M PE Review

Section | : Algebra

At Colorado State University, the College Algebegisence extensively uses the graphing features of
the Texas Instruments TI-83 or TI-84 graphing clalimr. Whenever possible, the questions on the
Math Placement Exam and in this review have besigded to accommodate the student who has no
knowledge of these graphing features. Howevedesits may find it helpful to learn about these
features. Texas Instruments maintains a list eB3/B4 tutorial websites at
http://education.ti.com/educationportal/sites/U&tismHome/tutorials.html

POLYNOMIAL MANIPULATION

Polynomial expressions contain letters that synziealiumbers and obey the usual laws of arithmetic.
In adding, subtracting or multiplying polynomialge apply these laws and combine like terms.

Example: Simplify the polynomial expression £ 3)(X + 5) — &(x — 1).
Solution:  (x—3)(2x+5) —6x(x—1) = x(2x +5) — 3(2x +5) —6X(Xx - 1)

= 2x% +5x - 6Xx —15- 6x* + 6X

= -4x* +5x-15
Problems:
1. Simplify: (3x — 7)(Z — 5) —x(4x — 3)
2. Simplify: (7x + 2)% — 5=3(x + 2)]
3. Simplify: (2¢? = 5x + 3)(X* + x — 2)
4. Simplify: 26 + 3)° — (x — 1)Kk + 1)

SOLVING ONE LINEAR EQUATION IN ONE UNKNOWN
An equation (a statement equating two expressicarspoe manipulated by adding (or subtracting) the

same quantity from both sides, or by multiplying doviding) both sides by the same non-zero
guantity. To solve a simple linear equation we ipallate the equation into the form

Ax = B,
then divide byA to conclude that
B
X=—
A

Example: Solve forx in the following equation: (- 2) —x = -5 — 4(2 —X).

Solution:  First perform all indicated multiplicationsx3 6 -x = -5 — 8 + &.
Next simplify each side separatelyx 26 = x — 8.
Now isolate alk terms on one side of the equation and all consgants on the other
by addingx to both sides and adding 6 to both sides

X=-2.

Divide by 3 to obtain the solution
x=-2.
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Problems:

5. Solve forx: 2+ 4) = % —-12

6. Solve foru: —6u—4u+2)]=u-4

7. Solve forR 2R- 2R+ 3) = 4[R - 3(1 +R)]

MATHEMATICAL MODELS

A mathematical model is a formula or algebraic ¢éigmaformed to model real-world situations.

To model a real-world situation:
Read the problem carefully. What information igegi to you? What is the problem looking
for? Letx (or any other variable) represent one of the questof the problem.
Write an expression with the information given.
Evaluate the expression.
Reread the problem. Does your answer make serisehgi context of the problem?

Example: The length of the rectangular tennis court is & li@eger than twice the width. If the
court’s perimeter is 228 feet, what are the codirtsensions?

Solution:  Let x = the width of the court. The length must be=®. We are given that the
perimeter = 228. The formula for perimeter is: 2\EL = P.

2(x) + 2(6+2x) = 228 Sincex = 36,
2X+12+4x =228 length=6+ 2(36)
6x =216 length=78
x =36

The dimensions of the tennis court are 36 ft. byt.78
Problems:
8. For large parties, many restaurants automayiealdl an 18% gratuity to the bill. If the totall bi
including gratuity is $163.43, what was tliétefore adding the gratuity?
9. Ajob pays an annual salary of $44,550, which idekia year-end bonus of $750. If paychecks
are issued twice a month, what is the gross amafugdch paycheck?

INEQUALITIESSABSOLUTE VALUES

Manipulate inequalities in the same way as egealitvith one notable exception. The direction ef th
inequality changes when multiplying or dividing tinequality by a negative number. Such is the case
in the following:

8 >3 s0 (-2)(8) < (—2)(3), since —16 < —6.

Example: Simplify the following: X+ 5>-x+ 4,
Solution:  Simplify the following: 2x+5> -x+4.
Addxto both sides:  3x+5= 4.

Subtract 5 from both side8x> - 4o thatx=> —%.

Note that we divided by a positive number, theref no change in the inequality sign
occurs. The solution of an inequality is a detumbers and can be graphed on the
number line. In the above example, the solutemesgraphed as the (closed) half-line to
the right of Y5 (inclusive).
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Example: Simplify the following: -2+ 5>x+4,
Solution: Subtraci from both sides: -3+ 5 > 4.
Subtract 5 from both sides: 3-1.

Then x<l.
3

Note that we divided by a negative number; treesfa sign change occurs in our
inequality. In this example, all x'% is graphed as the (open) half-line to the left/of

excluding /.
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Problems:

10.
11.

12.
13.

Find the solution set of ¢ 3) + 1 > —4{— 1).
Find the solution set of %3 2< 5(2x + 3).

Find the solution set og(x—s) > 4x+272.
Find the solution set ofx (+ 2)(2 — 3) < 2k + 1)(x + 5).

The absolute value of a numbeis defined as

-x if x<0

|XI:{X if x=0

Hence, |5| = 5 and |-3| = 3. The absolute valwecah be visualized on a number line as the distan
the pointx lies from the origin. Graphically we see thatis8hree units from the origin and 5 is five
units from the origin.

Example: Find the set ok-values satisfyingk| < 2.

Solution:  Whenx = 0, k| =x and the inequality becomgs< 2. Thus, the non-negatixevalues
that satisfyq| < 2 are given by 8 x < 2.
Whenx < 0, k| = x and the inequality becomesg < 2, or -2 <x. Thus, the negative
values that satistx] <2are given by-2<x< 0

It follows that the set of ak-values satisfyingk| < 2 consists of all numbexsstrictly
between —2 and 2 (excluding —2 and 2). Thefsetvalues satisfyingx| < 2, is the
collection of numbers within two units of thegiri on the number line.

Example: Find the solution set of}2- 1| < 3.
Solution:  Any solution of | — 1| < 3 must satisfy both of the inequalities-2L < 3 and
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Problems:

-3 <X - 1. Write these two inequalities together as

-3<X-1<3
and then solved at the same time. Add 1 to althivers of the inequality to get
—2 < X< 4. Divide by 2 to find that the solution sethg interval -1 « < 2 of all
x-values strictly between —1 and 2.

14. Find the solution set of |6 %|X 3.
15. Find the solution set %x—% <4,

Example:
Solution:

Example:
Solution:

Problems:

Find the set o%-values satisfyingx| > 2.

Whenx = 0, k| =x and the inequality becomg&s 2. Thus, the non-negatixe values
that satisfyq| = 2 are given byx > 2.

Whenx < 0, k| = x and the inequality becomeg > 2, orx < —2. Thus, the negative
values that satisfy||> 2 are given bx < -2.

Thus, the set of akkvalues satisfying«| = 2 is comprised of two disjoint sets. One set
is the real numbepsgreater than or equal to 2. The other set isedhbenumbers less
than or equal to —2. The seb@Values satisfying«| = 2 consists of the numbers two or
more units from the origin on the number line.

Find the solution set of2- 1|> 3.
Any solution of | — 1|> 3 must satisfy either the inequality 2 1= 3 or the inequality

2x— 1< -3. These two inequalities cannot be written tiogleand should not be solved
at the same time.

When X -1 >3, When 2 — 1 <-3,
X2> 4, X<-2,
SO X>2 SO x<-1.

The solution set of ¥2- 1|> 3 is comprised of two pieces. One piece is thé re
numbers greater than or equal to 2. The other is themaalbers less than or equal
to —-1.

Notice that the solution set for x|2 1|< 3 is an interval and the solution set for
|2x — 1]|= 3 is the complement of the same interval.

16. Find the solution set of |5 x%|2 3.
17. Find the solution set *V—%x{ > 2.



GRAPHING ON THE PLANE f

The graph of any equatign= mx + b, wherem andb are
specific numbers, is a straight line. Equationthed form

are called linear equations.
3

Example: Find some points on the graph pE 2x + 1.
Solution:  First compute a table of values which satisfyr——— 1+ 11

T T T T T T T T
L

sy

the given equation. 'l &
x | 2] 2] o | 1| 2 * I
y s 1] 1] 3]s [

Plotting these pairs gives the graph shown in C

Figure A8. Figure A8 -

The graph ofy = 2x + 1 is the straight line through these points.
Problems:
18. Sketch the graph of =x? + 1.

19. Sketch the graph of = 1% . (Considex=-1.)
X

2 —
20. Sketch the graph oy = )i+ 1. (Considex =-1.)
X
21. Sketch the graph of =x%— 2+ 1.
22. Sketch the graph of = -y %+ 2y — 1.

LINESIN THE PLANE

In plane geometry, you learn that two distinct p®ire on exactly one straight line. Its slope
characterizes the direction of a line. Given amy points on a line, define the slope of the lisidy

rise _ changeny v
run changen x

According to this definition, the slope of a homtal line is
zero (0) and the slope of a vertical line is unaiedi.

slope =

Example: Consider the line joining (2, 3) and ] o
(7, 5). The slope of this line is // (2, 3]
L 1 1 1 L 1 1 1 1 1 2I 1 1 1 1 1 1 1 1
5-3_2 — X
7-2 5

Graphically we have Figure A9.

Problems: Figure A9
23. What is the slope of the line joining (3, 5) andJ)?
24. What is the slope of the line joining (2, 3) and+®, 3 + 4 +h?)?

Through a given poir® = (X, y), there is exactly one line with slope If the coordinates d? and the
slopem are known, we can easily find an equation relatimex- andy-coordinates of any poinky)
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on the line. In general, the line through (xo, yO) with slopem consists of all points whose
coordinatesy, y) satisfy

m= Y~ Yo
which can be rewritten as Y=Y =Mm(X=X, ).

This is thepoint-slope form of an equation of a line. It displays the@ainates of one point on the
line and the slopen of the line.

Example: An equation of a line ig—3 = 2k + 4). The line then passes through the point
(xo.¥,)= (- 43) and has slope @f = 2.
Problems:

25. Find an equation of the line throudh 3,—4) with slopeof g

26. Find the slope and the coordinates of a poirtherline whose equation ig—2 = %(x+ 5).

27. Find an equation of the line through (6 , 2) vatbpe 0.
28. Find an equation of the line through (5, 3) &g —11).

Now we consider another useful form of an equatiba line, theslope-inter cept form.

Example: If the point-slope form of an equation of a lisg — 3 = 2k — 4), then we can rewrite
the equation as

y=2-8+3o01ry=2-5.
In this form one can easily tell that the poidit€5) is on the line and that the slope,
given by the coefficient of, is 2. More generally the slope-intercept form is

y=mx+D,
wherem s the slope and ((b) is the point where the line intercepts yhaxis.

Problems:

29. Write in slope-intercept form an equation for threelthrough (5, 1) with slope —2.
30. Write X — & = 4 in the slope-intercept form.

31. What is the slope of the linx2 5y = 8? What is thg-intercept?

Example: The following three points lie on the same life2,- 38), (3 y,), and(5,-1). What is
the value ofy, ?
Solution: ~ First, find the slope of the line using the twars (- 2,— 3.8) and(5, -).
_-1-(-38) _ 28 _

Find the equation of the line using the slope dtiteeone of the given points.
y—(-1 = 0.4(x - 5)
y+1=04x-2
y=04x-3
Now we can use this equation to find the valug.of
y, = 04(3)-3=-18



Problems:

32. The following three points lie on the same life:4,4), (2, y,), and(6,1). What is the value of/, ?

33. The following three points lie on the same life:5,15), (x,,— 2.7), and(1,-11.]. What is the
value ok, ?

Another way to think of the slope of a line is therage rate of change. The average rate of change

over an interval is the changeyiracross the interval divided by the change atross the same

interval.

Example: The table below could be a mathematical modetsdme situation. What is the average
rate of change over the interval from 6 to 127

X 0 3 6 9 12 15 18
)Y 19 17.75 17 15.5 | 13.5 10 0

changen y _ 135-17 _- 35 _ _7
changenx  12-6 6 12
Problems. Use the table above to answer the following prolslem
34. What is the average rate of change over thevialtérom 0 to 3?

35. What is the average rate of change over thevaltérom 6 to 9?
36. What is the average rate of change over thevaltérom 3 to 15?

Solution:

SYSTEMS OF LINEAR EQUATIONS

Review your reference text for a variety of techuaig for solving a system of two linear equations in
two unknowns and for solving three linear equationthree unknowns.

Example: Consider the two equations
X—-y=2
and
X-y=4.
The associated lines have different slopes (13rahd therefore intersect at a single
point. The coordinates of this point give theusioh to this pair of equations.

Example: Now consider the two equations

X—2=4

X — 6y =10.
The associated lines have the same sfépdut differenty-intercepts, —2 and °4 ,
respectively. Hence, these lines are paralldldmnot intersect. Since the lines have
no point in common, this pair of equations hasolaition.

Example: Finally consider the equations

X—2=4

X —4y=8.
These two equations not only have the same shehey represent the same line. In
this case, there are infinitely many solutiong corresponding to each poirty) on
the line.

and

and

Problems:
37. Solve forx andy: 3x—2



38. Solve forx,y,andz  x+4y+3=0

5+ 23 + 1% =-3

X—T—3=15.
39. In one week, Fearless Frank drove 100 miles offréieevay and 150 miles in town. His car
consumed 18.2 gallons of gasoline. The next wéejohirneys took him over 180 miles of freeway
and 30 miles of local driving, and he used only9lgallons of gas. What were his highway m.p.g. and
his local m.p.g.?

DISTANCE FORMULA

To compute the distance, between an arbitrary pair of points, use theadist formula.Consider a
pointP with coordinategx,, y,) and a poinQ with coordinateéx,, y, ).

d =06 =%)" + (¥, = %)°
Example: Find the distance between (-1, 3) and (4, -9}.PLe (-1, 3) andQ = (4, -9)

Solution: d = \/(xz =%)*+(y, —%)?
= J[4- (-] +(-9-3)? v
={©)?*+(-12*

=.25+144=.169=13

Problems:
40. Determine the distance between (4, 2) and (2).
41. Determine the distance between (4, — 4) and (3.4, 4 e LT T

42. Find the length of the diagonal of a square of d&a -1

EQUATION OF A CIRCLE

The standard form of the equation of a circle with
center (h, k) and radius r is Figure A10 [

(x=h)*+(y-k)*=r".

Example: What is the equation for the circle
in Figure A10? 7t

Solution:  The center of the circle in
Figure A10 is the point ( 4, —4),
the radius is 5. The equation of this T
circle is: 2 y
(x—4)® +(y+4)? =25,

Problems:
43. What is the equation for the circle in Figure A11?

44. Graph:(x-1)*+(y-4)*= 9
45. Graph:(x+3)*+(y-5)°%= 225 Figure A1l




PIECEWISE FUNCTIONS

A piecewise function is a function that is defingdtwo (or more) equations over a specific domain.
The absolute value of a numbeis defined as a piecewise function:

x ifx=20
|X|_{—x if x<0

Example: Emma’s cellular phone plan costs $45 each monthirasiaddes 400 free minutes of call
time. Emma has to pay an extra 25 cents for eachte she uses over 400. The
following piecewise function represents how mueh phone billy, is in dollars
depending on how many minut&spf call time she used.

_ 45 X < 400
Y745+ 25(x-400 x> 400

Example: The following table represents Emma’s phone usagtht past 3 months. What are
the missing entries?

Number of minutes used,| 379 | 538 | 400

Phone billy, in dollars Yi | Yo | Y3

Solution:  Since 379 < 400, the first equation is used to §indy, = 45. The phone bill is $45.

Since 538 > 400, use the second equation toyfind/, = 45 + .25(538 — 400) = 79.5.
The phone bill is $79.50.
In addition, since 400 = 400, the first equai®nsed to find/;: y, = 45. The phone
bill is $45.

Problems:

t?-3t-8 t<-1 . :
}. What are the missing entries

46. Consider the piecewise defined functiosi=
5-2t t=>-1

inthis table? [+ -5 -3] -1 2
$S|32|s |S |S

SOLVING POLYNOMIALSBY FACTORING

Factoring is the process of writing a polynomiatfas product of two or more polynomials. See your
reference text for a review of the techniques &mtdring polynomials. If the polynomial equaticesh
zero on one side and a factored expression ornthiee side, it can be solved using the zero-product
property (ifab = 0, then eithea= 0,b = 0, or both).

A quadratic equation may be expressed in the forf+ bx + ¢ = 0 and then may possibly be solved
by factoring.

Example: The equationx?— 3x + 2 = 0 can be written in factored form as-(2)(— 1) = 0. Since
the productx — 2 with x—1 is required to be 0, one or the other fagtost equal O.
Thusx=2orx=1.



Example: The equationC + 4x* —3x —12 = 0 can be factored by grouping® € 4 ) — (X +12) =
X2 (X +4) -3k +4) = &+ 4) (¢ -3)=0. Thusx=—4 orx = ++/3.
Problems:
47. Solvex?—4x—12=0
48. Solve:x?+ 18 = X
49. Solve: (X + 1)(X—1) = K+ 9)x + 4) — 42
50. Solve:x® + 3¢ — 2% —75=0
51. Solve: &+ 12¢-x—-3=0

COMPLEX NUMBERS

Complex numbers involve the imaginary unit +-1. Note thai?=-1,i®=—i,i*=1. Thus, every

positive integral power dfis equal to one of the four numbers1, —i, or 1. A complex number is

any number of the forra + bi, wherea andb are real numbers

145.3 _: 3
i°=i’=

Example: i *8=[i ]

Example: (5+2i)(3-7i) =15-35 +6i —-14i°

=15+14-29
=29-29
- - - . 2 .
Example: 3+! = (3+|_)(2+|_) = 6+5 :I =5+5' =1+i.
2-i  (2-1)(2+1i) 4-i 5
Problems:
52. Simplify: (6 +4)(5 + 7) +2 + 10
53. Write 3_4_| in the forma + bi.
+2

54. Simplify: i%*®
QUADRATIC FORMULA

Complex numbers are sometimes solutions to quadzgtiations. When we cannot factor a given
quadratic conveniently, (such @$+ x + 1) we refer to thgquadratic formula for finding the roots of
a quadratic equation. The formula applies to qaiciequations written in the form

ax?+bx+c=0
The quadratic formula says that the solutions idluation are
« = -b++/b* - 4ac
2a

In the earlier example?® - 3x + 2 = 0, the coefficients age= 1,b = -3, andc = 2. So, by the quadratic
formula, solutions are

which gives us

(Y7 -40(2) _3£41
2 2
X1 = 2
and
Xo = 1.

-10 -



When the quadratic formula is applied to some cptadequations, negative numbers occur under the
square root sign. Since negative numbers do na bguare roots that are real numbers, the sokution
to these equations involve the imaginary number

Example: Solvex?+ 2x+ 4 = 0.

Solution:  Using the quadratic formula, we find the solusi@me

:—Ziif—16:—215—12:_LHJ§

Xy Xy

The quantityb? - 4ac that occurs under the square root in the quadiatioula is called the
discriminant of the quadratic. It determines the number artidreaof the solutions of the quadratic
equation
ax’+bx+c=0.
i.  Whenb?- 4ac > 0, the equation has two distinct real solutions.
i. Whenb?- 4ac = 0, the equation has only one real solution.
ii.  Whenb?- 4ac < 0, the equation has two distinct, complex sohsi

Problems:

55. Compute the discriminant and decide what typsobitions 2 - 4x + 3 = 0 has.

56. Compute the discriminant and decide what typsobitions %% + x - 1 = 0 has.

57. Compute the discriminant and decide what typsotitionsx? + 4 = 4 has.

58. Find the solutions in Problem 55.

59. Find the solutions in Problem 56.

60. A box is 2 feet high and 5 feet longer than ivide. If its volume is 100 cubic feet, find itsdthn.

61. A boy rides a bike 8 miles. The trip would haaken 20 minutes less if he had ridden 2 miles per
hour faster. Find his actual speed.

COMPLETING THE SQUARE

Every quadratic function can be expressed by aateaxguin vertex form. The expression
ax—-hj+k=0

is called the vertex (or completed square) forrthefquadratic functioex? + bx + ¢ = 0. The graph

of a quadratic function is a parabola whose velddgcated at some point with coordinates (h, Khe

vertex of a parabola is also the maximum (if a ©Oninimum (if a > 0) value of the function. An

eqguation written in vertex form can be solved forSee your reference text for a review of the

techniques for completing the square.

Example: Rewrite 3x*> -5x-10=0 in vertex form, and solve fot

Solution:  Factor by the coefficient of : 3[x2 —gx —%)} =0

Add and subtract the square of half the coefficad x:

fetela] {23

Factor and combine like terms:

-11 -



(-2l -z
43 -2
-

This quadratic is in vertex form. This tells us that theexeof the parabola

is found at(§ 145) and this value for y is the minimum value of the functioWe

can continue the process and solvexfor
3( 5)2 145
X——
6 12

( 5)2 145
X—_ =
6) 36

_5_,[145
6 V36
_ 5+4/145
e
Example: Rewrite ax” +bx+c =0 in vertex form, and solve fot
Solution: @ x* +Ex+£} =0
a a

Q

2 2
X2+Ex+(£j —(Bj +E =0
a 2a 2a a
B 2 2 2 K2
(xen] - Lo |-a(xe 2] 42
2a 4a° a 4a 2a 4a

2 K2 2
a(x +£j +ﬂ =0 Note: The vertex is £ D M
2a 4a 2a’ 4a

a( bjz __—b’+4ac _b*-4ac
4a 4a

QD

X = (Doesthislook familiar?)

-12 -



Example: The equation Y =—-0.01¥1+ 1.076% + 3.8939 models the expected crop yield on an
experimental plot, wheréis the amount of crop the plot is expected to poedin
bushels) and is the amount of fertilizer applied in pounds. wHamuch fertilizer
should be applied to produce the maximum yiéldRat is the maximum yield?

Solution:  The coefficients area = -0.0171pb = 1.0765, and =3.8939. Since a < 0, the vertex of
a parabola is also the maximum value of thisatiqn. Use the vertex formula

_ _h2
—b,w to find the vertex.
2a 4a
Substitute values fa andb. x = -b - _—10765 _ 31.4766=31.4766 pounds of
2a 2(-0.017)

fertilizer should be applied to produce the maximyetd.
Substitute values fa, b andc,
_ —b®+4ac _ -1.0765 + (4)(-0.0171(3.8939

y = = 20.8362.
4a 4(-0.017)

The maximum crop yield is 20.8362 bushels.

Another way to find the maximum is to substityte 31.4766 into the original
equation:
-0.0171(314766° +1.076531.4766 + 3.8939= 20.8362.

Problems:

62. Rewrite X— 5x + 6 = 0 in vertex form.

63. Find the vertex and solve for x: %x2x + 7 = 0 by completing the square. Is theeses
maximum or minimum value?

64. Find the vertex and solve for x:8x4x —1 = 0 by completing the square. Is the weate
maximum or minimum value?

65. The equationy = 2x*> +22x+ 320nodels the number, y, of inmates (in thousandsjrierated
in Federal and State Correctional Facilitrethe United States over time. In this modek the
number of years since January 1, 1980. Alieg to this model, how many years after 1980 were
there 505,000 inmates incarcerated in FédadhState Correctional Facilities in the United
States?

66. A theater has 550 seats. The theater will sdetecfor all seats if the tickets cost $30 each.
However, for each $4 increase in ticketgriz0 fewer tickets are sold. What ticket pricé wi
generate the most revenue and what is thxénman revenue?

CONSTRUCTING POLYNOMIALS

You can easily write a polynomial with specifieda@ebut there are many solutions since you could
include other zeros or a constant multiplier. @construct a specific polynomial in standard form
from the given zeros you need to know the degrebeopolynomial and a point on the graph of that
polynomial. See your reference text for a revidwhe techniques for constructing (finding)
polynomials.
Example: Construct a polynomial of degree 3 that has timabers -3, -1, and 1 as its zeros and
has y-intercept —6.
Solution:  Since the polynomial is of degree 3, we know theegithree zeros are the only zeros of
the polynomial. First, multiply the factors togetho get a polynomial in standard
form.

-13 -



(x+3)(x+(x-D =(x* +4x+3)(x -1 = x* +3x* -~ x -3

Substitute in the point (0, —6) to find out whialmstant numbeas, is a factor of the
polynomial.

f(x)=a(x’*+3x*—x-3)= f(0)=a(@®*+3(0)°-0-3)=—6=>a=2
Multiply by the constanta = 2 to find the polynomial
f(x)=2(x>+3x* —x—-3) =2x* +6x* -2x—6
Problems:
67. Construct a polynomial of degree 2 that has thebmim—1, and 3 as its zeros and has a
y-intercept of —2.
68. Construct a polynomial of degree 3 that hastlmebers —3, —1, and 2 as its zeros f&rg) = —12.

69. Construct a polynomial of degree 3 that has timbers -5, 2, and 4 as its zeros and has a
y-intercept of 4.

ALGEBRAIC FRACTIONS

Algebraic fractions are manipulated according ®oghme rules as numerical fractions. They may be
simplified by canceling factors common to the nua@r and denominator.

12a’x +18a”y _ 2a(6ax+9ay) _ 3a(2x+3y) _ 3

Example: = =
P 16ax + 24ay 2a(Bx+12y) 4(2x+3y) 4
Problems:
. 2x*+x-15
70. Simplify:
Py =1 —g)
o 24x% +8x° -10x
71. Simplify:
piity —24x* +2x+5
72. Simplify: (X+5) (X 2)
(x? + 2x-15)+ (x - 2)(x - 3)
— 2 —
738Mmﬁka+h aX+m|(X 5)
Algebraic fractions are multlplled and divided imretsame way as numerical fractions.
A AC
Example: B BD
canpe 352212

After operating with the fractions, always try imglify the resulting fraction.
x> +2x-8 Exz +2x-3 _ (x+4(x-2)(x+3)(x-1) _ x-

Example: — 5
X“+7x+12 x“+x-2 (X+4)(Xx+3)(x+2)(x-1) x+2

Problems:

20x° —56x° +15x E{sz +4x-40
2x% +2x-12 8x* —50x°

5x? -17x—-12 E;xz +3x-2

5x* +4x-12 2x*-7x-4

74. Multiply and simplify:

75. Multiply and simplify:
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7x* -9x-10 _ 3x*-x-10

6x2 —31x+35 6x2 +11x - 35

6x> +19x - 20 . 2x* +11x+12

6x? -11x—-10  4x?-25

To add or subtract algebraic fractions, first réevthem as fractions having the same denominator.

2 3_25S 3R_25+3R
Example —+—=—+—=
R S RS R RS

76. Divide and simplify:

77. Divide and simplify:

Example:
x-1 X+2 x—=1 X+ 2

xZ+x—6 x2+4&+3  (x+3)x-2) Kk+3)x+1)

__ kK=DK+1) K+ 2)x—2)
S (x+3)x-2)k+1) &+ 3K+ 1K-2)

_ _(x2-1)-&2-4)
C (x+3)K-2)k+ 1)

_ 3
T (x+3)X=2)K+ 1)
Problems:
o 5+ 2 1X
78. Simplify: 5 2 == 30 * 5_ 13— 62
I X+5 X+9
79. Simplify: S 7 =" =~ 7_ »_oa

All our previous skills with fractions are requirezsimplify algebraic fractions whose numerators
and/or denominators involve fractions.

Xty _X+y. %y

Example: X*Y - =Xy
%% (x+Y) 1 x+y
X Yy Xy
2x-5 (x—-3)*+2x-5
—3t 3 X —3 X —4x+4 . x-3 (x—2)? X—2
Example: = > = Ey = -
_g_2X=3  (x=3)*-2x+3 Xx=3  X*-8x+12 (x-6)(x-2) x-6
x-3 x-3
Problems:
80. Simplify: — %
1+ 3X
3
(1+A)
(2x—1)+3x+4
81. Simplify: 2X+5
3X+4
(2x+5) -
2x-1
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T x-1
: Sl ——
82. Simplify: 1 <3

+1+%(

When solving equations involving fractions, muliphe equation by the least common multiple of the
denominators to obtain an equation involving netfoms, and then solve the resulting equation. The
final equation may have solutions, which do nois$athe original fractional equation. Thus, all
potential solutions found in this way must be clegtl the original equation.

Example: Solve—1 = 1 2

xlxx(xl)

Check by substituting into the original equatide find thatx = 1 is not a solution and

Solution:  Multiply by x(x - 1) to eliminate fractions.
X(x+1) =k-1)+2
+x =x+1
x> =1
X =#1.
x = =1 is a solution.
Problems:
X+2 _ X—6 _ 1
83. Solve: X2 X 2—54+6 —x—1
-6 _ 2 X
84. Solvesz 9><+20 “x—-4 x-5
X _ 2 X+9
85. Solve.x_3 = 141 +x2—2x—3
2X—=5 _ x+4 X+7
86. Solve.x_6 = 45 + 2 —x— 30

INTEGER EXPONENTS

The basic laws for working with exponents are
|) ANAM :AN+M,

iy (aM)" =AW,

i) (AB)N = ANBN,

Example: Simplify (x?)° —x
Solution:  (x?)?

2(X4 + Xs)

X2 (x*+x*) =x®-x*-x> =-x

iv) A°=1  @A=z0),

v) A —A—lN and
(A AN

Vi) | —| =—
() =5

5

Example: Eliminate negative exponents and simplify‘&'e)( 5%y ©).

Solution:  (3x 8y ®)(-5x Yy

A
Example: Eliminate negative exponents and simp'%l‘?’ (A7B%)”
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3B*(A™B?)° _ 3B’A”B® _ 3A”B™ _12A°

Solution: = = =
(2A)?(A°B°) 277ATPA°B® 277A'B° B?

4y*
Y1 _x* 1 16y° _ 8y’
4 - 4 D—z -8 4 4 T .8
4y 2x'y 47y 2x'y X X
Problems:. Eliminate negative exponents and simplify.
87. [R?(s%)*[Rs*)

ReS® \(Ris?)
8. R3s* )| R°S®

89. -

2 -2
Example: Eliminate negative exponents and simp('w“y)_l( X j :

Solution: (2x4 y)_l(

90.

-4fn,2)3 03
L8
Xy 4y
92. (x+y)* (x‘l + y’l)_l

93.

RATIONAL EXPONENTSAND RADICALS

Recall that fola > 0 andn a positive integera/g = a% means a positive numbkisuch thab" =a. It

follows thatya™ = a%. Thus, radical expressions can be convertedpoessions involving
fractional exponents. These fractional exponeh&ydhe same laws as integer exponents previously
reviewed. For instance,

A word of warning!\/2_5 =5, not+/25=45.
Example: Simplify by expressing radicals as non-negatat®nal powers and combining powers
whenever possibl&8a®h™® [3/9a°h?

7
Solution:  ¥/8a’h® 3/9a%b® =8%a"b 7 82a"2h™ = 2872 b 7*72 = 6a"2h 2 :—6‘5‘;2
b 2
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Problems: Simplify by expressing radicals as non-negativ®nal powers and combining powers
whenever possible.

95. ,/36x°y°

4.8
96. 3>Y
272°
o X—24/16X7y—12
. 5

For typographical convenience and historical reasibis customary to write expressions involving
both fractions and radicals so that no fractionegpp under a radical sign and no radical appeas in
denominator. This "rationalizing the denominatisraccomplished in several ways, as illustrated in
the following examples.

18 _3J2 _3J2 45 _3J10

Example: = = = =

125 5,5 5\/‘ [ 25
Example:i/%=f

Example:

X

5 3-v2_15-5/2 _15-5/2
+\/_ 3+\/_ -2 9-2 7
x+y _ x+,fy x+\/_ X2 +2%Jy +y

Ky Xy xrly Xy

ﬁT

Example:

Problems:
3

98. Rationalize the denominator %
2BC

99. Rationalize the denominator w@ AR72STT .
100. Rationalize the denominator m—\/_
3e2
3-8

101. Rationalize the denominator-i
A-(3+6)

SOLVING RADICAL EQUATIONS

Equations involving radicals are often solved by rémgithe equation, raising both sides to some
power to remove the radical, and then solving the tiaguéquation. As with fractional equations, this
process may introduce extraneous roots. Potentigi@mdumust be checked in tbeiginal equation.

Example: Solve forx: +/3x+4 -8 =0.
Solution: +/3x+4=8

Squaring both sides we get  3x + 4 = 64,
SO X =60.
Thus, x =20 is a possible solution.
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Example:
Solution:

Example:

Solution:

Problems:

Checking in the original equation we finB20+4 = 8. Thus = 20 is the solution.
Solve forx: v/5x-1 +3=0.

V5x-1 =-3

Squaring both sides we get 5x-1=9,

SO 5 = 10.

Thus, X =2 is a possible solution.

Check in the original equation and fiRl0-1 + 3 = 6% 0. (Recall tha,g/_ means
non-negative square root!) Thus;s 2 is not a solution. This equation has no sotut

Solve fory: 5y+6 - ,/y+3 =3.
J5y+6=y+3 +3

Square both sides and find yb6 =(y+3)+6/y+3+09.
Isolate the square root term to get -6 =6,y+3,

and square again to get V6 48y + 36 = 36y + 108.

We find 16/%-84y-72 =0,

or 4y?-21y-18 =0,

so y =3/, or 6.

Checking by substituting into the original equatieve find that 6 is a solution antf,
is not. The only solution = 6.

102. Solve forx: m =2x+1

103. Solve forx; Vx+6 -x=4

104. Solve forx: v2x+5 +/6x-11+4 =0
105. Solve forx: +/3x+7 +/x+5 -4=0

POWER FUNCTIONS

A function, f(x) = x*wherea s a real number is called a power functidfou have already worked

with many power functions including functions like= Jx = xY2, y=X,y= X%,

y=x =33

Example:

Example:
Example:
Solution:

Example:

-4
[Ej =3*=81
3
4% =4 =42
Solve forx: x% =27
%
X2 =27
x* =27
x=3%/729=9

4
5

Solve forx; x/ —SX% +6=0
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Solution: x5 -5x75 +6=0

(x% —3)(x% —2) =0

So, x5 -3=0 x5 -2=0
x’s =3 x5 =2
x? =243 x? =32

X = +4/243=+9/3 or X = +4/32 = +44/2
Problems:

106. Solve forx: x% =4

107. Solve forx: x’* =3125

108. Solve forx: x'2 = 7x" +10=0
109. Solve forx: x% —13x% +36=0

MORE RATIONAL EXPONENTS

Here are some more problems involving exponentspMly and rationalize the denominators.
110. (A*B2C)"?
)
111, ~——+—
u_}év_}é

5\ %
112 (18x J

3

y

. ALGEBRA - ANSWER SECTION
POLYNOMIAL MANIPULATION

1. 2x%-26x+ 35 2. 642+ 5+ 4
3. 6x*-1x3+1%-6 4. 2x3+ 17%% + 54 + 55

SOLVING ONE LINEAR EQUATION IN ONE UNKNOWN

5 x=20 6. u=-4 7. r=_3
3 2

MATHEMATICAL MODELS

8. $13850 9. $1,825
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INEQUALITIESSABSOLUTE VALUES

10. x> 2 11.x=-1 12. xs—g 13. x>—£3
23 11
14.gSng 15.-2< x<14 16. x<1 or x> 4 17.x<1—25 orx>%

20. 21.

22.
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LINESIN THE PLANE

2. -2 24. 4 +h
26. m:%,(xo,yo):(—S,Z) 27.y—2=0o01y=2
29. y=-X+11 30. yzgx—g
32. 2.2 33. -3
. -1 S

2 12 48
SYSTEMSOF LINEAR EQUATIONS
37. x=3,y=4 38. x=4,y=-1,z=0 39
DISTANCE FORMULA
40. 151 41. 8/2 42.
EQUATION OF A CIRCLE
43. (x+2)%+(y-7)?%=9

¥ Y

25. y+4:§(x+3)

28. x =5 slope undefined

31 m:—g, b:§
5 5

g ~125__5
3 12

. approximately 22 and 11

42

44. 45,

PIECEWISE FUNCTIONS

46.

N

t|-5|-3|-1
s| 3210 7

[ERN
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SOLVING POLYNOMIALSBY FACTORING
47. x=6, x=-2 48. x=6,x=3 49. ng, x=1
50. x=-5x=-3,x=5 51.x:—3,x=—1,x:l

2 2

COMPLEX NUMBERS
52. 12 + 64 52. -1-2 54.1

QUADRATIC FORMULA

55. distinct complex 56. real, distinct 57. exactly one real
58. 21;\5 59. _116@ 60. 5 feet 61. 6 miles per hour

COMPLETING THE SQUARE
2
62. (x—§) —E:O 63. vertex:(—l,fj,x: —11\/23, maximum
2 4 6 6 6

~1+4/3
4

64. vertex:(—l,—gj, X =
4 2

, minimum 65. 5.58 years
66. Ticket prices of $ 70 generate a maximum revenu#24{500.

CONSTRUCTION POLYNOMIALS

67. f(x)=§x2—gx—2 68. f(x)=-3x>-6x?+15x+18

69. f(x)=01x*-01x*-22x+4

ALGEBRAIC FRACTIONS

70, 275 71, - 2X6x+9 72 1 73. 2x-5+h
x—3 12x+5 x—3

74, 10x-3 75, (BGx+3)(2x-1) 76, (7x+5)(2x+7)
X(X+3) bx-6)(2x+1) (2x-=7)(3x+5)

77 (6x—5)(2x +5) 78, -89x -2 79, -12
Bx+2)(2x+3) (2x+5)(x+6)(3x-1) (x+2)(x—6)

2 —_ 2 —

80. 3)2( +9x - (2x-1(4x° +11x-1) 8 2X
3X°+x+3 (2x+5)(4x+9)(x-1 x=1

83. 9 84. 1 85. no solution 86. —2+2v3

-23 -



INTEGER EXPONENTS

sé vi(2v' -1

87. = 88. R”S" 8. 0 9. x°y™
oL T Sy — 3 L oq, X*1
8x"y (x+y) xy(3x = 2y) X

RATIONAL EXPONENTSAND RADICALS

%% [5AR
9. 6x°y2 96 1Y o7, 1 e
3z 3X%y4 2
g0, 2/6TS 100. 6-3/3-2J2+46 101 3A—1§+6\/€ - AJ6
RS 7 A —6A+3
SOLVING RADICAL EQUATIONS
1
102. 2 only 103. -2 only

104. by inspection, there is no solution 105. —1 only
POWER FUNCTIONS
106. x=18 107. 625 108. x=16,x=625 109. x=%8,x= +27

MORE RATIONAL EXPONENTS

: J2
110, — 2 11, L 112,
A°C v 6x
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