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Abstract: It has recently been seen that the cost of numerically solv-
ing linear systems of equations in which the coefficient matrix is equi-
variant with respect to a permutation group I' can be significantly
reduced via the method of symmetry reduction. For systems in which
the coefficient matrix is not equivariant, the numerical solving can be
accelerated by using the I'-equivariant part of the coefficient matrix as
a preconditioner. In the present paper the equivariant part of a general
linear transformation is studied for general finite groups I'.

For finding the T'-invariant zero points of I'-equivariant nonlinear
maps, the Jacobian map can be replaced by its equivariant part in
Newton-type methods. This increases the numerical efficiency of a
Newton step significantly. For this modification, it is shown that the
familiar local convergence behavior to solutions is generally preserved.
We give two examples. It is shown how these techniques can be used
in numerical continuation and bifurcation.
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1. INTRODUCTION

Many problems in science and mathematics exhibit symmetry phe-
nomena which may be exploited to analyze them, and also to effect
a significant cost reduction in their numerical treatment. Usually the
symmetry stems from the domain or body on which the problem is
considered. The numerical treatment of problems such as partial dif-
ferential equations and integral equations generally involves discretiza-
tions which ought (as far as possible) to incorporate or respect such
symmetries.
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The first numerical symmetry reduction approaches along these lines
have been given by Stiefel and Féssler [19, 31]. They introduced sym-
metry adapted bases to analyze equivariant linear maps. This tool
has been exploited in many papers on bifurcation theory under group
actions in the spirit of [23, 24, 34] for numerical purposes, see, e.g.,
[15, 20, 25, 26, 27, 35].

In the context of partial differential equations under group actions,
a different approach for exploiting the symmetry structure has been
to effect a domain reduction. The same PDE has to be repeatedly
solved over a reduced domain (symmetry cell) with varying boundary
conditions on the new boundaries, see, e.g., [1, 10, 11, 12, 13, 16, 17].

In a series of papers [2, 7, 8, 21, 22, 32, 33| the authors and collabo-
rators have discussed efficient methods to exploit permutation symme-
tries in linear systems of equations. Such systems often arise naturally
when discretizing equivariant operator equations. Our methods avoid
the explicit use of symmetry adapted bases to gain higher efficiency.
Most proofs relating to our methods for linear systems can be found
in [8]. A systematic approach to our symmetry reduction method has
been implemented and is available via the net:

ftp ftp.math.colostate.edu
login: anonymous

password: your_email_address

cd pub/georg

The present paper is concerned with incorporating the numerical
symmetry reduction methods for linear systems of equations into meth-
ods of Newton type for solving discretizations of nonlinear operator
equations and particularly into numerical continuation methods. In
the latter application the aim is to follow a branch of solutions which
are invariant under the action of some group. The hindrance to making
an immediate incorporation of the symmetry reduction method into the
numerical continuation method is that at points which are not in the
solution set, e.g., at points arising in the corrector process, the Jaco-
bians with respect to the state variables are in general not equivariant
and hence the symmetry reduction method is not directly applicable.
The novelty investigated here deals with replacing the Jacobian of a
map in the Newton method by its equivariant part. It is shown that in
making this replacement there is no loss in the asymptotic convergence
behavior.

The paper is organized as follows. In Section 2 some of the group
theoretical background required for our discussions is given. Section 3

contains a brief review of the most important aspects of the symmetry
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reduction method for linear systems of equations which was developed
by the authors and collaborators. In Section 4 we introduce the idea
of the equivariant part of a linear operator and characterize its prop-
erties. Section 5 deals with Newton type methods which incorporate
the equivariant part of the Jacobian in place of the actual Jacobian. In
Section 6 we analyse possibilities for numerically exploiting equivari-
ant structure in continuation methods. Section 7 can be viewed as an
appendix to Section 6: we furnish some relevant theorems and proofs.

2. GROUP THEORETICAL BACKGROUND

Let us begin with a review of some group theoretical ideas of which
we will make use. Let H be a complex Hilbert space, and let I' be a
finite group. By U(H) we denote the unitary linear operators on H,
and by L(H) the bounded linear operators from H into H.

Definition 1. A map 7 : I' — U(H) is called a (unitary) representa-
tion of I' on H if and only if:

1. T is a homomorphism of groups,
2. T maps the unit e € I" onto the identity [ € U(H).

We also say that the group I' acts on H. We note that by the above
assumptions T'(¢g~1) = T(g) ™' = T'(g)* is the adjoint of T'(g) for g € T.

A typical example is the following

Example 2. Let I' be a finite group of orthogonal linear transforma-
tions on RY. Let H := L*(R") denote the Hilbert space of square
integrable functions on RY. Then T(g)z = z0g™ ', g € T, z € H,
defines a representation of I' on H. We call I' the canonical action of
['on H.

Definition 3. Let T be a representation of I' on H. We call T" reducible
if and only if there exists a splitting of H into a non-trivial direct sum
H = H,® H, such that T'(g)H; C H; and (consequently) T'(g)Hy C Hy
for all g € I'. We then have that T splits into T' = T} & T, where T}
acts on Hy; and 15 on H,.

A representation is called irreducible if and only if it is not reducible.

Two of the celebrated theorems in representation theory of groups
state:

Theorem 4. FEach irreducible representation T acts on a finite dimen-
sional space, the dimension of which is called the dimension dim(7).

Hence, we will denote an irreducible representation 7' as a unitary

square matrix T'(g)[¢, j| where the elements depend on g € T.
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Theorem 5. Fach representation splits into a direct sum of irreducible

representations:
T=ET. where H=EHH,
i i

and T; acts on H;.

Remark 6. Two irreducible representations T}, 15 are called equiva-
lent if they are obtained from each other via a similarity transformation
(which is independent of g € I'). Let us call a list of irreducible repre-
sentations complete if any two members of the list are non-equivalent,
and if the list is maximal. Complete lists of important groups have
been studied in great detail and can be found in the standard litera-
ture on group theory, see, e.g., [30]. We emphasize that for the sym-
metry groups occuring in typical discretizations of equivariant operator
equations such complete lists are well-known.

Definition 7. Assume that T is a representation of I on H.

1. Let F': HXR — H be a (nonlinear) map. We call F' I'-equivariant
if and only if T'(g) F(z,\) = F(T(g)x,\) holdsforallg e T, x € H
and A € R.

2. Similarly, a linear operator A € L(H) is I'-equivariant if and only
if T(g)A = AT (g) for all g € T,

3. also a (nonlinear) map G : H — H is called I'-equivariant if and
only if T(g)G(z) = G(T'(g)x) holds for all g € I" and all z € H.

4. Finally, z € H is called I'-invariant if and only if T'(g)z = x for
all g e T,

If geometric symmetries are present, then many classical operators
induced by differential or integral equations are I'-equivariant. Typical
nonlinear differential operators which exhibit equivariance are many of
the mildly nonlinear elliptic differential operators defined on domains
which are invariant with respect to a group. The following examples
illustrate how equivariance manifests itself in integral equations.

Example 8. Let ' be a finite group of orthogonal linear transforma-
tions on RY, and let Q@ C RY be a measurable subset. We denote
H := L*(). Let Q be invariant under T, ie., g(Q) = Q for all
ge . Let K:€Q x € be a kernel such that the induced integral oper-
ator (Kz)(s) = Jo K (s, t)x(t)dt, x € H, s € Q has the property that
K € L(H). Consider the canonical action T of I" on H introduced in
Example 2. Then K is [-equivariant if and only if K(gs, gt) = K(s,1)
holds for all g € T, s,t € Q. For a proof, see [5].
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Example 9. Let ' be a finite group of orthogonal linear transfor-
mations on RY, and let Q@ C R" be an open bounded domain with
sufficiently regular boundary 9Q. We denote H := L*(992). Let Q be
invariant under I', i.e., g(2) = Q for all g € I'. Let K : 09 x 092 be
a kernel such that the induced boundary integral operator (Kxz)(s) =
[oq K (s, )x(t)p(dt), x € H, s € O has the property that X € L(H).
Here p denotes the measure obtained from the so-called surface ele-
ment. Consider the canonical action T"of I' on H introduced in Exam-
ple 2. Then K is I'-equivariant if and only if K(gs, gt) = K(s,t) holds
for all g € T, s,t € 0. For a proof, see [5].

Typical examples for the latter equivariant kernels K are those aris-
ing in potential theory and boundary integral equations.

3. A BRIEF SKETCH OF OUR SYMMETRY REDUCTION METHOD

Let T" be a subgroup of the permutation group S, of the n indices
{1:n}. We define a natural action 7" of I' on the vector space C" via

(T(g)x)[k] ==x[g"'k] for geTl,2e€C" ke{l:n} .

If A is a square matrix of size n, we can view A as a linear map
A € L(C"), and hence I'-equivariance of A is defined via Definiton 7.
It is easy to see that the following holds:

Lemma 10. The square matrixz A of size n is I'-equivariant if and only
if:

Algk,gl] = Alk,l] for kile{l:n}, gel,
or equivalently

(1) Algk,l) = Alk,g7'l) for k,le{l:n}, gel.

Example 11. Consider an action 7' of a finite group I' on a Hilbert
space H, and assume that a linear operator equation Lu = f has to
be solved where L is I'-equivariant. Galerkin’s method is based on a
choice of basis functions uy. It is reasonable to assume that T permutes
the basis functions u;. Hence we can view the group I' as a group of
permutations on the indices k according to the following formula:

T(g)ux = ug, for geTl.
If we approximate the solution v = ), x[k]uy and set
Alk, 1] = (Lug , w) and bll] = (f, w),

then Galerkin’s method means that we have to solve the linear system
Ax = b. It is easy to see that the system matrix A is ['-equivariant in

the sense of (1). See [3, 4, 5] for more details and examples.
5



Let us illustrate how a linear equation Ax = b with a I'-equivariant
matrix A can be efficiently solved. For proofs we refer to [8]. Hence
in the following we consider a linear system Ax = b where the square
matrix A of size n is [-equivariant in the sense of Lemma 10.

Let S C {1:n} be a selection of indices. By that we mean that

{9(S) },er  is a partition of {1:n}.

Indices that are fixed under some of the permutations g € I' need
special attention. We therefore define for i € {1:n} the isotropy
subgroup

(2) Iii={gel :gi=i} .

Obviously, 7 is not fixed under any (non-trivial) permutation g € T" if
and only if |I';] = 1, i.e., " is trivial. Let us call such an index free.

Discretizations of I'-equivariant operator equations often generate a
few indices that are fixed, though the majority of indices typically are
free.

Note that for computer implementations, only a selection of columns
{a; : 1 €S} of a I'-equivariant matrix A has to be generated and
stored. The other entries are easily obtained via (1).

Let us denote by R a complete list of irreducible representations of
I', see Remark 6. We denote the elements of R by r.

For each r € R and i € {1:n} we define the orthogonal projection
matrix

(3) Pi:= |F12-| Z r(g)
gel’;
which has rank m,; :=rank P, ; = traceP,; .

Let us denote by d, the dimension of r. Hence m,; < d,. Note
that P,; = I if ¢ is free. Also note that for the symmetry groups
corresponding to discretizations of three dimensional problems, d, is
very small and typically has values in {1,2,3}.

We further introduce a matrix u,; of size (d,, m,;) whose columns
are an orthonormal basis of the range of the projectors P, ;. Hence

* *
(4) uriuy; =Py and  uf g =1

Note again that u,;, = I if 7 is free.
The main tool for our symmetry reduction method consists of the
following transformation which can be viewed as a generalization of the

discrete Fourier transform:
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Definition 12 (Generalized Fourier Transform (GFT)).
Let w € C". Then for each » € R and each ¢ € {1: n} we define

(5) Wl i] = e, > wlgi) v(g )

gerl’

Note that the entries of w are small rectangular block matrices of
varying size (d,, m,;). It is important that we can easily retrieve w
from w:

Lemma 13 (Inverse GFT).

(6) wlgk] = /& trace (r(g)u xd[r, k]) -

Note that according to the above formula the GFT w]r, k] needs to
be known only for a selection k£ € S of indices in order to retrieve the
column w completely.

Let us denote the [-th column of A by ;. Our symmetry reduction
method is based on the following formula:

(7) VD gl Ku &[0 =B, k], reR, keS.

les

Note that for each fixed irreducible representation r € R, these are
linear equations for the ), m,; - d; unknowns 2[r,[], [ € S, involving
the matrix

(8) Ak, 1] =/ wraulr Ky, K 1€S.

Thus, the linear system Ax = b is transformed into the block-diagonal
form

(9) > Ak &, = b k], k€S, reR,

les

where each square block A, has size ZZGS m,,; and appears d, times.
Let us summarize our symmetry reduction method for solving the
[-equivariant linear system Ax = b:

1. Calculate the GFT b of b.

2. Calculate the GFT @, of a selection of columns «a; to generate the
submatrices A, in (8).

3. Solve the reduced problems (9) for a complete list of irreducible
representations r € K.

4. Use the inverse Fourier transform (6) to retrieve = from z.
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Since the method generates a block diagonalization of A, it is also
well suited to numerically handle eigenvalue problems. Thus the eigen-
values of the original matrix A are distributed among the various blocks
A,. Multiplicities of eigenvalues generated by the symmetries disap-
pear.

In general, if A is a sparse matrix, the symmetry reduced submatrices
A, are still sparse. For further details and examples, see [3, 4, 5, 7, 8,
9, 21, 22, 33].

Our approach can be easily used to automatically generate symmetry
adapted bases of discretized problems which have often been used in
the context of bifurcation and eigenvalue analysis. This is important
for standard discretizations of operator equations which will typically
contain nodes that are fixed under some of the symmetries, so that
the generation of symmetry adapted bases is not very simple. Our
reduction procedures actually sidestep the need to generate and make
use of such symmetry adapted bases.

On the other hand, we argue that by avoiding the explicit use of
a symmetry adapted basis in the above way we reduce the computa-
tional effort considerably. For details, see the section Owerhead and
Computational Savings in [5].

4. THE EQUIVARIANT PART OF AN OPERATOR

When analyzing bifurcation problems with symmetry via numerical
methods, some path-following (predictor-corrector) method has to be
employed which traces a branch of solutions that are fixed under the
action of some group, say I'. At bifurcation points, the symmetry
(i.e., group) may switch. Such points are called symmetry breaking
bifurcation points.

Numerically, it is important to have efficient methods for following
the branch. While a predictor step along the branch is usually inex-
pensive, Newton type corrector steps are usually computationally very
expensive and contain the main cost of the continuation process. If
F : HxR — H is the nonlinear map characterizing the bifurcation
scenario, then a typical Newton type step would involve the solving of
a linear system involving a linear operator B approximating derivatives
of F', see Section 6.

In Section 3 we have seen that symmetry can be exploited to drasti-
cally reduce the computational expense if B is I'-equivariant. This is

the motivation for the following discussion.
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Definition 14. Let T be an action of T" on H. Let B € L(H). Then
we call

(10) Br =t > _T(9)BT(9)"

the I'-equivariant part of B. Here |I'| denotes the number of elements
in I'; i.e., the order of the group I'.

It is straightforward to verify that B = Br if and only if B is I'-
equivariant.
We also note that

(11) Br =7 Y T(9)"BT(g)

since with g also g~! runs through I' and since T'(g~ ') = T'(g)* holds.
Let us now show that the I'-equivariant part of B is the I'-equivariant

operator nearest to B. To show this, we introduce some facts about

Hilbert-Schmidt operators, see, e.g., [18, Section XI.6].

Remark 15. Let u, be a Hilbert basis of H, and let B € L(H). We
call B a Hilbert-Schmidt operator if and only if

1Bllis == Y |Buall* < co.
[0

In this case ||Bl|us is called the Hilbert-Schmidt norm of B. The
Hilbert-Schmidt operators form a Hilbert space Lys(H) with the scalar
product

(A, B)yg =Y _ (Aua, Bu,) .

(6%
It is important to note that the above definitions are independent of
the choice of the basis u,.

Example 16. Continuing our Example 8, it can be shown that

||K||%Is=/g2/Q|K(s,t)|dsdt.

Example 17. If H = C" with the usual scalar product, then £(H)
consists of the square matrices B of size n, and since we have

1Bllis = Y |BIk. 1],

k=1
the Hilbert-Schmidt norm for matrices is the Frobenius norm.

The following theorem was shown in [32, 33] for the special case that

T is a permutation representation of I' on C".
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Theorem 18. Let T be an action of ' on H, and let B € Lys(H)
Then Br is the I'-equivariant operator in Lus(H) which is closest to B
in the || - ||us-norm.

Proof. In the proof below we will need that along with wu, that also
T(g)*u, for fixed g € T' is a Hilbert basis. We define the map P :
Lys(H) — Lus(H) by PB = Br. It is obvious that P is linear,
P2 =P, and that

range P = { A € Lus(H) : Ais I'-equivariant } .

Let us show that P is self-adjoint (with respect to the Hilbert space
Lyus(H)), i.e., that

(PA, B)yg = (A, PB)yg forall A, B € Lys(H) .

In fact, this follows from

(Ar, Blys = i > (T(9)AT(9) ue, Bua)

gel «

=D > (AT(9)"ua, T(g)"Bua)

gell «

= 23N (AT (9) ua , T(9)" BT(9)T(9)" )

gell «

= > (A, T(9)"BT(9))ps

gel
= (A, Br)ys -
Hence P is an orthogonal projector from Lys(H) onto
{A€ Lys(H) : Ais I'-equivariant },
and the assertion follows. O

If instead of the Hilbert-Schmidt norm the usual (induced) operator
norm is considered, then the following simple inequality will be useful:

Theorem 19. Let T be an action of ' on H, and let B € L(H). Then
[ Brll < [IB]]-

Proof. From Br = ZT(g)BT(g)* it follows that

gel
1Brll < D _IIT(9)BT(9)°[| = & > IIBIl =Bl
ger gerl’
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In a similar but much simpler way we can also study the ['-invariant
part of a vector z € H:

(12) rri= g > T(g) .

gel

It is readily seen that z — xr is an orthogonal projector onto the
subspace {v € H : T(g)v =wv for g € I' } of I'-invariant vectors in H.

5. EQUIVARIANT NEWTON’S METHOD

In the following let H be a real Hilbert space. Hence actions of I' on
H are orthogonal transformations.
The following well-known fact can be used to exploit symmetry:

Example 20. Let T" be an action of I' on H, and let the sufficiently
smooth (nonlinear) map G : H — H be I'-equivariant. Let z € H be
[-invariant. Then the Jacobian G’(Z) is a I-equivariant linear operator

in L(H).
Proof. Taylor’s formula implies

T(9)G(z) + T(9)G'(@)h + O(||h]]*)
=T(9)G(z +h) = G(z +T(g)h)
= G(2) + G'(@)T(9)h + O(I[AI[*)-

Comparing the coefficients of h finishes the proof. Ol

The preceding example describes a special case of an operator GG such
that G’(z) is '-equivariant with respect to some group action. Let us
now investigate Newton like methods under the general assumption
that G(z) = 0 and G'(Z) is [-equivariant. Note that we do not assume
in the following that G is equivariant and 7 is invariant. We begin with
a simple situation:

Theorem 21. Let T be an action of I" on H, and let G : H — H three
times continuously differentiable. Let T be a zero point of G such that
G'(z) 1is bijective and I'-equivariant. Then the following modification
of Newton’s method

(13) Gl<$k)r Sk + G(SL’k) =0 Tht1 = T + Sk

18 locally quadratically convergent.
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Proof. Define the map ® via ®(z) = 2—G’(x)r'G(z). Then ® is defined
on some neighborhood of Z, and (13) is the fixed point iteration with
respect to ®. We have ®(z) = z. Differentiating gives

¥'(z) =1-G'(z)p ' G'(2) + O(|G(2)]])-
Since G'(z) is -equivariant and hence G'(Z)r = G’(z). This implies
that ®'(z) = 0, and ® is twice continuously differentiable. The result

now follows from standard arguments in numerical analysis, e.g., [29].
Ll

In the same way, other theorems and proofs on the convergence of
Newton like methods can be modified in such a way that an approxima-
tion of the Jacobian is replaced by its ['-equivariant part. The following
is an example. In order to keep the technicalities to a minimum, we
make global (instead of local) assumptions and use the Landau symbol
(instead of giving estimates with constants).

Theorem 22 (Inexact Newton Method). Let T be an action of T' on
H, and let G : H — H be such that G’ exists and is Lipschitz con-
tinuous. Let T be a zero point of G such that G'(Z) is bijective and
[-equivariant. Consider the iteration:

Find sy such that ||G'(xk)r sk + G(zg)|| < ni |G (z) |
and set Tpi1:= T + Sk -
Then
k1 = I < (llzx = 2| + ) Ol]r — ).
for sufficiently small ||x) — Z||.
Typically, nr > 0 is a sequence chosen so that limy_,., nx = 0.

Proof. From Taylors’s formula
1
G(xr) = G(T) + / G'(T + t(xy — T))dt (v, — T)
0

we obtain
(14) |G (zx)|| = O(||z1, — Z[]).
From Theorem 19 we obtain
|G (zr)r — G'(2)]] < |G (7)) — G'(3)]| = O(||wx — Z]|)
and since G’ is Lipschitz continuous,
|G (wk)r — G'(@)|] < |G (1) — G'(2)[| + |G (Z) — G'(2)]|
(15) = O(||zy — z[]).
12



Now
Tpo1 —T=a) — T+ s =2 — T+ G'(2) 0 G (z1) + 01 O(||G (1) ]])
From (14) and (15) it follows that
Trp1 — T =, — T+ G(2) " Glan) + (|l — 2] + ) Oz, — )
Finally from the standard Newton estimate
vy — T+ G'(21) ' Glax) = O(| |2y, — Z|)
the assertion follows. O

Remark 23. Even if the map G is slightly perturbed from an equivari-
ant map, due, e.g., to imperfections in the domain and/or lower order
terms in a differential operator, the efficiency of the Newton method
can be significantly improved by using the ['-equivariant part in place
of the actual Jacobian.

A different approach (which has been seen to be very successful, see
(32, 33]) would be to use the I'-equivariant part as a preconditioner.

6. NUMERICAL CONTINUATION AND EQUIVARIANCE

In many bifurcation problems one studies the solution sets of oper-
ator equations of the form F(z,\) = 0 where F': H xR — H is a
sufficiently smooth Fredholm operator of index one and H (for sim-
plicity) is a Hilbert space. Typically, the solution set is approximated
by making a discretization and subsequently numerically tracing the
solution set of the discretized analogue F(z,\) = 0 where H now is
finite dimensional. Note that in the finite dimensional setting F' is
automatically Fredholm of index one.

The numerical tracing of curves in the solution set F~1(0) is per-
formed via a numerical continuation method. A recent survey of nu-
merical continuation methods has been given in [6]. We briefly sketch
the main ideas of these methods. In doing so, we simultaneously anal-
yse possibilities for numerically exploiting equivariance structure. To
facilitate the reading, we leave the technical details and proofs to the
next section.

Numerical continuation methods generally are of predictor-corrector
type in which for an accepted solution (Zg, Ao) satisfying F(Zo, Ao) ~ 0
a new solution (Z, 5\) is predicted in a chosen direction for tracing the
solution set. A frequently used predictor step is the tangent predictor

(Zo, 5\0) = (Zo, 5\0) + ht(F'(zo, /_\0))
where

HF"(Z0, Mo)) = (tl(F’(fo, %)), ta(F' (%o, XO))> cHxR
13



denotes the unit null-vector of the Jacobian F'(Zg, Ag) in the desired
direction of tracing, provided that (Zo, Ao) is a regular point of F, and
h > 0 is a chosen step length.

The corrector process is carried out by performing a Newton type
process starting from (Zg, Ag) applied to an augmented system

o - 1]

where N : H x R — R is generally an additional smooth constraint.
Various constraint maps have been employed in the numerical continu-
ation literature. For the sake of simplicity, we only consider the (most
frequently used) constraint

N(I,)\) = <t1(F/<.f0,/_\0>> , T — i’> + tQ(F/(i’O,/_\O)) : ()\ — 5\)

This constraint restricts the corrector points to the affine space through
the predictor point which is orthogonal to the tangent ¢(F'(Zg, A)).
This corresponds to a local parametrization with respect to a pseudo
arc length.

Numerous important aspects of numerical continuation have been
treated in the literature. One of them concerns the incorporation of
fast efficient linear solvers into the corrector steps for large structured
systems such as those deriving from discretizations of operator equa-
tions. The symmetry reduction method for equivariant matrices falls
into this category. One of the approaches for incorporating fast linear
solvers is the bordering algorithm using the Schur complement. We
briefly review this approach below.

Another important topic in numerical continuation concerns the de-
tection of bifurcation points and the switching of branches. This topic
can also be considered under the aspect of equivariance, however it will
not be handled here.

In the pseudo arc length parametrization, the calculation of the unit
tangent vector t(F”(Zy, \g)) can be performed by solving the equation

81F(f0, S\O)U = —82F(i0, 5\0)

for u and setting

_ 1 U

oo =5[]

VillP+1 1
If F'is I'-equivariant and 7y is I'-invariant, then according to Lemma 24
01 F(Zg, \g) is also T-equivariant. Hence a fast symmetry exploiting

solver can be used.
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In the corrector process of the numerical continuation one has to per-
form Newton type iterations. For illustration purposes let us consider
an inexact Newton method:

Find sy, such that ||G'(Zx, Ae) $5 + G(Fs M)l < 7 HG(aék, Xk)H
(16) and set (i‘kJrl, 5\]€+1) = (i‘k, S\k) + Sk,

which we assume to converge to a solution (Z, A).

Again, if F' is '-equivariant and Z; is ['-invariant, then, according to
Theorem 27, G'(Z1, \;) is [-equivariant, and according to Theorem 22,
G'(&y, \r) can be replaced by its [-equivariant part G'(Zx, \¢)r in the
iteration (16). In this way, we can exploit the symmetry reduction
method for the Newton type iteration (16).

Using the equations (17) and Lemma 26, it is easily seen that

o i (81F(:ik,:\k_)>r (aQF(@k,i_k))F
(-, 1 (F'(Z0, %)) t2(F"(F0, M)

It is also reasonable to regard A := G'(i, \x)r as a bordered linear
operator:

Note that B is I'-equivariant and b, ¢ are I'-invariant.
The corrector process can now be facilitated by employing the bor-
dering algorithm involving the Schur complement, see, e.g., [14, 28]:

a::d—<c, B_lb>.

If A is invertible, then

e -
T o

We note that one action of A~! amounts to performing two actions with
the linear operator B~! and two inner products. In typical applications,
B would not only be equivariant, but also sparse, and hence the action
of B~! can be implemented very efficiently. Furthermore, since b is
[-invariant, the action B~1b is reduced to solving with respect to just
one block in (9), namely the one corresponding to the trivial irreducible
representation r(g) =1, g € T

oB 'u+ (c, B~'u) B'b —7B~1b
—(c, B7\u) + 1
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7. APPENDIX TO:
NUMERICAL CONTINUATION AND EQUIVARIANCE

In the following let H be a real Hilbert space. Hence actions of I"
on H are orthogonal transformations. The theorems and proofs in this
section are given as a reference and completion for the previous section.

The following is just a restatement of example 20:

Lemma 24. Let T be an action of I' on H, and let FF: H xR — H
be (sufficiently) smooth and I'-equivariant. Let Z be I'-invariant. Then
O F(z,\) € L(H) is I'-equivariant.

Lemma 25. Let T be an action of I' on H, and let ' : H xR — H
be (sufficiently) smooth and I'-equivariant. Let T be I'-invariant. Then
O F(Z, \) is T'-invariant.
Proof. Taylor’s formula implies
T(9)F(z,\) + T(9)0:F(z, \)h + O(h?)

=T(g9)F(z, A+ h) = F(Z,\+ h)

= F(Z) + 0. F(z)h + O(h?).
Comparing the coefficients of h finishes the proof. Ol

Lemma 26. Let T' be an action of I' on H, and let ' : H xR — H
be a sufficiently smooth I'-equivariant Fredholm operator of index one.
Let T be I'-invariant. Assume that (z,\) is a regular point of F'. Let
(u,s) € Hx R with s # 0 be such that

OF(Z,Nu+hF(Z,\Ns=0 and |ul®*+]s)*=1.
Then u 1s T'-invariant.

Proof. Let g € I'. By Lemmas 24-25 we have
0, F (2, VT (g)u + 8:F (7, \)s = T(g) (alm—;, Nu + 0 F (z, 5\)3) ~0

Since the kernel of F'(z,)) is one-dimensional, and since ||T(g)u|| =
||u||, this implies T'(g)u = w. O

The following theorem refers to a corrector iteration while following
a solution branch of I'-invariant points.

Theorem 27. Let T be an action of I" on H, and let F: H xR — H
be a sufficiently smooth I'-equivariant Fredholm operator of index one.
Define an action T of T' on H x R by setting T(g)(z, \) = (T(g)z, \).
Let zero be a regular value of F and F(Zy,\g) = 0 where T is I'-
invariant. Let (u,s) € H x R with s # 0 be such that
81F(§:0,/_\0)u+62F(i0,/_\0)3 =0 and ||u||2+ |S|2 =1.
16



Consider a predictor point (o, 5\0) = (Zo + hu, Ao + hs) for some step
size h > 0. Define an augmented map G : H x R — H x R via

_ F(z, )
G(Ia)\)_ <ZL‘—IZ‘0,U>+()\—5\0)5:| .
Let G(Z1, M) = 0, where 7, is U-invariant. Then the Jacobian G'(T1, \;)
15 I'-equivariant.

Proof. Let g € I'. By using Lemmas 24-26, we see that

T(g)C (21, )T (9)" = T(g)nF (@, M)T(g)" T(Q)@F(@,Al)]

I (-, T(g9)u) s
a7 _ ONF (T, M) aQF(xl,Xl)]
- (w s
:G,<j'1,5\1)

O

Remark 28. So far, we are considering finite or infinite dimensional
Hilbert spaces H. Of course, for a numerical setting of Newton’s
method, H will usually be finite dimensional after some appropriate
discretization step.

Let us point out here that the assumption s # 0 in Lemma 26 and
Theorem 27 is purely technical. It is needed to guarantee that T'(g)u #
—u at the end of the proof of Lemma 26. For finite dimensional H,
this assumption can be dropped, since T'(g)u # —u can be guaranteed
by an orientation argument as follows:

u* S 0 1

_ { (9) 8(1 ((:f)i)T (9) T(ng(iﬁ)} _ [@(1F(‘ A) M”(iﬁ)}

{ (9) }[ WF(2,0) 0F(2,N)] [T(g9)" 0}

and hence

det PlF @) GFE ’X)] — det {?ﬁé)&) ‘
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