
Homework 2
Due: Friday, February 3

1. Fix an odd prime p, and let ζ = exp(2πi/p). For a 6≡ 0 mod p, define

∑
x∈Fp

ζax2
.

Prove the following assertions:

(a) τ(a) =
(

a
p

)
τ(1)

(b) |τ(a)|2 = p

(c) τ(1)2 =
(
−1
p

)
p.

2. For an odd prime p an a ∈ Z, let

N(a, p) = #{(x, y, z) ∈ F3
p : x2 + y2 + z2 ≡ a mod p}.

Find a formula for N(a, p).

3. Find an example of the following situation: A finite field Fq, a number d ≥ 2 such that
d|(q − 1), and polynomials a(T), P(T) and Q(T) in Fq[T] such that: P and Q are monic and
irreducible; deg P = deg Q; PQ-a; a(T) is a dth power mod P(T); and a(T) is not dth power
mod Q(T).

4. Let P(T) ∈ Fq[T] be irreducible. Give a criterion, in terms of q and deg P, for

X2 + 1 ≡ 0 mod P(T)

to have a solution.

5. Suppose d|(q − 1) and P(T) ∈ Fq[T] is irreducible. SHow that the number of solutions to
the congruence

Xd ≡ a mod P(T)

is
1 +

( a
P

)
d
+

( a
P

)2

d
+ · · ·+

( a
P

)d−1

d
.
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