Homework 5
Due: Monday, October 17

In these problems, we work with a lattice A C C generated by w; and ws.

Let D be a fundamental domain for A, and C = C; + C; 4+ C3 + C4 a contour around D, as below.
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1. Suppose f is meromophic and A-periodic. Show that f is, too.

2. Suppose f is meromorphic, A-periodic, and has no poles or zeros along C. Show that

Jc f(z)dz = 0.

3. Let h be a meromorphic function, and suppose zy € C, zy # 0. Show that

reszo(zhhéz))) = ord, (h) - zo.

4. Suppose f is meromorphic, A-periodic, and has no poles or zeros along C. Show that

1 [zf(2)
i e ) dz € A. )

Note that the integrand zf'(z)/f(z) is not periodic.

You are welcome to take the following steps. You may want to use the fact that log is actually
a multifunction, so that if C is a contour from « to 3, and if g is any continuous, nonvanishing
function on C, then

g'(z)
c g(z)

dz = log(g(2)) £ € (Log(B) — Log(a)) +2iZ.

You will probably have to explicitly parametrize the contours C; in order to evaluate the integrals.

(a) Show that Jg, Z]ffé?dz = [ ¢, Z}céfa‘jg)derwz Je, %dz. (HINT: zf'(2)/f(z) = (z —

w)f'(2)/f(2) + waf'(2)/£(2).)
(b) Show that [ ,¢, £ dz € 2mia, 2.
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(c) Show (@).

5. Suppose f is meromorphic, A-periodic, and has no zeros or poles along C.

Suppose the only zeros of f in D are Py,---, P, and that f has a zero of order m; at P;.
Similarly, suppose the only poles of f in D are Qy, - - -, Qs, and that f has a pole of order n;
at Q;. Show that

7
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