
Homework 5
Due: Friday, September 23

1. Let S be a graded ring, and let I and J be homogeneous ideals in S. Prove that each of the
following is a homogeneous ideal .

(a) I + J.

(b) I ∩ J.

(c) I J.

(d)
√

I.

You may, of course, assume that each of these is actually an ideal...

2. Let F = A0X0 + A1X1 + A2X2 and let G = B0X0 + B1X1 + B2X2, where at least one Ai and
at least one Bj are nonzero. Consider the lines in the projective plane L = ZP(F) ⊂ P2 and
M = ZP(G) ⊂ P2.

(a) Show that L = M if and only if there exists some λ ∈ k× such that, for each i, Bi = λAi.

(b) Suppose L 6= M. Prove that the intersection L ∩M consists of a unique point, P.

(c) Suppose L 6= M. Give a criterion for when L ∩M ∈ H0.

3. Let F = X0X2
2 − X3

1 − X0X2
1 , and let C = ZP(F). Describe C ∩ Ui and C ∩ Hi for each

coordinate i = 0, 1, 2.

Turn the page for a proof of Chow’s theorem. It doesn’t have all that much to do with what
we’re studying, except that the method of proof is much like the one we used to show that IP(X) is a
homogeneous ideal.

Professor Jeff Achter
Colorado State University

Math 672: Projective Geometry
Fall 2016



4. This problem is only valid over C, and compares analytic objects to algebraic objects. Let π
be the natural projection

Cn+1 − {0}
π

- Pn
C

Say that a function f on Cn+1 is analytic in a neighborhood of the origin if there is a conver-
gent power series

∑
e=e0,··· ,en :ej∈Z≥0

aeXe0
0 · · ·X

en
n .

which agrees with f on some (analytic) neighborhood of 0.

Suppose X ⊂ Pn
C; let Z = C(X) = π−1(X) ∪ {0} be the affine cone over X.

Suppose f is analytic in some neighborhood of the origin. Write

f (z) = ∑
d≥0

fd(z)

fd(z) = ∑
e:∑ ei=d

aez
e0
0 · · · z

en
n .

Prove that if f vanishes on Z (in some neighborhood of the origin), then each fd vanishes on
Z.

If you like, you may proceed in the following way.

Define the function g(z, t) = f (tz); here, z ∈ An+1
C

, and t ∈ C.

(a) Show g(z, t) vanishes on Z for (sufficiently small) t.

(b) For a fixed value of z, consider the analytic function gz(t) = g(z, t) = f (tz). Show that
the sth derivative of gz(t) is

ds

dts gz(t) = ∑
d≥s

d!
(d− s)!

fd(z)td−s.

(c) Show that fd(z) vanishes on Z. (HINT: Set t = 0, and take a Taylor series expansion of gz(t)
centered at t = 0.)

5. Continuation of 4

Prove Chow’s Theorem: Suppose X ⊂ Pn
C is a closed analytic space, in the sense that there

is a collection of functions {gα} on X such that fα := gα ◦ π is analytic on An+1, and X is
the vanishing locus of the gα’s. Show that X is algebraic, in the sense that it is the vanishing
locus of a (finite) collection of homogeneous polynomials. It suffices to show that C(X) is the
vanishing locus of polynomials.

Professor Jeff Achter
Colorado State University

Math 672: Projective Geometry
Fall 2016


