F,), which in turn is described by the action of Frobenius oy, EF, €
Aut(E[(](F,)). After an identification E[¢](F;) = (Z/f)*, we may regard oy,
as an element of GL,(Z/¥), well-defined up to conjugacy. Since we identify iso-
genies which differ by an isomorphism of the target, the ¢-isogenies emanating
from E are in bijection with subgroups of E[/](F,) of order ¢ which are stable
under oy g, ([14} 111.4.13.2]; see also Lemmabelow).

For any union of conjugacy classes W C GLy(Z/¢) and any a € Z/{*, let

W@ = det™!(a) N W be the subset of elements with determinant a. A special
case of an equidistribution theorem of Katz [10} 9.6.10 and 9.7.13] states that there
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exists a constant B such that
’{x € M(Fy) : 06,5, € W}‘ w@ B,
— < —.
| M(Fy)| SL2(Z/0)] |~ va

(See also [1} 5] for an explanation of Katz’s theorem in this context.) In particular,
we have

B
‘G)SHM(EIT’/FQ) _V(Err;Q)’ < 7/

Vi

This proves (a). Part (b) follows immediately from Kowalski’s complement [11]
Prop. 4.7] to Katz’s theorem. |

Example 2.5. If £ — M globally admits an isogeny of order ¢, then the fam-
ily is not general at /. For example, the full two-torsion subgroup of &g is de-
fined over the base Mpeg, and ELeg — MLeg is not general at £ = 2. In fact,
the Legendre family of elliptic curves is general at ¢ for each odd prime ¢ which
is invertible in the base field. Moreover, since the base Mg is isomorphic to
Pl — {0,1, 00} and thus has Euler characteristic —1, and since the sheaf of /-
torsion is tamely ramified and of rank 2, one may take B(ELeg — Mieg, £) =
Breg =2 (—(=1))-2=4in [10} 9.2.5].

3. Abelian varieties

One can use a similar framework to study /-isogenies emanating from abelian
varieties over a finite field. Let X /F be an abelian variety over a finite field, and
let e(X, ¢,F) be the number of F-isogenies of order ¢ which emanate from X,
where as before we identify two isogenies if they differ by an isomorphism of the
target.

Lemma 3.1. Let X /T be an abelian variety over a finite field. Then (X, ¢, F) is equal to
the number of one-dimensional subspaces of X [¢](F) = (Z/£)>4™ X which are stabilized
by the Frobenius oy x p.

Proof. By descent, the one-dimensional subspaces of X[¢]([F) stable under Frobe-
nius are precisely the F-rational sub-group schemes of X of order ¢, which are
the group schemes which are kernels of [F-rational isogenies of order ¢ which em-
anate from X. By [12, p.72, Thm. 4], isogenies up to isomorphism of the target are
classified by their kernels. 0

Now let M /F be a smooth absolutely irreducible variety over a finite field,
and let ¥ — M be a principally polarized abelian scheme of relative dimension
gover M, i.e., afamily of principally polarized abelian varieties parametrized by
M. If s € M(F) is a geometric point, there is a natural representation 71 (M x
F,s) — Aut(X[(]s). The image of this representation is contained in Sp, g(Z /0),
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and we say that the family X — M is general at / if the image is the full sym-
plectic group.

For example, if C — M is a versal family of smooth proper curves of genus
g, then the relative Picard variety Pic’(C) — M is general at £ for all but finitely
many /¢ [2, Lemma 2.2]. The space of hyperelliptic curves of fixed genus is a nat-
ural, but nontrivial, example:

Example 3.2. Fix a natural number ¢ > 2 and a finite field F with char(F) odd,
and let Hg 2 /F be the space of monic separable polynomials of degree 2¢ + 2.
Let C¢ — Hagy2 be the relative smooth proper curve whose fiber over f(x) €
Hag+2(F) is the hyperelliptic curve with affine model y*> = f(x). Let X; =
Pic? (Cg) be the relative Picard variety. For each odd £ invertible in IF, Xg — Hag 2
is general at /. (This has been proved independently by Yu (unpublished; see [5}
Ex. 2.4]); by the first author and Pries [3, Thm. 3.4]; and by Hall [9, Thm. 4.1].)

Consider the group GSp,(Z/{), the group of symplectic similitudes over
Z/¢, in its natural representation. Each element x € Gszg(Z /¢) has a “multi-
plicator” mult(x) € (Z/¢)*. Fora € (Z/0)*, let Gszg(Z/E)(“) = mult ! (a).
Define

‘)/g(él r, Q) =

{x e Gszg(Z /£)() : x stabilizes exactly r subspaces of dimension one}

Sp2, (2/0)]

3.1)
(Recall that Sp, = SL,, so that y1(¢,1,9) = v(¢,1,q).)
Remark 3.3. Suppose x € GSp,,(Z/{). Each one-dimensional space stable under

x is contained in some Z/(-rational eigenspace of x. For A € (Z/¢)*,letd(x,A) =
dim ker(x — A). Then the number of one-dimensional spaces stabilized by x is

]P)d(x,)\)fl (Z/f) ‘,

Ae(Z70)~

where we adopt the convention that P~1(Z//) is the empty set. This observation
generalizes the fact that y4(¢,7,q) = 0ifr ¢ {0,1,2,¢+1}.

The following result is a natural generalization of Theorem to higher
dimension.

Proposition 3.4. Let M be a smooth absolutely irreducible variety over a finite field
F, and let X — M be a principally polarized abelian scheme of relative dimension g.
Suppose that { is a rational prime invertible in ¥, and that X — M is general at £.
There exists a constant B = B(X — M, {) such that for each finite extension Fy /IF,

B
|@x— (0,1, Fy) —ve(L,1,q)| < NG (3.2)
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Proof. The proof is quite similar to that of Theorem By Lemma @y ml,1,Fy)
is the proportion of elements s € M (IF;) for which the Frobenius element oy v, , €

Aut(Xs[(](IF;)) stabilizes exactly r one-dimensional subspaces. Katz’s theorem
[10} 9.6.10], combined with the hypothesis that X — M is general at /, means that
Frobenius elements of fibers X5 (s € M(IF;)) are approximately equidistributed

in mult~1(g) C Gszg(Z/f), with an error term of the form B/, /g for some con-

stant B. By construction, v (¢, 7, q) is the number of elements of mult™!(g) which
stabilize exactly  one-dimensional subspaces in the natural representation. O

Example 3.5. Suppose that char(IF) is relatively prime to ‘szg(Z /0) ‘ In the spe-
cial case of the family of hyperelliptic curves C; — Hag2, by [1, Thm. 3.1] one

may take B =2(2g+1)! ’szg(Z/ﬁ)‘ for the constant in (3.2).

Explicit calculation of yg(é, r,q) seems difficult. Still, the beautiful work of
Neumann and Praeger on “eigenvalue-free” elements of classical groups over
finite fields [13] lets us calculate y, (£,0,9). In what follows, we follow the method
(and, where possible, the notation) of [13]. Define the generating function

Gy, z):= I:ll(l —yiz).

For eacha € (Z/¢)*, define the generating function

N4, a,z):= z v¢(£,0,a)z8.
8§20

Proposition 3.6. If { is odd, then there is an equality of generating functions
M(¢,a,z) = (1-2)"1G (0% z) (D) G e, 2) (1) -2/2,
while T(2,1,2) = (1 —2)71G(4;2z2).
Proof. We follow the proof of [13, Thm. 5.1], which is the special case 4 = 1 of
Proposition(3.6| Let u(GL, m, £) be the proportion of elements of GL,,(Z/¢) which

are unipotent, and let u(Sp,m, {) be the proportion of elements of Sp,, (Z/¢)
which are unipotent. Define generating functions

U(GL, ¢, z) := Z u(GL, m, £)z"
m>0

U(sp,t,z) := % u(Sp,g, ).
8§20

In fact, one has U(GL,4,z) = G(¢,z)~! and U(Sp,¢,z) = G(¢2,0z)~! [13, Thm.
4.2 and Thm. 5.2]. Therefore, it suffices to verify the equality of generating func-
tions

n(¢,a,z) = (1—z)"1-U(Sp, E,z)f(H(%)) -U(GL, €,z)(2+(%)7f)/2. (3.3)
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Let @, = {6 € (Z/£)* : 6> = a}, and let ¥, be a set of representatives, one from
each pair {1, ayp~'}, of elements of (Z/£)* — ©,.

Let V be a symplectic space over Z /¢ of dimension 2g, and suppose x €
GSp(V)@ = GSp, o (Z/0) (), Then x uniquely determines an orthogonal decom-
position

V=V (Sgeo,Vs) ® (Byey,Vy O Vy)) (3.4)
where V) is the generalized A-eigenspace of x, and where x has no Z//{-rational
eigenvalue on V. In the special case # = 1, Neumann and Praeger deduce
by enumerating all decompositions (3.4), and then counting the possibilities for
the action of x on each summand. We briefly explain how to adapt their proof for
anya € (Z/0)*.

Suppose 8 € ©,. For any r, multiplication by € - id yields a bijection between
the set of unipotent elements of Sp,, (Z/¢) and the set of elements of GSp,, (Z/¢)(*)
whose only eigenvalue (over the algebraic closure of Z//) is 6. Therefore, the
proof of [13, Thm. 5.1] shows that there is an equality of generating functions

: iz _T(t,a,2) - U(Sp, £,2)!®| - U(GL, €, z) ¥l
O
Corollary 3.7. Suppose £ is odd. Then
lim ¥¢(£,0,0) = G2, 0+ () Ge, 1) (1)-2/2 (3.5)
_ {m(l SR ey o) (3) =1
e 21—ty B2 B Lo t)  (4) = -1
(3.6)

while limg .o ¥¢(2,0,1) = G(22,2) ~ 0.4194.

Proof. Equation follows from Proposition 3.6/and [13, Thm. 5.3], as does the
identification of limg .« ¥¢(2,0,1). The series expansions for (%) =1and
(%) = —1 follow from [13| Thm. 5.4] and from [13] Thm. 4.4] and the binomial
theorem, respectively. O

Remark 3.8. Suppose g is large relative to g and ¢. Roughly speaking, Proposition
says that the chance that a random abelian variety of dimension g admits no
isogeny of order / is close to v, (£, 0, q). If g is large, this probability is close to the
limit limg . ¥¢(¢,0,q) calculated in Corollary Nonetheless, suppose X —
M satisfies the hypotheses of Proposition 8.4} Since X — M is general at /, as in
Remark 2.4 the relative moduli space ) parametrizing fibers of X equipped with
an isogeny of order ¢ is irreducible, and of the same dimension as M. Therefore,
limy .o |V (Fq)|/|M(F4)| = 1, and the expected value of (X, £, F;) approaches
1 as q grows large.
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