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Fix complex numbers α and β. The set of all z satisfying

|z −α| = |z −β|

is a line in the complex plane. More precisely, it’s the perpendicular bisector of the line segment
Lαβ.

What if we consider
|z −α|
|z −β| = λ (1)

for some other positive value of λ?

LEMMA The equation (1) defines the circle of radius

r(α, β, λ) =
∣∣∣∣ λ

1 − λ2

∣∣∣∣|α −β| (2)

and center

c(α, β, λ) =
α − λ2β

1 − λ2 (3)

PROOF In general, since |γ|2 = γγ, we have

|γ − δ|2 = (γ − δ)(γ − δ)

= (γ − δ)(γ − δ)

= γγ − δγ −γδ + δδ

= |γ|2 − 2 Re(γδ) + |δ|2

Therefore, given equation (1), we have

|z −α|2 = λ2|z −β|2

|z|2 − 2 Re(αz) + |α|2 = λ2(|z|2 − 2 Re(βz) + |β|2)

Since Re(γ + δ) = Re(γ) + Re(δ),

(1 − λ2)|z|2 − 2 Re((α − λ2β)z) = −|α|2 + λ2|β|2

|z|2 − 2 Re(
α − λ2

1 − λ2 z) +
∣∣∣∣α − λ2β

1 − λ2

∣∣∣∣2

=
∣∣∣∣α − λ2β

1 − λ2

∣∣∣∣2

− |α|2 − λ2|β|2

1 − λ2
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We then have∣∣∣∣z − α − λ2β

1 − λ2

∣∣∣∣2

=
1

|1 − λ2|2
(
∣∣∣α − λ2β

∣∣∣2
− (1 − λ2)(|α|2 − λ2|β|2))

=
1

|1 − λ2|2
(|α|2 − 2 Re(αλ2β) + λ4|β|2 − (|α|2 − λ2|α|2 − λ2|β|2 + λ4|β|2))

But since λ ∈ R, Re(λγ) = γ Re(λ), so

=
1

1 − λ22 (λ2|α|2 + λ2|β|2 − 2λ2 Re(αβ))∣∣∣∣z − α − λ2β

1 − λ2

∣∣∣∣2

=
λ2

|1 − λ2|2
|α −β|

Therefore, (1) defines the circle of radius r(α, β, λ) and center c(α, β, λ), as advertised.

REMARK The shapes defined by
|z −α|
|z −β| = λ

and
|z −β|
|z −α| =

1
λ

are clearly the same. Fortunately, from equations (3) and (2) we have

c(α, β, λ) = c(β,α, 1/λ)
r(α, β, λ) = r(β,α, 1/λ)

so that, independently of which initial form of the equation we choose, we obtain the same circle.

REMARK Consider the special case where α = 1 and β = 0. Suppose 0 < λ < 1. Then we have

c(1, 0, λ) =
1

1 − λ2

r(1, 0, λ) =
λ

1 − λ2

Note that as λ gets closer to one, both the center and the origin of the circle get larger and larger.

Moreover, the circle intersects the x-axis at two points; one of them is

1
1 − λ2 −

λ

1 − λ2 =
1

1 + λ
;

as λ gets ever-closer to 1, this point of intersection gets closer to the midpoint of the line segment
between 0 and 1.
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