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Define
a(Az) = agz,(A;)
I CRTORYCHRp.
so that
Jim ) =

After horsing around a bit, we can express the derivative as

f(zo+Az) = f(z0) + f(z2)Az + a(Az) - Az

In thinking about the derivative, we often ignore the ¢ term, as it vanishes when Az — 0.

As an application, we can prove the chain rule. Suppose we have f o g, ¢ is differentiable at zy,
and f differentiable at wy = g(zo). Then

¢(z0 + Az) = g(z0) + Azg'(z0) + AzB(Az)
where lima, 0 3(Az) = 0, and similarly
f(wo + Aw) = f(wo) + Awf' (wo) + Awa(Aw).

Then

f(8(z0 +Az)) = f(g(20)) + f'(8(20)) - (Azg'(20) + AzB(Az))
+ (Azg'(z0) + AzB(Az))a(Azg' (z0) + AzB(Az))

f(8(zo0 +AZ)Z — f(g(z0)) _ Aiz (f'(8(20)) - (Azg'(20) + AzB(Az))

+(Azg' (20) + AzB(Az))a(Azg (z0) + AzB(Az)))

= lim f'(g(20))(g'(20) + B(Az)) + (8'(20) + B(Az))(x(Azg' (20) + Az (Az)))
= f'(8(20))8' (o)

since as Az — 0, the o and 3 terms vanish.

INTERPRETATION OF THE DERIVATIVE  So, if we zoom in incredibly (infinitely near) zo, we have
f(zo+Az) = f(zo0) + f'(z0)Az. Draw this for various Az. Note that multiplying by a number
f'(zo) is just like scaling and rotating....
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