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MPE Review 
Section III: Logarithmic & Exponential Functions 
 
 
FUNCTIONS AND GRAPHS 
 
To specify a function  y = f (x), one must give a collection of numbers D, called the domain of the 
function, and a procedure for determining exactly one number y from each number x in D.  The 
procedure associated with a function can be given by a graph, by a table, by an expression or equation, 
or by a verbal description.  When the domain of a function is not explicitly stated, it is understood to be 
the collection of all numbers to which the procedure for the function can be applied to obtain another 
number.  The notation  f (a), where a is a number from the domain of  f, denotes the number obtained 
by applying the procedure for  f to the number a.  When a is not in the domain of  f, we say that f (a) is 
not defined. 
 
Example:  

What is the domain of the function g(t) = 24 t− ?  
 
Solution:  

The computational procedure for g can be applied to all numbers that do not require taking the 
square root of a negative number.  Therefore, the domain of g is all numbers t such that 
 -2 ≤ t ≤ 2.  

 
Example:  

Let  f(x) = 
12
3
−
+

x
x  and  a = 5.  Find  f(a) or state that a is not in the domain of  f. 

 
Solution:  

The computational procedure given by the equation for  f can be applied to the number a = 5 to 
obtain a real number.  Therefore, 5 is in the domain of  f and 

.
9
8

1)5(2
35)5( =
−

+
=f  

Problems:  

1.  What is the domain of the function 
2

9)(
2

−
−

=
x

xxg ? 

2.  Let .
1

103)(
2

+
−−

=
x

xxxh  

     (a)  Let c = 4.  Find h(c) or state that h(c) is not defined. 

     (b)  Find h(-1) or state that -1 is not in the domain of h. 
 

3.  Let .
3
12)(

−
+

=
x
xxg   Find ).2(

2
1 gg +





−  
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A graph in a Cartesian coordinate system specifies a function if and only if every line perpendicular to 
the x-axis intersects the graph in no more than one point.  When a function is specified by a graph, its 
domain is the projection of the graph onto the x-axis and its range is the projection of the graph onto 
the y-axis. 
 
To find  f (a) from the graph of  f, locate a on the x-axis, find the point P where a vertical line through 
a intersects the graph, and, finally, locate the point  f (a) where the horizontal line through P intersects 
the y-axis.  
 
When a number b is given, all of the numbers a such that  f (a) = b can be found from the graph of  f.  
First, locate b on the vertical axis.  Then, find all points P where a horizontal line through b intersects 
the graph.  Finally, for each one of these points of intersection P, locate the point where the vertical 
line through P intersects the x-axis. 
 
Example:  

The graph of a function  y = g(x) is shown in Figure F1.  
  (a)  Find g(2) or state that 2 is not in the domain of g. 
  (b)  Find g(-4) or state that -4 is not in the domain of g.  
 (c)  Find all numbers a such that g(a) = 1 or state that 1 is not in the range of g.  
 (d)  Find all numbers c such that g(c) = 4 or state that 4 is not in the range of g.  
Solution:  
 (a)  Since the vertical line through the point x = 2 on the 
  x-axis does not intersect the graph, x = 2 is not in the 
  domain of g.  
 (b)  The vertical line through the point x = -4 on the  
 x-axis intersects the graph at the point P(-4 , 1.5).  The 
  horizontal line through P intersects the  y-axis at  y = 1.5. 
  Therefore, g(-4) = 1.5.  
 (c)  The horizontal line through the point  y = 1 on the   
 y-axis intersects the graph at the points Q(-2 , 1) and 
  R(3.5 ,  1).  The vertical lines through these points meet 
  the x-axis at the points x = -2 and x = 3.5, respectively. 
  Therefore, g(-2) = 1 and g(3.5) = 1.  

(d) The horizontal line through the point  y = 4 does not 
intersect the graph, so there is no number c for which  Figure F1 

 g(c) = 4.  The number 4 is not in the range of g.    
 
Problems:  
4.  The graph of a function  y = f (x) is shown in Figure F2.  
     (a)  Find  f (-3) or state that -3 is not in the domain of  f. 
     (b)  Find  f (0) or state that 0 is not defined.  
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Figure F2  

5.  The graph of a function  y = g (x) is shown in Figure 
     F3.  
     (a)  Find all numbers a, such that g(a) = 2 or state that 
            2 is not in the range of g.  
     (b)  Find all numbers c, such that g(c) = 3 or state that 
            3 is not in the range of g.  
 
 
 
 
 
             
        Figure F3 
 

EXPONENTIAL FUNCTIONS 
 
Functions given by the expressions of the form  f (x) = b x, where b is a fixed positive number and  
b ≠ 1, are called exponential functions.  The number b is called the base of the exponential function.  
Every exponential function of this form has all real numbers as its domain and all positive real 
numbers as its range.  Exponential functions can be evaluated for integer values of x by inspection or 
by arithmetic calculation, but for most values of x, they are best evaluated with a scientific calculator. 
 
The graphs of exponential functions  f (x) = b x all have  y-intercept 1, include the points (1 , b) and  







−

b
1,1 , and are increasing when b < 1.  When b > 1, the negative x-axis is an asymptote of the graph 

of  f (x) = b x and when b < 1, the positive x-axis is an asymptote.  Use the graphing calculator to 
investigate the graphs of the exponential functions.  Learn to recognize the graphs of exponential 
functions and to determine the base of an exponential function from its graph. 
 
Problems:  
Use a scientific calculator to evaluate the exponentials 
and logarithms in the following problems. 
 
6.  Find  10 -0.345.  
 
7.  Find  e -π. 

8.   Let  f (x) = (5.4) x. Find  f .
5
4






  

 
9.  The graph of an exponential function  y = b x is shown 
      in Figure F4. 
     What is the equation for this function?  
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 Figure F4  
 
 
10.  The graph of an exponential function  f (x) = b x is 
       shown in Figure F5. 
       What is the equation for this function?  
 
 
 
 
 
 
 
 
       
             
  Figure F5  
 

BASIC OPERATONS ON FUNCTIONS 
 
We can add, subtract, multiply, and divide functions in much the same way as we do with real 
numbers.  Let f and g be two functions.  The sum f + g, the difference f – g, the product fg, and the 

quotient g
f  are functions whose domains are the set of all real numbers common to the domains of f 

and g, and defined as follows: 
  
 Sum:   )()())(( xgxfxgf +=+  
 Difference: )()())(( xgxfxgf −=−  
 Product: )()())(( xgxfxfg ⋅=  

 Quotient: 0)( provided  ,
)(
)()( ≠=







 xg
xg
xfx

g
f  

Example: 

 Let 
23
32)(

+
+

=
x
xxf  and .

23
4)(
−

=
x

xxg  

(a) Find  f + g. 
(b) Find  f – g. 
(c) Find  fg. 

(d) Find  g
f . 

Solution: 

 (a) .
49

61318
)23)(23(

)23(4)23)(32(
23

4
23
32)()())(( 2

2

−
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=
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++−+
=
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+
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x
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x
x
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 (b) .
49

636
)23)(23(

)23(4)23)(32(
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4
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32)()())(( 2

2

−
−−−

=
−+

+−−+
=

−
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+
+

=−=−
x

xx
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x
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x
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 (c) .
49
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4
23
32)()())(( 2

2
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+
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x
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 (d) .
812
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4
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32
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4
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)()( 2

2
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x
x

x
x

x
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x
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Problems: 

11. Let r(x) = 7 and .
3
13)(

+
−

=
x
xxs  

     (a) Find  r + s.     (b) Find  r – s.     (c) Find  s – r.     (d) Find  rs.     (e) Find  s
r .      (f) Find  r

s . 

 
COMPOSITION AND INVERSE FUNCTIONS 
 
The composition of two functions  y = f (x) and  y = g (x) is denoted  y = (f  º g)(x)  or  y = f (g(x)).  To 
evaluate  (f  º g)(a), first evaluate g(a) to get a number b and then evaluate  f (b) to get  f (b) = f (g(a)) = 
(f  º g)(a).  The domain of  f  º g is all numbers a in the domain of g such that b = g(a) is in the domain 
of  f.  To obtain an expression for  (f  º g)(x) from expressions for  f and g, replace the variable x in the 
expression for  f (x) with the expression for g(x) and simplify the result.  The domain of  f  º g may or 
may not be all of the numbers that can be substituted into the simplified expression for the composite 
function  f  º g.  
 
Example:  
 Let g(x) = 3−x  and  h(x) = x 2 + x - 3.  
 (a)  Find (h º g)(4).  
 (b)  Find (g º h)(-2).  
Solution:  
 (a)  Since g(4) = 134 =−  = 1,  we have 
   (h º g)(4) = h(g(4)) = h(1) = (1) 2 + (1) - 3 = 1 + 1 - 3 = -1. 
 (b)  Since h(-2) = (-2) 2 + (-2) - 3 = -1 and the number b = -1 is not in the domain  
        of g, (g º h)(-2) is not defined.  
 
Example:  

Let  F(x) = x + 3 and  G(x) = x 2 - x + 1.  
(a)  Find an expression for the composition  (F º G)(x).  
(b)  Find an expression for the composition  (G º F)(x).  

Solution:  
 (a)  (F º G)(x) = F(G(x)) = G(x) + 3 = (x 2 - x + 1) + 3 = x 2 - x + 4  

 (b)  [ ] 751)3()3(1)()())(())(( 222 ++=++−+=+−== xxxxxFxFxFGxFG   
 
Problems:  
12. Let F(x) = 2−x and  G(x) = x 2 - 11.  
      (a)  Find  (F º G)(2).   (b)  Find  (G º F)(6).  
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13.  Let  f(x)  = 
3
2  x + 1  and  g(x) = 9x 2 - 12x + 6 

       (a)  Find an expression for (g º f) (x).  (b)  Find an expression for  (f º g) (x).  
 

14.  Let 5

5

6
32)(

x
xxG +

=  and 5
32

6)(
+

=
x

xxH . 

       (a)  Find an expression for G(H(x)).  (b)  Find an expression for H(G(x)).  
 
Many, but not all, functions  f  are specified by a procedure that can be reversed to obtain a new 
function g.  When this is possible, we say that  f  has an inverse function and that g is the inverse 
function for  f.  A function  f  has an inverse function if and only if every horizontal line intersects the 
graph of  f  in no more than one point.  When a function  f   has an inverse function g, the graph of g is 
the reflection of the graph of  f   through the line  y = x. 
 
Example:  

The graph of a function F is shown in Figure F6.  Sketch the graph of the inverse function G or 
state that F does not have an inverse function. 

 

  

 
Figure F6   Figure F7 
 

Solution:  
The Horizontal Line Test shows that F (Figure F6) has an inverse function G.  The graph of G 
(Figure F7) is the reflection of the graph of F through the diagonal line  y = x.  Plot a few points 
on the graph of G by reflecting points on the graph of F through the line  y = x.  Using these 
points as a guide, sketch the reflection of the graph of F through the line  y = x and obtain the 
graph of G as shown in Figure F7.  

 
Example:  

Each of the functions  y = x 3 and  y = 3 x is the inverse of the other.  Construct the graphs of 
these two functions on the same coordinate system, either manually or by using a graphics 
calculator.  Observe that the graph of each is the reflection of the graph of the other through the 
diagonal line  y = x.  If you use a graphing calculator, be sure to establish a coordinate system 
in which the units of distance on the two axes are the same.  
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Problems:  
15.  Sketch the graph of the function  f (x) = x .  Determine whether  f  has an inverse function by 
       examining its graph.  

16.  Sketch the graph of the function F(x)  =  .
1
32

−
+

x
x   Determine whether F has an inverse function by 

       examining its graph.  
 
17.  Sketch the graph of the function  G(x) = x 3 - x.  Determine whether G has an inverse function by 
       examining its graph.  
 
The procedure for the inverse function G of a function F is the reverse of the procedure for F.  
Intuitively, then, if we begin with a number x in the domain of F, apply the procedure for F to x and 
obtain a number w, and then apply the procedure for G (which is the reverse of the procedure for F) to 
this number w, we should be back at the number x again.  Indeed, two functions  f  and g are a pair of 
inverse functions if and only if for every x in the domain of  f, (g º f) (x) = g(f (x)) = x and for every x in 
the domain of g,  (f º g)(x) = f (g(x)) = x.  This fact can be used to determine algebraically whether a 
given pair of functions are inverses. 
 
Example:  

Determine whether   f(x) = 
3

1
−x

and  g(x) = 
x

x 13 + are inverse functions by computing their 

compositions.  
Solution:  

Since x
xx

x

x
xxg

xgf =
−+

=
−

+
=

−
=

3)13(313
1

3)(
1))((  

and ,
1

)3(3

3
1

1
3
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1)(3))(( xx

x

x
xf

xfxfg =
−+

=








−

+







−=
+

=  

the functions  f and g are a pair of inverse functions.  
 
Example:  

Determine whether   P(x) = 
3
2

−
−

x
x and  Q(x) = 

1
32

−
−

x
x are inverse functions by computing their 

compositions.  
Solution:  

Since ,11
3332
2232

)1(3)32(
)1(2)32(

3
1
32

2
1
32

3)(
2)())(( x

xxxx
xx
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x
x
x
x

xQ
xQxQP ≠=

−
−

=
+−−
+−−

=
−−−
−−−

=
−








−
−

−







−
−

=
−
−

=  

the functions P and Q are not a pair of inverse functions.  
 
Problems:  
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Determine whether the following pairs of functions are inverses by computing their compositions. 

18.  
4

8)(
+
−

=
x

xh  and 
x
xxk 84)( −−

=  

19.  
x

xxF
4

53)( +−
=  and 

53
4)(
+−

=
x
xxG  

20.  
1

)(
+

=
x

xxg  and 
1

)(
−

=
x

xxp   

21.  5
111

8)(
+

−
=

x
xxr  and 

811
)( 5

5

+
−

=
x

xxs  

 
When a function  y = f (x) has an inverse function  y = g(x), an equation for the inverse function can, in 
principle, be found by solving the equation  x = f ( y). In practice, however, it may not be possible to 
solve this equation by familiar methods. 
 
Example:  

Find an equation for the inverse function for   F(x) = 
72
45

−
+

x
x .  

Solution:  
Sketch the graph of F, preferably on a graphing calculator, and verify that F has an inverse 

function.  Since F is given by the equation   y = 
72
45

−
+

x
x , we can find an equation for its inverse 

function G by solving the equation 

    
72
45

−
+

=
y
yx  

for y.  We have 

    
4752
4572

+=−
+=−

xyxy
yxxy

 

   47)52( +=− xyx  

    .
52
47

−
+

=
x
xy  

The inverse function for F is G(x) .
52
47

−
+

=
x
x  

Problems:  
Verify from their graphs that each of the following functions has an inverse function.  Find an equation 
for each of the inverse functions. 

22.  
92

3
−

=
x

xy  
 

23.  
3 1

2)(
x

xS
−

=  

 

24.  
3

5

5 12







 +
=

x
xy  
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LOGARITHMIC FUNCTIONS 
 

Since horizontal lines intersect the graphs of exponential functions  f (x) = b x (b > 0, b ≠ 1) in no more 
than one point, every exponential function has an inverse function.  The inverse of the exponential 
function with base b,  f (x) = b x, is called the logarithmic function base b and is denoted  log b x.  The 
logarithmic function base e is called the natural logarithm function and is denoted  ln(x).  The 
logarithmic function base 10 is called the common logarithm function and is denoted  log(x).  These 
logarithmic functions can be evaluated directly by using a scientific calculator. 
 
Problems:  
25.  Let  f (x) = ln(x).   Find  f (2.349).  
 

26.  Let  f (x) = log(x).  Find  f 





 5

2
294.0 .  

27.  Calculate .
3log
101.77ln 94.1−  

 
Since the graph of  y = log b x is the reflection of the graph of  y = b x through the line  y = x, properties 
of the graphs of the logarithmic functions can be inferred from properties of the graphs of the 
exponential functions.  The graphs of logarithmic functions  f (x) = log b x all have x-intercept 1, 

include the points (b , 1) and 





 −1,1

b
, and are increasing when b > 1 and decreasing when b < 1.  

When b > 1, the negative  y-axis is an asymptote of the graph of  f (x) = log b x and when b < 1, the 
positive  y-axis is an asymptote. 
 
The graphs of the natural logarithm function and the common logarithm function can be generated 
easily on a graphing calculator.  Some ingenuity is required to generate the graphs of other logarithmic 
functions on a graphing calculator.  Learn to recognize the graphs of logarithmic functions and to 
determine the base of a logarithmic function from its graph. 
 
Problems:  
28.  The graph of a logarithmic function is shown  29.  The graph of a logarithmic function is shown  
       in Figure F8.  Find the equation for this          in Figure F9.  Find the equation for this 
       function.             function. 
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Figure F8        Figure F9  
Since the exponential function  f (x) = b x and the logarithmic function g(x) = log b x are a pair of 
inverse functions, f (a) = c if and only if g(c) = a.  Therefore, the equations b a = c and log b c = a (b > 
0, b ≠ 1) express the same relationship among the numbers a, b and c. 
Example:  

Rewrite the exponential equation 7 w = z as a logarithmic equation.  
Solution:  

The equivalent logarithmic equation is w = log 7 z.  
Example:  

Rewrite the logarithmic equation ywx 3log )1( 2 =
+

as an exponential equation.  

Solution:  
The equivalent exponential equation is w = (1 + x 2) 3y.  

 
Problems:  
30.  Rewrite s 4.2 = 11.3 as a logarithmic equation. 
 
31.  Rewrite log b 12 = a as an exponential equation.  
 
32.  Rewrite a (1 + k t ) = S + R as a logarithmic equation.  
 
33.  Rewrite log p (4 + x 2) = y as an exponential equation.  
 
Some problems involving logarithmic functions can be readily solved by rewriting them in exponential 
form. 
Example:  

Solve the equation log 7.23 x = 0.93.  
Solution:  

Rewrite the logarithmic equation as the exponential equation (7.23) 0.93 = x.  Use a scientific 
calculator to find x = 6.295 (rounded to three decimal places).  

Example:  
Solve the equation log x 81 = 4.  

Solution:  
Rewrite the logarithmic equation as the exponential equation x 4 = 81.  Apply the fourth root 

function to both sides of the equation to find ( ) .381 4
1

==x  
Example:  

Solve the equation log 9 27 = x.  
Solution:  

Rewrite the logarithmic equation as the exponential equation 9 x = 27.  Rewrite this exponential 
equation as 3 2x = 3 3, so each member of the equation is a power of the same base.  Equate the 
exponents and solve for x to find x = 3/2.  

 
Problems:  
Solve each of the following equations. 

34.  
3
2log11 =x  
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35.  
3
211log =x  

 

36.  x=128log8  
 
The logarithmic functions satisfy the identities 
     log b AB = log b A + log b B    (the Product Identity),  

    BA
B
A

bbb logloglog −=





  (the Quotient Identity) and 

        log b A p = p log b A           (the Power Identity). 
where A and B may be positive numbers or variables, algebraic expressions or functions that take on 
positive values.  These identities are used to write expressions involving logarithmic functions in 
different forms to suit different purposes.  
 
Example:  

Write the expression  log 5 3(x + 4) - 4 log 5 (x - 2) + 2 log 5 (x 2 - 4)  as a single logarithm and 
simplify.  

Solution:  
Use the identities for logarithmic functions to rewrite this expression:  

( ) [ ] ( )22
5

4
55

2
555 4log)2(log)4(3log4log2)2(log4)4(3log −+−−+=−+−−+ xxxxxx  

                                                                                 

( )

( ) .
)2(

4)4(3log

4log
)2(

)4(3log

4

22

5

22
545

−
−+

=

−+
−
+

=

x
xx

x
x
x

  

 Now simplify by factoring and dividing out common factors:  

 ( )4log2)2(log4)4(3log 2
555 −+−−+ xxx  ( )

4

22

5 )2(
4)4(3log

−
−+

=
x

xx  

       
.

)2(
)2)(4(3log

)2(
)2()2)(4(3log

2

2

5

4

22

5

−
++

=

−
−++

=

x
xx

x
xxx

 

Problems:  
In the following problems, write the expression as a single logarithm and simplify. 
 

37.  )2(log3log
4
1log

5
3

222 wvu −+  
 
38.  3 log 7 5(2s + 1) - 5 log 7 s - 2 log 7 (2s 2 - s - 1)  
 

39.  )2log(
3
2)6log(4)128log(3 22 yxyxyxyx +−+−++  

 
In the following problems, write the expression as a sum of multiples of logarithms. 
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40.  2

3 25

8
64log

−w
vu  

 

41.  ( )3
2

23
1

)5(
52ln

+
++

x
xxx  

 
Since the exponential function  f (x) = b x and the logarithmic function g(x) = log b x of the same base b 
(b > 0, b ≠ 1) are inverse functions, exponential and logarithmic functions satisfy the Composition 
Identities.  For every positive number x, 

( ) xbxgf xb == log))((  
and, for every number x, 

g( f (x)) = log b (b x ) = x. 
 
The Composition Identities also hold when x is replaced by any variable, algebraic expression or 
function that takes on values for which the compositions are defined.  These identities are used to 
simplify expressions involving logarithms and exponential functions of the same base.  
Example:  

Simplify  [ ])(log)(log 777 rsrs ++− .  
Solution:  

Using the identities for logarithmic, write the exponent as a single logarithm.  The expression 
becomes 

[ ] ))((log)(log)(log 777 77 rsrsrsrs +−++− =  
Use a Composition Identity to simplify further and get 
 

[ ] ))((77 ))((log)(log)(log 777 rsrsrsrsrsrs +−== +−++− . 
Example:  

Simplify .
2

2log)( 4

)(

2

2

ab

ba
ba

+

+  

Solution:  

[ ] [ ] [ ] 2
2222

2
)(

2
1

2
1

)(2
1

22
1

4)(
4

)(
2222

2
2 babababaabba

ab

ba −−+−−+
+

====  

 
By a Composition Identity,  
 

2)(
2
1

2 )(
2
1)(2log)(

2

bababa
ba

−+=











+

−
 

The expression simplifies to  .))((
2
1 2baba −+   
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Problems:  
Simplify the following expressions. 
 

42.  [ ])9(log)65(log 2
5

2
55)3( −−+−+ tttt  

 

43.  ( ) ( )[ ])log(3
52log3

1log 2222

10)( utuuttutut −−+++−
−  

 

44.  [ ])4()32(
7

2
1

77log)( abbaba −− ⋅+  

45.  ( ) ( )[ ] stststst 5log35 4
22

41010log +⋅ −+  

SOLVING EQUATIONS 
 

Many equations involving logarithmic functions can be solved by rewriting the equation so it has one 
logarithmic term on the left and a constant on the right, rewriting this equation as an equivalent 
exponential equation, and, finally, solving the exponential equation.  Since this procedure can 
introduce extraneous solutions, all solutions to the exponential equation must be checked by 
substitution to determine whether they satisfy the original equation. 
 
Example:  

Solve  log 2 (x - 2) + log 2 (x + 1) = 2.  
Solution:  

Use the Product Identity for Logarithms to write the equation as 
log 2 (x - 2)(x + 1) = 2.  

Rewrite this equation as the exponential equation 
 (x - 2)(x + 1) = 2 2,  

or  
x 2 - x - 6 = 0. 

The solutions to this quadratic equation are x = 3 and x = -2.  On checking by substitution in the 
original equation, we find that x = 3 is a solution and x = -2 is not a solution.  

 

Example:  
Solve  (ln x) 2 + ln x 2 - 8 = 0.  

Solution:  
Use the Power Identity to rewrite this equation as 

 (ln x) 2 + 2 ln x - 8 = 0.  
Write this equation in factored form as 

 

(ln x + 4)(ln x - 2) = 0. 
In order for this product to be zero, we must have either 

 

ln x = -4  or  ln x = 2.  
Rewrite these two equations in exponential form and find that we must have either 
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x = e -4 = 0.01831564, 
or  

x = e 2 = 7.38905610. 
 

Check by substituting into the original equation and verify that both of these numbers are 
solutions.  

 

Problems:  
Solve the following equations. 
46.  log (x - 4) + log (x + 2) = 0.84510  

47.  
2
1)2(log)15(log 8181 =+−− xx  

48.  log (log 2 (3x + 7)) = 0.47713  
49.  2(log 4 x) 2 + log 4 x 3 = 5  
 

Many equations involving exponentials can be solved by rewriting the equation so it has one 
exponential term on the left and either a constant or another exponential term on the right, applying a 
logarithmic function to both sides of the equation, and, finally, simplifying and solving the resulting 
equation. 
 

Example:  
Solve  ( ) ( ) 0235 123 =⋅− +− xx .  Round off the answer to four decimal places.  

Solution:  
Rewrite the equation as 

( ) ( ).235 123 +− ⋅= xx  
 

Apply the function ln or log (any logarithm function would do, but these are on the calculator) 
to both sides of the equation to find 

( )[ ] ( )[ ].23ln5ln 123 +− ⋅= xx
  

 

Simplify this equation as 
 

( ) ( ) 2ln13ln5ln23 ++=− xx . 
 

Now, solve this equation for x to find 
 

( ) 5ln22ln3ln2ln5ln3 ++=− x , 
 

and, rounded to four decimal places, 
 

     2117.1
2ln5ln3

5ln22ln3ln
=

−
++

=x  

Example:  
Solve  ( ) 3545 =− −xx .  Round off the answer to four decimal places.  

Solution:  
Multiply each term of the equation by 5 x and rewrite the equation as 
 

( ) ( ) ( ) 04535or    5345 22 =−−=− xxxx .  
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Write this equation in factored form as 
 

( )( ) 04515 =−+ xx .  
 

In order for this product to be zero, we must have either 
 

45or    15 =−= xx . 
 

From the equation 15 −=x we find no solution, since for every real number x, 5 x > 0.  Apply a 
logarithmic functions to both members of the equation 45 =x and find x log 5 = log 4.  Thus, 
rounded to four decimal places 

      .8614.0
5log
4log
==x  

Problems:  
Solve the following equations. 
50.  3 (2x + 1) = 108  
51.  7 · 3 (8x - 1) = 5 -x  
52.  2e x - 5e -x = 9  
53.  e (4x + 3) = 5 (x - 7)  

54.  3
7
5

)3(

)1(
=

−

+

x

x
 

 
MATHEMATICAL MODELS 
 

A mathematical equation which relates the variables involved in a phenomenon or situation is called a 
mathematical model for the situation.  Questions about a phenomenon or situation can often be 
answered from a mathematical model. 
Example:  

The weight in pounds of a certain snowball rolling down a hill is given by 
W = 3e 0.006S, 

where S is the distance (in feet) the ball has rolled. How much does the ball weigh initially 
(when S = 0)?  How much does the ball weigh after it has rolled 1000 feet?  

Solution:  
When S = 0, W = 3e 0 = 3 pounds. 
When S = 1000, W = 3e 6 = 1210 pounds (rounded).  

 

Problems:  
55. Nitrogen pentoxide is a solid that decomposes into the gases nitrogen dioxide and oxygen.  The 

function 
N( t) = 17e (-0.0005) t,  

where t is the time in seconds and N is the number of grams of nitrogen pentoxide remaining in the 
sample at time t, is a mathematical model for the decomposition of a sample of 17 grams of 
nitrogen pentoxide. 
(a)  According to this model, how much nitrogen pentoxide remains after 1000 seconds?  
(b)  How long does this model predict it will take for 15 grams of nitrogen pentoxide to decompose 

from the sample (so 2 grams remain)?  
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56. The human ear is sensitive to sounds over a wide range of intensities.  Sounds of intensity 10 -12 
watts per square meter are at the threshold of hearing.  Sounds of intensity 1 watt per meter cause 
pain for most people.  Because of this wide range of intensities and because the sensation of 
loudness seems to increase as a logarithm of intensity, the loudness D (in decibles) of a sound of 
intensity I is defined by the equation 

D = 120 + 10 log I. 
(a)  What is the loudness of a sound intensity I = 10 -12 watts per square meter, which is the 

threshold of human hearing?  
(b)  Constant exposure to sound of 90 decibles (or greater) endangers hearing.  What is the 

intensity of sounds of loudness D = 90 decibles?  
(c)  A large rocket engine generates sounds of loudness 180 decibles.  What is the intensity of the 

sound generated by such an engine?  
(d)  How loud (in decibles) is the sound of a rock band that produces sounds of intensity 0.83 watts 

per square meter?  
57. The concentration C of medication in the bloodstream of a patient t hours after 50 milligrams of the 

medication is administered orally is given by the equation 
( )tt eeC 25.066 −− −= .  

What is the concentration of the medication in the patient's bloodstream 4 hours after the 
medication is administered?  

 
 

III. LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
ANSWER SECTION 

 

FUNCTIONS AND GRAPHS 
1.  { }32or  23 ≤<<≤− xxx     2.  (a)  

5
6)4( −=h  

           (b)  - 1 is not in the domain of h. 
 
3.  – 5   4.  (a)  f(-3) = 0 5.  (a)  2 is not in the range of g. 
        (b)  f(0) = -2      (b)  -3 and 3 
 
EXPONENTIAL FUNCTIONS 
 
6.  0.45186 (rounded)   7.  0.04321 (rounded)   8.  3.85403 (rounded)  

9.  y = 2 x    10.  
x

xf 





=

4
1)(  

 

BASIC OPERATONS ON FUNCTIONS 
 

11.  (a) 
3
2010))((

+
+

=+
x
xxsr    (b)  

3
224))((

+
+

=−
x
xxsr  (c)  

3
224))((

+
−−

=−
x
xxrs  

       (d)  
3
721))((

+
−

=
x
xxrs   (e)  

13
217)(
−
+

=







x
xx

s
r  (f)  

217
13)(

+
−

=







x
xx

r
s  
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COMPOSITIONS AND INVERSE FUNCTIONS 
 

12.  (a)  undefined  13.  (a)  ( )fg  (x) = 4x 2 + 4x + 3  14.  (a)  
x

xxHG
4

12))(( +
=  

        (b)  -7           (b)  ( )gf  (x) = 6x 2 - 8x + 5        (b)  5
5

5

311
96))((

+
+

=
x
xxGH  

 
15.  f  has an inverse function.   16.  F has an inverse function. 
 
17.  G does not have an inverse function.  18.  are inverses  19.  are not inverses  
 
20.  are not inverses     21.  are inverses  
 

22.  
32

9
−

=
x

xy   23.  3

3 8)(
x

xxT −
=   24.  

5

3 2
1









−

=
x

y  

 

LOGARITHMIC FUNCTIONS 
 
25.  0.85399 (rounded)   26.  -0.21266 (rounded)   27.  -173.43863 (rounded)  
 

28.  xy
2

5log=   29.  xy
2

1log=   30.  4.2 = log s 11.3   31.  b a = 12  
 
32.  log a (S + R) = 1 + kt   33.  p y = 4 + x 2   34.  x = 4.94609 (rounded)  
 

35.  x = 36.48287 (rounded)   36. 
3
7

=x   37.  












3

4
1

5
3

2 8
log

w
vu  

38.  257 )1(
)12(125log

−
+

ss
s   39.  

yx
yx
6

)2(log
3

7

+
+   40.  2log2log

3
2log

3
5

888 +++ wvu  

41.  ( ) xxxx ln
9
1)5ln(

3
252ln

3
1 2 ++−++   42.  t - 2  43.  3

5
3

1
)()( utut +−  

44.     45. t 2 + 7st + s 2  
 

SOLVING EQUATIONS 
 

46.  x = 5  47.  no solution  48.  
3
1

=x  49.  03125.04 2
5

==
−x  or x = 4 

 
50.  x = 1.63093 (rounded)   51.  x = -0.081484 (rounded)   52.  x = 1.60944 (rounded)  
 
53.  x = -5.96766 (rounded)   54.  x = 18.8680 (rounded)  
 

MATHEMATICAL MODELS 
 
55.  (a)  10.3 grams   56.  (a)  0 decibels    57.  C = 8.9 mg/ml 
       (b)  4,280 seconds        (b)  10 -3 watts/square meter 
           (c)  10 6 watts/square meter 
           (d)  119.2 decibels 
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