
Homework 8
Due: Friday, November 6

1. Suppose α : N→ C is (completely) multiplicative;

α(mn) = α(m)α(n).

Suppose it grows sufficiently slowly that

L(α, s) := ∑
n≥1

α(n)n−s

converges on some half-plane of C. Show that there is a factorization

L(α, s) = ∏
p

1
1− α(p)p−s .

2. Now suppose that α is weakly, but not completely, multiplicative. Set

Lp(α, s) = ∑
m≥0

α(pm)p−ms.

(a) Show that there is an equality

∑
n≥1

α(p)α(pn)p−ns = α(p)(Lp(α, s)− 1).

(b) Similarly, express
∑
n≥1

α(pn+1)p−ns and ∑
n≥1

p11α(pn−1)p−ns

in terms of Lp(α, s).

(c) Suppose that, for each n ≥ 1,

α(p)α(pn) = α(pn+1) + p11α(pn−1).

Show that
Lp(α, s) =

1
1− α(p)p−s + p11−2s .

3. Write 1− α(p)T + p11T2 = (1− γT)(1− γ′T) for complex numbers γ, γ′, and suppose that
α(p) is real. Show that the following are equivalent:

(a) |α(p)| ≤ 2p11/2;

(b) |γ| = |γ′| = p11/2;

(c) γ′ = γ.
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4. One (ad hoc) way of defining Hecke operators is as follows. Suppose f ∈ Mk =Mk(Γ(1)),
and m ∈N. If f has Fourier expansion

f (z) = ∑ anqn

then

T(m) f = m2k−1 ∑
ad=m,a,d>0

1
d2k ∑

b mod d
f
(

az + b
d

)
(a) Show that

T(m) f = ∑
d|m,d>0

(m/d)2k−1 ∑
n≥0,d|n

anqmn/d2

= ∑
n≥0

(
∑

r|(m,n),r>0
r2k−1amn/r2

)
qn.

(b) Conclude that for all m and n, T(m)T(n) = T(n)T(m).

5. Use the previous problem to show that, for each m,

T(m)∆ = τ(m)∆.

Professor Jeff Achter
Colorado State University

Math 619: Complex Variables II
Fall 2015


