
Homework 7
Due: Friday, March 26

1. The goal of this problem is to study the convergence of

∑
n≥1

sin(n)
np . (1)

In this problem, do not use the bounds from class on ∑
N sin(nθ).

(a) Using the identity
2 sinα sin β = cos(α −β)− cos(α + β),

show that

∑
1≤n≤N

2 sin(n) sin(
1
2
) = cos(1 − 1

2
)− cos(N +

1
2
).

(b) Show that there is a constant C such that for all N,∣∣∣∣∣ ∑
1≤n≤N

2 sin(n) sin(
1
2
)

∣∣∣∣∣ < C.

(c) For which p does ∑n≥1
sin(n)

np converge?

2. Continuation of (1). The goal of this problem is to show that sometimes the convergence in
(1) is conditional.

Consider the series ∑αn and ∑ βn given by

αn =
|sin(n)| − |sin(n − 1)|

2n

βn =
|sin(n)|+ |sin(n − 1)|

2n
.

(a) Show that ∑n≥1 αn converges. (HINT: Dirichlet again!)

(b) Use the identity
sin(α −β) = sin(α) cos(β)− cos(α) sin(β)

to show that for all x, sin(1) ≤ |sin(x)|+ |sin(x − 1)|. (HINT: Use β = x − 1.)

(c) Show that ∑n≥1 βn diverges.

(d) Show that ∑n≥1
|sin(n)|

n diverges. (HINT: What is αn + βn?)

3. In this problem, you’ll need a tiny bit of information about complex numbers:

• There is an absolute value function C which extends the usual one, and still satisfies the
triangle inequality; |z + w| ≤ |z|+ |w|.
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• i2 = −1, and thus

i4n+2 = −1

i4n+3 = −i

i4n = 1

i4n+1 = i

for all integers n.

Throughout this problem, suppose θ ∈ R.

(a) Show that

e(z) := ∑
n≥0

zn

n!

defines a function on all of C. (HINT: It suffices to show that for any z ∈ C, the (real,
positive) series ∑ |z|n/n! converges.)

(b) Show that

∑
n≥0 even

(iθ)n

n!
= cos(θ).

(HINT: Look up, or derive, the Taylor expansion of cos(θ).)

(c) Show that

∑
n≥0 odd

(iθ)n

n!
= i sin(θ).

(d) Show that
e(iθ) = cos(θ) + i sin(θ).

Go read David Mumford’s account of a bank with imaginary interest (page 21).

4. Let {~v(n)}n≥1 be a sequence of vectors in Rm, and denote the coordinates of~v(n) by v(n)
1 , · · · , v(n)

m .
Show that ∑n≥1 ~v(n) exists if and only if, for each i, ∑n≥1 v(n)

i exists.

5. /////////[F]7.1.1.

Professor Jeff Achter 418 Advanced Calculus II
Spring 2010

http://www.math.colostate.edu/~achter/419f06/help/mumford.pdf

