
Homework 11
Due: Friday, November 2

1. Let V/K be a finite-dimensional vector space, with basis {e1, · · · , en} and dual basis `1, · · · , `n.

(a) What is `1 ∧ · · · ∧ `n(e1, · · · , en)?

(b) Let σ ∈ Sn be a permutation. What is

`1 ∧ · · · ∧ `n(eσ(1), · · · , eσ(n))?

2. Consider the projection

U := Cn+1 − {0}
α

- Pn

(a) Convince yourself (and me) that if η is an r-form on Pn, then ω := α∗η is a C×-invariant
r-form on U.

(b) If η is a (p, q)-form, then so is ω. Write

ω = ∑
j1< j2<···< jp ;k1<···<kq

ω j1··· jp ;k1···kq(z)dz j1 ∧ · · · dz jp ∧ dzk1 ∧ · · · ∧ dzkq .

There is a function β : C× → C× so that, for all z ∈ U and all t ∈ C×,

ω j1··· jp ;k1···kq(tx) = β(tx)ω j1··· jp ;k1···kq(x).

What is β?

(HINT: See Debarre section 3.5)

3. Consider the differential form

ω =
i

2π

‖z‖2 (∑n
j=0 dz j ∧ dz j)− (∑n

j=0 z jdz j) ∧ (∑n
k=0 zkdzk)

‖z‖4

on Cn+1 − {0}, where ‖z‖ =
√

∑n
j=0 z jz j.

(a) What is the type (p, q) of ω?

(b) Show that ω is invariant under C×.

Extra credit: Let U = C− {0}. Show that H1
dR(U) is not trivial.
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