Homework 7
Due: Friday, October 23

The first three problems sketch another derivation of the series expansion for

g(z) = meot(rmz)
7U.exp(Zm'z) +1
exp(2miz) — 1

Let
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n>1

The sum is absolutely convergent on compact sets, and f(z) is defined away from Z.

1. Prove the following facts about f(z).

(@) Ifz € Z, then f(z) = f(z+1).
(b) f(z) =1+ fo(z), where fo(z) is analytic near 0.

(c) f(z) has simple poles at the integers, and no other singularities.

2. Prove the following facts about g(z).

(@) Ifz € Z, then g(z) = g(z+1).
(b) g(z) =1 + go(z), where go(z) is analytic near 0.

(c) g(z) has simple poles at the integers, and no other singularities.

3. Consider the difference function

(a) Show that h(z) is entire, i.e., holomorphic on C.
(b) One can show that f(z) is bounded on

S={zeC:|Re(z)| < %and Im(z)| > 1}.

Explain how to conclude that /(z) is constant.
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4. Show that, for k > 2,
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mez (ﬂ’l +Z)k n>1

where q(z) = exp(2miz). (HINT: Start with two different expansions for 7 cot(rtz), and take
derivatives.)

5. Use (1) to show that, for k > 2,

(2imr)?k

Gi(z) = 22(2k) + 2m ,122:1 Oor—1(n)q"

where g = exp(27iz) and, for a natural number N and a nonnegative integer r,

o (N) = Y.

N

6. Fork > 2, let

E(z) = z(zf((z‘% (2)

=1+% ) oa1(n)g" 3)

n>1

where

k4K

Y= (=1 B, 4)

(a) Compute v, for 2 < k < 8 (use any method or tool you like).

(b) Show that there are identities of modular forms

E3 =E,
EyEz = Es

(HINT: dim My = dim M5 = 1.)

7. Show that, for each n,

o7(n) = o3(n) + 120 nz_l os(m)oz(n —m)

m=1

1109(n) = 210s(n) — 1003(n) + 5040 nil os(n)os(n —m).
m=1
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