Homework 1
Due: Wednesday, September 3

1. Let S C A" be any subset. Prove that
Z(S):={f €klxy,--- ,x4) : VP €S, f(P) =0}
is an ideal of k[x1, - - - , x].
2. (a) Define affine sets by

X = {(aj,a2) : a5 = a3 —a;} C A®
Y = {(bl,bz,bg) : b%+b1 = b3by and b% = b3} C A3

Consider the map

A2 A3

(a1,a2) — (a1, az,a3)

Show that a(X) C Y.
(b) Define ideals by

(x% — x? + x1) C k[x1, x2]

I =
J=(B+t —tst, B — t3) Ck[tr, ta, 3]

Consider the map
B
k[t1, ta, t3] —> k[x1, x2]
HHH——— X1
by ————— x»

2
Show that 3(]) C I.

3. Let ¢ : R — S be a ring homomorphism, and let ] C S be an ideal. Let I = ¢—1(]).

(a) Show that I is an ideal of R.
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(b) Show that if | is prime, then I is prime.

(c) Give an example to show that even if | is maximal, I need not be maximal.

Extra: Suppose that R = k[xy,--- ,xy]/aand S = k[y1,- -, yn]/b, where k is algebraically
closed. Show that if | C S is maximal, then ¢~1(]) is maximal.

4. Letk be an algebraically closed field, and suppose f1, - - -, f; € k[x1,- -+, x,]. Show that there
is no common solution f; = f, = --- = 0 if and only if there are a1, - -- ,a, € k[x1,- -+, xy]
such that

r
z aifi =1.
i=1
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