M PE Review

Section I 11:
L ogarithmic & Exponential Functions

FUNCTIONS AND GRAPHS

To specify a functiony =f (x), one must give a collection of numbé&rscalled thedomain of the
function, and grocedur e for determining exactly one numbgefrom each numbetin D. The
procedure associated with a function can be giyea draph, by a table, by an expression or equation
or by a verbal description. When the domain airecfion is not explicitly stated, it is understdoce
the collection of all numbers to which the procediar the function can be applied to obtain another
number. The notatioffi (a), wherea is a number from the domain &f denotes the number obtained
by applying the procedure fdrto the numbea. Whena is not in the domain of, we say that (a) is

not defined.

Example:
What is the domain of the functigft) = v4-t2 ?
Solution:

The computational procedure f@ican be applied to all numbers that do not redakang the
square root of a negative number. Therefore, timagh ofg is all numbers such that

-2<t< 2.
Example:
Let f(x) = 2X+31 and a=>5. Findf(a) or state tha& is not in the domain of.
X —

Solution:
The computational procedure given by the equatorf tan be applied to the numkees 5 to
obtain a real number. Therefore, 5 is in the donoéif and

FE=—t° =8
26)-1 9
Problems:
: . : _N9-X*
1. What is the domain of the functiay(x) = 5 ?
X_
2 _ay_
2. Let h(x) = X —X~10
X+1

(a) Letc=4. Findh(c) or state thal(c) is not defined.
(b) Findh(-1) or state that -1 is not in the domairhof

3. Let g(x):ZX—Jrl. Find g(—1j+g(2).
X—-3 2

A graph in a Cartesian coordinate system spedfiesction if and only if every line perpendicutar
thex-axis intersects the graph in no more than onetpdhen a function is specified by a graph, its
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domain is the projection of the graph onto xkexis and its range is the projection of the grapto

they-axis.

To find f (@) from the graph off, locatea on thex-axis, find the poinP where a vertical line through
a intersects the graph, and, finally, locate thenpdi(a) where the horizontal line throudghintersects

they-axis.

When a numbeb is given, all of the numbegssuch thatf (a) = b can be found from the graph &f
First, locateb on the vertical axis. Then, find all poirRsvhere a horizontal line throughintersects
the graph. Finally, for each one of these poifistersectionP, locate the point where the vertical

line throughP intersects th&-axis.

Example:
The graph of a function y = g(x) is shown in Fig1.

(@) Findg(2) or state that 2 is not in the domairgof

(b) Findg(-4) or state that -4 is not in the domairgof

(c) Find all numbers such thag(a) = 1 or state that 1 is not in the rangegof
(d) Find all numbers such thag(c) = 4 or state that 4 is not in the rangegm;

Solution: c
(@) Since the vertical line through the paint 2 on the
x-axis does not intersect the gragls 2 is not in the 4
domain ofg. 3t
2
1

(b) The vertical line through the poixt -4 on the
x-axis intersects the graph at the pdét(#4 , 1.5). The
horizontal line througP intersects they-axis aty = 1.5. .

Thereforeg(-4) = 1.5. £ 4 5 0
(c) The horizontal line through the poigt= 1 on the -
y-axis intersects the graph at the poi@{s2 , 1) and

R(3.5, 1). The vertical lines through these poimeet

thex-axis at the pointg = -2 andx = 3.5, respectively.

Thereforeg(-2) = 1 andy(3.5) = 1.

(d) The horizontal line through the poigt= 4 does not

intersect the graph, so there is no nunddfer which FigureF1 y

g(c) = 4. The number 4 is not in the rangeyof 4

5__

Problems: 4T
4. The graph of a functioly =f (x) is shown in Figure F2. 3+

(a) Find f (-3) or state that -3 is not in the domainfof
(b) Find f (0) or state that O is not defined.

_4__
_5__

Figure F2



5. The graph of a functioly = g (x) is shown in Figure i
F3.

| |

| |

(@) Find all numbers, such thag(a) = 2 or state that | 41 |

2 is not in the range @f | |

(b) Find all numbers, such thag(c) = 3 or state that ' !
3 is not in the range @f

Figure F3
EXPONENTIAL FUNCTIONS

Functions given by the expressions of the fdr(r) = b*, whereb is a fixed positive number and

b # 1, are calle@xponential functions. The numbeb is called thébase of the exponential function.
Every exponential function of this form has alllreambers as its domain and all positive real
numbers as its range. Exponential functions caevatuated for integer valuesby inspection or
by arithmetic calculation, but for most valuexpthey are best evaluated with a scientific cakoula

The graphs of exponential functiofigx) = b* all have y-intercept 1, include the points (b),and

(—l%j , and are increasing whérx 1. Wherb > 1, the negativg-axis is an asymptote of the graph

of f (x) =b*and wherb < 1, the positive-axis is an asymptote. Use the graphing calcutator
investigate the graphs of the exponential functidoesarn to recognize the graphs of exponential
functions and to determine the base of an expoaldntiction from its graph.

Problems:
Use a scientific calculator to evaluate the exptiakn
and logarithms in the following problems. ¥

6. Find 10°3%

7. Find e™

8. Letf(x)=(5.4) Find f [gj

9. The graph of an exponential functigre b* is shown

in Figure F4.
What is the equation for this function?

Figure F4



10. The graph of an exponential functidrfx) = b* is
shown in Figure F5.
What is the equation for this function?

Figure F5
BASIC OPERATONSON FUNCTIONS

We can add, subtract, multiply, and divide funcsiam much the same way as we do with real
numbers. Lef andg be two functions. Thsum f + g, thedifferencef —g, theproduct fg, and the

guotient % are functions whose domains are the set of dlim@abers common to the domainsf of
andg, and defined as follows:
Sum: (f+9)(¥) = (¥ +9(x

Difference: (f —g)(X) = f(x)—g(x)
Product: (fg)(x) = F(X)[g(x)

Quotient: [ij(x) :w, providedg(x) # 0
g 9(x)
Example:
2x+3 4x
Let f(x)= and g(x) = :
9 3xX+2 9) 3x—-2
(@ Find f+g.
(b) Find f—g.
(c) Find fg.
- f
d) Find /
(d) Fin g
Solution:
2x+3 4x 2x+3)(3x—2) +4x(3x+2) _18x*+13x-6
@ (T + Q) = (0 +g(0) = 04 X o @xxI-2) # A7) 16 116
3x+2 3x-2 Bx+2)(3x-2) Ix° -4
2x+3  4x _ (2x+3)(3x—-2)-4x(3x+2) _-6x*-3x—6
b)(f —9)(X) = f(X)—9(x) = - = = :
() (=)0 = T()=9(x) 3x+2 3x-2 (3x+2)(3x-2) 9x* -4

2x+3  4x _ 8x* +12x

3x+2 3x-2 9x’-4

(© (fo)(x) = () [B(x) =
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2X+3
aenTe B , )
(d) (é](x): f(X)=3x+2=2X+3D?>X 2 _ 6x°+5x-6

g(x)  4x  3x+2 4x 12x% +8x
3x-2
Problems:
11. Letr(X) = 7 ands(x) = 3X—_1
X+3

@Findr+s. (b)Findr—-s. (¢)Find s—r. (d)Findrs. (e) Find % (f) Find %

COMPOSITION AND INVERSE FUNCTIONS

The composition of two functiong =f (x) and y =g (X) is denotedy = (f °g)(x) or y=f(g(x)). To
evaluate f( ° g)(a), first evaluatey(a) to get a numbedrs and then evaluaté (b) to get f (b) =f (g(a)) =

(f °g)(@). The domain off °gis all numbers in the domain o such thab =g(a) is in the domain
of f. To obtain an expression fof {g)(x) from expressions fof andg, replace the variabbein the
expression forf (X) with the expression fag(x) and simplify the result. The domain 6fc g may or
may not be all of the numbers that can be substturtto the simplified expression for the composite
function f °g.

Example:
Letg(x) = v/x-3 and h(x) =x2+x - 3.
(@) Find fr°g)(4).
(b) Find @°h)(-2).
Solution:
(&) Sinceg(4) = J4-3=41 =1, we have
hog)(4) =h(g4)) =h(1) = (1)*+ (1) -3=1+1-3=-1.
(b) Sinceh(-2) = (-2)* + (-2) - 3 = -1 and the numbkr= -1 is not in the domain
ofg, (g°h)(-2) is not defined.

Example:
Let F(X) =x + 3 and G(x) = x?-x + 1.
(a) Find an expression for the compositida° G)(X).
(b) Find an expression for the compositio@ °F)(x).
Solution:
(@ F°G)(X)=F(G(X)=G(X) +3=K*-x+1)+3=x’-x+4

(b) (GoF)(X) =G(F(X)=[F()) ~F(x) +1=(x+3)? = (x+3) +1= x? +5x+7

Problems:
12. LetF(x) = v/x—-2and G(X) =x? - 11.
(@) Find E°G)(2). (b) Find G°F)(6).

13. Let f(x) :% x+1 andg(X) = &?- 12+ 6
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(a) Find an expression fogff) (x). (b) Find an expression for {§) ().

5
14. Let G(x) = 2 +3 andH(x) =5 ox .
6x° V 2x+3

(@) Find an expression f@(H(x)). (b) Find an expression foi(G(x)).

Many, but not all, functiong are specified by a procedure that can be reveosebtain a new
functiong. When this is possible, we say tifahas an inver se function and thag isthe inverse
function for f. A function f has an inverse function if and only if every korital line intersects the
graph of f in no more than one point. When a functionhas an inverse functian the graph of is
the reflection of the graph df through the liney =x.

Example:
The graph of a functioR is shown in Figure F6. Sketch the graph of tiveiise functiorG or
state thaF does not have an inverse function.

Figure F6 Figure F7

Solution:
The Horizontal Line Test shows tHfai{Figure F6) has an inverse functi@n The graph oG
(Figure F7) is the reflection of the graphFothrough the diagonal ling = x. Plot a few points
on the graph o6 by reflecting points on the graphefthrough the liney =x. Using these
points as a guide, sketch the reflection of thelgraf F through the liney = x and obtain the
graph ofG as shown in Figure F7.

Example:

Each of the functiony =x>and y = ¥/x is the inverse of the other. Construct the graghs
these two functions on the same coordinate sysgher manually or by using a graphics
calculator. Observe that the graph of each isdfection of the graph of the other through the
diagonal liney =x. If you use a graphing calculator, be sure tal#isth a coordinate system

in which the units of distance on the two axestheesame.



Problems:
15. Sketch the graph of the functidn(x) =./x. Determine whethef has an inverse function by

examining its graph.

16. Sketch the graph of the functiéix) = 2x+3

T Determine whethdf has an inverse function by

examining its graph.

17. Sketch the graph of the functidB(x) = x* - x. Determine whethe® has an inverse function by
examining its graph.

The procedure for the inverse functi@rof a functionF is the reverse of the procedure For
Intuitively, then, if we begin with a numbgeiin the domain oF, apply the procedure fétto x and
obtain a numbew, and then apply the procedure @(which is the reverse of the procedureRpito
this numbemw, we should be back at the numlexrgain. Indeed, two functionis andg are a pair of
inverse functions if and only if for everyin the domain off, (g°f) (X) = g(f (X)) =x and for everyxin
the domain of), (feg)(x) =f (g(X)) =x. This fact can be used to determine algebraivdfigther a
given pair of functions are inverses.

Example:

Determine whetherf(x) = isand g(x) = 3X+1are inverse functions by computing their
X —

compositions.

Solution:
Since f(g(x)) = g(x:)L—3 - 3><+11_3 - (3x+)1()—3x -X
X
'{1j+1
and g(f (x)) = 3ff(z())()+1: ()(—13 j _ 3+()1(—3) = x
X—3

the functionsf andg are a pair of inverse functions.

Example:
2x-3

Determine whetherP(x) = X;gand QX = are inverse functions by computing their
X —

compositions.

Solution:
[Zx—Bj _o
Since P(Q(x)) = Q(x)-2 _\x-1 _ (2x=3)—-2(x-1) _2x-3-2x+2 _-1_1 £
Q(x)-3 (2x—3j_3 (2x-3)-3(x-1) 2x-3-3x+3 -x X
x-1

the function? andQ are not a pair of inverse functions.
Problems:
Determine whether the following pairs of functiare inverses by computing their compositions.

18. h(x) = X_T84 andk(x) = — X =8




—3X+5 andG(x) = ax
-3x+5

19. F(x) =

X X
20. X) =—— and p(x) =——
909 =7 ()=~

-8x -x°
21. r(x)=5 and s(x) =
() V11x+1 ) 11x° +8

When a functiony =f (x) has an inverse functiog = g(x), an equation for the inverse function can, in
principle, be found by solving the equatiar=f (y). In practice, however, it may not be possible to
solve this equation by familiar methods.

Example:
5x+4

2x -7

Find an equation for the inverse function fé(x) =

Solution:
Sketch the graph &, preferably on a graphing calculator, and vetiigtE has an inverse

function. Sincd- is given by the equatiory = gx ;’ we can find an equation for its inverse
X —

functionG by solving the equation

X:5y+4
2y—-7
fory. We have

2xy—7x=5y+4

2xy -5y =7x+4

(2x=-5)y=7x+4

_Ix+4

Y x5
xX+4

The inverse function fof is G(x) = .
2x-5

Problems:
Verify from their graphs that each of the followifunctions has an inverse function. Find an eguati
for each of the inverse functions.

3X

2x-9

22. y=

2
J1-x

2%fx +1)

24, y=
y(fj
LOGARITHMIC FUNCTIONS

Since horizontal lines intersect the graphs of eential functionsf (x) =b* (b > 0,b # 1) in no more
than one point, every exponential function hasnaerise function. The inverse of the exponential

23. S(x) =
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function with basé, f (x) =b”, is called théogarithmic function base b and is denoted lagx. The
logarithmic function base s called thenatural logarithm function and is denoted Ir). The
logarithmic function base 10 is called tt@nmon logarithm function and is denoted log). These
logarithmic functions can be evaluated directlyusyng a scientific calculator.

Problems:
25. Let f (X) = In(x). Find f (2.349).
26. Let f (X) = log(). Find f (0.294%J .
1194
27. Calculatem??'1 10 )
log3

Since the graph of = logy, x is the reflection of the graph of = b* through the liney = x, properties
of the graphs of the logarithmic functions canmiferred from properties of the graphs of the
exponential functions. The graphs of logarithnudtions f (X) = logp x all havex-intercept 1,

include the pointsh(, 1) and(%,—l} , and are increasing whére 1 and decreasing whér< 1.

Whenb > 1, the negativey-axis is an asymptote of the graphfdi) = log, x and wherb < 1, the
positive y-axis is an asymptote.

The graphs of the natural logarithm function areldcbmmon logarithm function can be generated
easily on a graphing calculator. Some ingenuitgiired to generate the graphs of other logardhm
functions on a graphing calculator. Learn to retog the graphs of logarithmic functions and to
determine the base of a logarithmic function frasngraph.

Problems:

28. The graph of a logarithmic function is showr29. The graph of a logarithmic function is shown
in Figure F8. Find the equation for this in Figure F9. Find the equation for this
function. function.

y y
Fy Fy
e B
41 4
3+ 3
2+ 2
1+ 1+
——+—+— —t—1—t ——+—+— —t—1—t
5 -4 -3 -2 -1 _1'3__ 1 2 3 4 5§ 5 -4 -3 -2 -1 _E_ ™2 3 4 &
2 ol
-2 2l
a1 44
5L 5L
Figure F8 Figure F9



Since the exponential functioh(x) = b* and the logarithmic functiog(x) = logy, x are a pair of
inverse functiond, (a) = c if and only ifg(c) =a. Therefore, the equatioh$ =c and log,c=a (b >
0, b # 1) express the same relationship among the nurabbrandc.

Example:
Rewrite the exponential equatiorf Z z as a logarithmic equation.
Solution:
The equivalent logarithmic equatiorvis= log7 z.
Example:
Rewrite the logarithmic equatidng(1+xz) w = 3yas an exponential equation.

Solution:
The equivalent exponential equatiomis: (1 +x2) ¥.

Problems:
30. Rewrites*?=11.3 as a logarithmic equation.

31. Rewrite log, 12 =a as an exponential equation.
32. Rewritea* **)=S+ Ras a logarithmic equation.
33. Rewrite log, (4 +x?) =y as an exponential equation.

Some problems involving logarithmic functions canrbadily solved by rewriting them in exponential
form.
Example:

Solve the equation logsx = 0.93.
Solution:

Rewrite the logarithmic equation as the exponeetiiation (7.23}%3=x. Use a scientific
calculator to findk = 6.295 (rounded to three decimal places).

Example:
Solve the equation lgg81 = 4.
Solution:
Rewrite the logarithmic equation as the exponeetiglationx* = 81. Apply the fourth root

function to both sides of the equation to firg 81(%‘) =3
Example:

Solve the equation lag27 =x.
Solution:

Rewrite the logarithmic equation as the exponeetigiation 9 = 27. Rewrite this exponential
equation as 3 = 33, so each member of the equation is a power céahee base. Equate the
exponents and solve farto findx = 3.

Problems:
Solve each of the following equations.

2
34. log,; x= 3
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2

35. log,11=—
Ox 3

36. logg128=x

The logarithmic functions satisfy the identities
log, AB = logy A + logp, B (the Product Identity),

Iogb(gj =log, A-log, B (the Quotient Identity) and

log, AP =plogp, A (the Power Identity).

whereA andB may be positive numbers or variables, algebrapressions or functions that take on
positive values. These identities are used toevaxpressions involving logarithmic functions in
different forms to suit different purposes.

Example:
Write the expression lagB(x + 4) - 4 logs (x - 2) + 2 logs (x? - 4) as a single logarithm and
simplify.

Solution:
Use the identities for logarithmic functions to rée this expression:

logs 3(x + 4) — 4logs (x— 2) + 2IogS(x2 - 4) = [Iog5 3(x+4) —logg (x — 2)4] + IogS(x2 - 4)2

3(x+4)

=lo +log. (x% - 4f
gS (X—2)4 95( )

- log, 3(x + 4)(x2 —4)2 |
(x-2)*

Now simplify by factoring and dividing out comméarctors:

3(x+ 4)(x2 N 4)2
(x-2)*

Ax+4)(x+2)?%(x-2)?

(x-2)*
- logg XX+ A+ 27
(x=2)

logs 3(x + 4) — 4logs (x - 2) + 2Iog&-,(x2 - 4) =logs

5

Problems:
In the following problems, write the expressioraasngle logarithm and simplify.

37. glog2 u +%Iog2 v —-3log, (2w)
38. 3log;5(2s+ 1) - 5log;s- 2 logy (252 -s- 1)
39. 3log(x? +8xy +12y?) - 4log(x + 6Y) —§|og(x +2y)

In the following problems, write the expressioreasum of multiples of logarithms.
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643 usv?
W—Z

a1, |nei/x%’(2><2 +x+5)

40. logg

(x+5)*

Since the exponential functioh(x) = b* and the logarithmic functiog(x) = logy, x of the same bade
(b>0,b# 1) are inverse functions, exponential and logarithfunctions satisfy th€omposition
Identities. For every positive numbey

f(9(x) =b{°% = x
and, for every numbe;
9(f (¥) =logs (b) =x.

The Composition Identities also hold whers replaced by any variable, algebraic expression
function that takes on values for which the comipmiss are defined. These identities are used to
simplify expressions involving logarithms and expotnal functions of the same base.

Example:
Simplify 7['097(S—r)+log7(s+r)].
Solution:

Using the identities for logarithmic, write the exynt as a single logarithm. The expression
becomes

7llogy (s-r)+log; (s+1)] — log; (s=r)(s+r)

Use a Composition Identity to simplify further aget

7llogr (s)+ogr ()] = 71007(s1)(s) = (g ) (s+T) .

Example:
T 2(@+b)*
Simplify (a+Db)log, D
Solution:
+h)2 1 1 1 1
2(a4t:)) _ [2(a+b)2—4ab]2 _ [2a2—2ab+b2]> _ [Z(a_b)z ]2 _ 2E(a—b)z
2 al

By a Composition Identity,

1

(a+b) Iogz{Zz(a_b)Z} = (a+ b)%(a )2

The expression simplifies t(% (a+b)(a-h)?.
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Problems:
Simplify the following expressions.

42. (t+ 3)5['095(t2_5t+6)—|0g5(t2_9)]

43 (t -u )]_Oll‘)g(tz—uz)-F%Iog(t2+2ut+u2)»%|og(t_u)]
44. (a+b) 2 log, [7 )]
45, |Og[10(55t+t2) D_O(Sz‘39)]+ 4Iog455t

SOLVING EQUATIONS

Many equations involving logarithmic functions daa solved by rewriting the equation so it has one
logarithmic term on the left and a constant onriglet, rewriting this equation as an equivalent
exponential equation, and, finally, solving the exential equation. Since this procedure can
introduce extraneous solutions, all solutions dkponential equation must be checked by
substitution to determine whether they satisfydhginal equation.

Example:

Solve log (x-2) +log, (x+ 1) = 2.
Solution:

Use the Product Identity for Logarithms to write #quation as

log, (x-2)x+ 1) = 2.
Rewrite this equation as the exponential equation
(x-2)x+ 1) =22
or
x?-x-6=0.
The solutions to this quadratic equationare3 andx = -2. On checking by substitution in the
original equation, we find that= 3 is a solution angd= -2 is not a solution.

Example:
Solve (InX)?+Inx?-8=0.
Solution:
Use the Power Identity to rewrite this equation as
(Inx)?+2Inx-8=0.
Write this equation in factored form as

(Inx+ 4)(Inx-2) =0.
In orderfor this product to be zero, we must have either

Inx=-4 or Inx=2.
Rewrite these two equations in exponential form famdithat we must have either
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x=e4=0.01831564,
or
x =e?=7.38905610.

Check by substituting into the original equation aerify that both of these numbers are
solutions.

Problems:
Solve the following equations.

46. log x- 4) + log & + 2) = 0.84510
47. 10gg,(65x—1) —logg,(x+2) = %

48. log (log, (3x + 7)) = 0.47713

49. 2(logsx)?+ logax3=5

Many equations involving exponentials can be solwedewriting the equation so it has one
exponential term on the left and either a consta@inother exponential term on the right, apphang
logarithmic function to both sides of the equatiand, finally, simplifying and solving the resuljin
equation.

Example:

Solve 52 -3 = 0. Round off the answer to four decimal places.
Solution:

Rewrite the equation as

502 —3pk),
Apply the function In or log (any logarithm functiavould do, but these are on the calculator)
to both sides of the equation to find
In[5(3x‘2)] = In[3 D?(X*l)].
Simplify this equation as
(3x-2)In5=1In3+(x+1)In2.

Now, solve this equation forto find

(38In5-In2)x=In3+In2+2In5,
and, rounded to four decimal places,

_In3+In2+2In5
3In5-1In2

=12117

Example:
Solve 5 —4(5‘X)= 3. Round off the answer to four decimal places.

Solution:
Multiply each term of the equation by &nd rewrite the equation as

5 -4=30") or (5 -3[5*)-4=0.
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Write this equation in factored form as
(5* +1)5* - 4)=0.
In order for this product to be zero, we must haiieer
5 =-1or 5 =4,

From the equatio®* = - e find no solution, since for every real numkes” > 0. Apply a

logarithmic functions to both members of the equad* = 4and findx log 5 = log 4. Thus,
rounded to four decimal places

x=1994 _ 8614
log5
Problems:
Solve the following equations.

50. 3®*Y =108

51. 7. 3 V=5

52. 22¥-Be*=9

53. e(4X+3) — 5(X-7)
5(x+1)

=) =3

MATHEMATICAL MODELS

A mathematical equation which relates the variableslved in a phenomenon or situation is called a
mathematical model for the situation. Questions about a phenomemaitwation can often be
answered from a mathematical model.

Example:
The weight in pounds of a certain snowball rolldavn a hill is given by
W= 360'0063,
whereSis the distance (in feet) the ball has rolled. Houch does the ball weigh initially
(whenS=0)? How much does the ball weigh after it hdked 1000 feet?
Solution:
WhenS=0,W= 3e°= 3 pounds.
WhenS= 1000,W = 3e° = 1210 pounds (rounded).

Problems:
55. Nitrogen pentoxide is a solid that decomposestimogases nitrogen dioxide and oxygen. The
function

N( t) = 17 (000X
wheret is the time in seconds ahdis the number of grams of nitrogen pentoxide remngiin the

sample at time¢, is a mathematical model for the decompositioa séample of 17 grams of
nitrogen pentoxide.

(8 According to this model, how much nitrogen peidexemains after 1000 seconds?

(b) How long does this model predict it will take s grams of nitrogen pentoxide to decompose
from the sample (so 2 grams remain)?
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56. The human ear is sensitive to sounds over a vaidger of intensities. Sounds of intensity£0
watts per square meter are at the threshold ofrigeaBounds of intensity 1 watt per meter cause
pain for most people. Because of this wide rarfgetensities and because the sensation of
loudness seems to increase as a logarithm of itgetise loudnes® (in decibles) of a sound of
intensityl is defined by the equation

D =120 + 10 log.

(a) What is the loudness of a sound intenkityl0*? watts per square meter, which is the
threshold of human hearing?

(b) Constant exposure to sound of 90 decibles (@tgreendangers hearing. What is the
intensity of sounds of loudneBs= 90 decibles?

(c) A large rocket engine generates sounds of lowwdh®8 decibles. What is the intensity of the
sound generated by such an engine?

(d) How loud (in decibles) is the sound of a rockd#mat produces sounds of intensity 0.83 watts
per square meter?

57. The concentratio® of medication in the bloodstream of a patiehours after 50 milligrams of the
medication is administered orally is given by tig@aion

C= 66(e‘°'5t - e‘Z‘).

What is the concentration of the medication inghgent's bloodstream 4 hours after the
medication is administered?

1. LOGARITHMIC AND EXPONENTIAL FUNCTIONS
ANSWER SECTION

FUNCTIONS AND GRAPHS

1. {X|—3SX<2 or2<xs3} 2. (a) h(4):—g
(b) - 1is notinthe domain ¢f
3. -5 4, (a) 1(-3)=0 5. (@) 2is notin the range of
(b) f(0)=-2 (b) -3and 3

EXPONENTIAL FUNCTIONS

6. 0.45186 (rounded) 7. 0.04321 (rounded) 8. 3.85403 (rounded)

9. y=2% 10. f(x) = (%Jx

BASIC OPERATONSON FUNCTIONS

IR ) -9 =222 © (s-npg="""22

11. (@) (r +s)(x) =

+3 X+3 +3
@ 909=2"0 @ @(X) -2 " [FSJ(X) =i
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COMPOSITIONSAND INVERSE FUNCTIONS

12. (a) undefined 13. (@) (go f)() =42+ 4x+3 14. (a) G(H(xX)) = 2x+1
6x° +9
b) -7 b) (fog)(x)=6x?-8x+5 b) H(G(x)) =5
(b) () (f-0)( (b) HGW) =55
15. f has an inverse function. 16. F has an inverse function.

17. G does not have an inverse function.18. are inverses 19. are not inverses

20. are not inverses 21. are inverses
Ox x3 -8 1Y
22. y= 23. T(x) = 24, y=
Y -3 ) x3 Y (%&—ZJ
LOGARITHMIC FUNCTIONS
25. 0.85399 (rounded) 26. -0.21266 (rounded) 27. -173.43863 (rounded)
28. y= Iogy X 29. y= Iog}/ X 30. 4.2=log 11.3 31. b%=12
2 2
32. loga (S+R) =1 +kt 33. p¥=4 +x? 34. x = 4.94609 (rounded)
7 u%v%1
35. x=36.48287 (rounded) 36. x=§ 37. log,| ———
W
| 125(2s+1) | (x+2y)% 5I 2I |
38. log; — 39. log——— 40. —loggu+—loggVv+2loggw+2
97 5 (s—1)2 g X+ By 3 Os 3 Os Os
5
41. %In(sz+x+5)—§ln(x+5)+%lnx 42. 1-2 43. (t—u)%(t+u)/3
“
44, @ *E) 4512 + Tet + 52

SOLVING EQUATIONS

_5
46. x=5 47. no solution 48. X :% 49. x=4 /2 =0.031250rx=4

50. x=1.63093 (rounded) 51. x=-0.081484 (rounded) 52. x=1.60944 (rounded)
53. x=-5.96766 (rounded) 54. x=18.8680 (rounded)
MATHEMATICAL MODELS
55. (a) 10.3 grams 56. (a) 0 decibels 57. C=8.9 mg/mi
(b) 4,280 seconds (b) 107 watts/square meter

(c) 10° watts/square meter
(d) 119.2 decibels
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