
Homework 4
Due: Friday, September 14

1. For a lattice Λ and a natural number k ≥ 3, we have defined a constant

Gk = Gk(Λ) = ∑
λ∈Λ′

1
λk .

Since any lattice Λ is homothetic to some Λτ , we study the function defined on the upper
half-plane h:

Gk(τ) = ∑
m,n∈Z:m,n not both 0

1
(mτ + n)k .

(a) Suppose that M =
(

a b
c d

)
∈ SL2(Z). Show that

Gk(M · τ) = (cτ + d)kGk(τ).

(b) Use this to create some meromorphic functions which are defined on the quotient space
SL2(Z)\h.1

2. Consider the unit sphere X = {(a, b, c) : a2 + b2 + c2 = 1} ⊂ R3. Let N = (0, 0, 1), S =
(0, 0,−1), UN = X − {N}, US = X − {S}. Consider the following three charts on X:

UN
φN - C

(a0, b0, c0) - a0 + ib0

1 − c0

US
φS - C

(a0, b0, c0) - a0 + ib0

1 + c0

US
ψS - C

(a0, b0, c0) - a0 − ib0

1 + c0

(a) The inverse ofφN is

φ−1
N (z) = (

2<(z)
|z|2 + 1

,
2=(z)
|z|2 + 1

,
|z|2 − 1

|z|2 + 1
).

Calculateφ−1
S (z) and ψ−1

S (z).

1Really, explain how to create functions which are analytic on some open subset of SL2(Z)\h.
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(b) Among the three charts {(UN ,φN), (US,φS), (US,ψS)}, one pair is compatible and
the other two are not. Which is which? Why? (HINT: Remember that a function f is
holomorphic if and only if ∂z f = 0; colloquially, a function is holomorphic if it doesn’t involve
any z’s.)

3. In class, on Monday, we will define projective n-space Pn, and a complex structure on it.
Consider the map

P1 α
- R3

[z0, z1] - (
2<(z1z0)
|z1|2 + |z0|2

,
2=(z1z0)

|z1|2 + |z0|2
,
|z1|2 − |z0|2

|z1|2 + |z0|2
.

(a) Show that this really is a function on P1, i.e., if λ ∈ C×, thenα([λz0, λz1]) = α([z0, z1]).

(b) Show that the image of α is the unit sphere a2 + b2 + c2 = 1. (In fact, α is a home-
omorphism.) (HINT: Remember that for any w ∈ C, <(w) = w+w

2 , =(w) = w−w
2i , and

|w|2 = ww.)

Extra credit: For j ∈ {0, 1}, we will let U j = {[z0, z1] : z j 6= 0} ⊂ P1; and define the charts
(U j,φ j) where φ j([z0, z1]) = z1− j

z j
. Endow S2 with the compatible charts you found in problem (2).

Show thatα : P1 → S2 is holomorphic.
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