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Abstract: A new method for determining the real solutions to a set of poly-
nomial equations is presented. It is based on the theory of multi-resultants.
The inherently unstable calculation of the determinant is replaced by a stable
minimization procedure which is able to take advantage of the sparseness of the
resultant matrix. Two numerical examples illustrate the method. The paper
contains preliminary work which demonstrates the feasibility of the given ap-
proach.
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1 Introduction

In recent years, a number of authors have considered the task of numerically
determining all of the zero points of polynomial systems of equations. In partic-
ular, we mention the resultant method of Collins [5] and the homotopy methods,
see, e.g., [3, 4, 10, 17, 21, 22, 28]. Further references can be found in the re-
cent books [1, 20]. Since the calculation of the determinant of the resultant is
an unstable problem, Collins’ method has heretofore been confined to systems
involving integer coefficients, and the use of exact integer arithmetic plays a
crucial role.

In the homotopy approach one calculates all of the complex zero points by
numerical continuation. In view of Bezout’s theorem the number of zero points
is generically equal to the product of the degrees of the component maps (with
accounting for multiplicities and solutions at infinity). The homotopy method
is generally both stable and exhaustive, i.e., usually finds all complex roots.

In this paper we address the problem of finding only the real zeros in a pre-
scribed n-dimensional rectangle for polynomial systems having real coefficients.
Most of the applications arising in science concerning polynomial systems are
of this nature. Our approach uses aspects of both the resultant method and the
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method of numerical continuation. For a given polynomial system

Po(yl, e ,yn)
P(y) = : =0, (1)
Pn—l(yla e ,yn)

we consider for each of the variables y; a multi-resultant R;(y;) = det M;(y;),
where M, generally is a large sparse matrix. It can be shown, see [27], that
R;(y;) = 0 is a necessary condition on the i-th component of any zero point y
of P. If Z; denotes the set of zero points of R;(y;) = 0, then any zero point of
P must belong to the Cartesian product

H 7. (2)

The points of this set can easily be tested and iteratively refined by standard
numerical methods to sift out the actual zero points of P.

The two major tasks which must be dealt with are the construction of the
multi-resultant matrix M;(y;), and the instability of the equation R;(y;) = 0,
since typically R;(y;) is a polynomial of very high degree in the unknown y;.

We handle the latter problem by replacing the condition R;(y;) = 0 with the
equivalent condition

miny =1 || Mi (ys)Jul* = 0. (3)

Here u denotes a column vector of the same length as the size of the matrix
M;(y:), and ||-|| always denotes the Euclidean norm. Problem (3) is well known
to be stable. It amounts to calculating the smallest eigenvalue of the semi-
definite matrix M;(y;)*M;(y;) and testing whether it is zero. Here and in the
following we denote transposition by *. Although the eigenvalue calculation
could be done by a Lanczos method, see, e.g., [12], we find it convenient to
implement a conjugate gradient method constrained to the unit sphere. Since
we are only interested in finding out if zero is an eigenvalue of M;(y;), another
promising avenue would be to apply a Lanczos method for large sparse nonsym-
metric matrices such as those discussed in, e.g., [6, 7, 24].
In view of the form of the functional

1
pi(u) = §||Mi(yi)u||2a (4)
it is only necessary to implement a method of calculating products of the form
v=M(y;)u and w= M;(y;)*v. (5)

Typically, either the Lanczos method or the conjugate gradient method needs
one of each of these evaluations per step. These evaluations will be described in
detail since they involve a certain degree of combinatorial complexity. Although
the dimensions m of resultant matrices M;(y;) and M;(y;)* can be very large,
the evaluation of the products (5) is in typical applications equivalent to only



a few scalar products of dimension m. Some numerical examples illustrate the
performance of our approach.

Let us conclude our introduction by stressing that we propose the present
approach as a possible alternative to the homotopy method when only the real
roots in a region are desired. If the number of real solutions of a system is indeed
close to the Bezout number mentioned above, then the homotopy method is
probably to be preferred. In fact, our method is primarily meant for systems
which have only relatively few real solutions. The numerical results given at the
conclusion only represent a first attempt to apply the multi-resultant method.
In particular, many numerical questions concerning degeneracy and efficiency
remain open. On the other hand, the results of this first attempt give us grounds
for optimism.

Other possible alternatives would be interval methods or generalized bisec-
tion methods. Of related interest are the recent book [23], the papers [13, 14, 16]
and the references therein. In these general methods, the specific properties of
polynomial systems do not seem to our knowledge to have been exploited yet.

Another method of related interest [2] is based upon the Grobner bases
approach for symbolically handling polynomial systems.

2 The Multi-Resultant

Let
PO(I(% oo 7xn—l)

P(z) = :
Pnfl(an e 7xn71)

be n homogeneous polynomials with real coefficients in n variables. If the coef-
ficients are chosen generically, there will be no common solutions to the system

P(z)=0 (6)

in the complex projective space CP"~! having homogeneous coordinates z. The
condition that the system (6) has a solution in CP™ ' is a condition on the
coefficients of the P;’s. If we think of the coefficients as undetermined variables,
then there is in fact a polynomial R in these coefficients of the P;’s, which
vanishes if and only if the system (6) has a complex solution in CP"~*. This
polynomial is called the multi-resultant for the system, see [27, chap. 11]. Note
that the existence of a solution in CP™ ! is equivalent to the existence of a non-
zero solution in C", since we have assumed that the equations are homogeneous.
In this section we will describe a method for computing the multi-resultant of
the system (6), following [27, sec. 82].

Let d; be the degree of P; , and let L := 1 + > (d; — 1); note that any
monomial of degree L in the z;’s must be divisible by :v?j for some j. Let V,, 1,
be the vector space of homogeneous polynomials in x of degree exactly L; a
basis for V;, 1, is given by the set of monomials in x of degree exactly L. The



dimension of V,, 1, is the binomial coefficient

e (1)< (55,

We may order the m basis elements for V,, ;, in “reverse lexicographical” order,
with £, first, next 2%~ 1z, o , etc. There is a second way to organize these
m monomials, which is applicable in forming the multi-resultant of the system

(6). We partition these m monomials up into n sets Sy, ..., S,—1 as follows.

Let Sy be the set of monomials which are divisible by zgo. Let S be
the set of monomials which are not divisible by xg", but which are
divisible by xill. In general, let S; be the set of monomials which are
not divisible by any of 20, z% .. x?fll, but which are divisible

by x4

From the definition of L, one sees immediately that the .S; are disjoint, and
their union is the entire basis of V,, ..

For each i, let T; be the monomials in S; divided by x?i; the elements of T;
are certain monomials of degree L — d;. The sets T; need not be disjoint. Note
that we may obtain the set T; directly as the set of monomials of degree L — d;
which are not divisible by z2, .. ., xji’ll.

We are now ready to describe a matrix M whose determinant is a multiple
of the multi-resultant of the system (6). It is an m x m matrix, and we describe
M by giving m row vectors of length m. The m row vectors are obtained
one for each element of each S;. Choose therefore an index ¢ and a monomial
f=af a7 of S;; note then that eg < do, ..., ;-1 < d;—1 , and e; > d;.
Let g := f / x?i be the corresponding element of T;. Consider the polynomial
gP;; since g has degree L — d; and P; has degree d;, gP; has degree L and can
therefore be written in terms of the m monomials given above. Since these
elements have been ordered (in reverse lexicographical order), writing gP; in
terms of the basis vectors yields a row vector of coefficients of length m. It is
this vector which forms one row of the matrix M. This process, performed for
each element of each 5;, gives the m rows of M. We will call this matrix M the
multi-resultant matriz of the system (6).

The reader may check that if n = 2, the multi-resultant matrix is the familiar
Sylvester matrix for the resultant of two inhomogeneous polynomials in one
variable (or equivalently, two homogeneous polynomials in two variables as we
have set it up). Moreover, for any n, if each of the P;’s is linear, then the
above matrix is simply the matrix of coefficients of the P;’s. In either case, the
determinant of this matrix detects the existence of a nonzero solution to the
system (6) in C™, or equivalently, a solution in CP™ ': this determinant is
the multi-resultant in these cases. Note that in general, the number of nonzero
entries in each row of the multi-resultant matrix is equal to the number of
terms in the corresponding P;. Thus the matrix is always sparse. Let R be the
determinant of this multi-resultant matrix; R will be called the multi-resultant
of the system (6).



If the system (6) has a common solution in CP™™!, the determinant R of
the matrix M must be zero: each of the rows corresponds to a homogeneous
polynomial of degree L in x, and if the original system (6) has a solution, then
each of these homogeneous polynomials of degree L has a common nonzero root,
since they are all merely multiples of the P;’s. Therefore this set of polynomials
cannot form a basis for V,, 1, and so the determinant of M must be zero. Hence
we have the following

Lemma 1 If the system (6) has a common solution in CP™ ' | then the multi-
resultant R vanishes.

To illustrate the process, let us consider a small example with n = 3. For
convenience, we switch to using the variables z, y, and z. Let

Py = x* —yz—3y*
P = xy— 2z2,
P = y 4yz—uzz

Each of these homogeneous polynomials has degree 2, so dy = d; = dy = 2
and L = 4; therefore m = 15. The reverse lexicographical order on these 15
monomials in x, y, and z of degree 4 is

3 2.2

2 2 3 2 2,2 .3
y LYZ , XY 2, 2Y T2, T Yz, Y , T

4 ,.3,2.2 3 4 3, .4
{Z ’yz ’y z 3y Z)y 3xz Z7x y7m }‘

The sets S; are

Sy = {x?2% x?yz, 2%y, 132, 2Py, ),
Sl = {y2z2,y32,y4,$y227$y3},
SQ = {24792375523793922}-

The corresponding sets T; are then

To = {2%yzy° wz,zy, 2%},
T = {22, y27927xzaxy}7
T, = {2%yz 2z, 2y}

The multi-resultant matrix M is now formed by multiplying elements of T;
by P; and writing the coefficients out in reverse lexicographical order. For
example, the 8-th row of the matrix is formed by taking the second element of
T (skipping over the 6 elements in Tp), which is “yz”, multiplying it by P; to
obtain zy?z — 2yz?, and writing this out as a row vector, giving

(0-200000100WO0UO0OTO0TO0T0O0)

(since y2z3 is the second monomial and zy?z is the eighth in the reverse lexico-
graphical order). The full 15 x 15 multi-resultant matrix M for this example



is
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0
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0 0 0 O 1
This matrix M does indeed have determinant zero, and a common root to the
systemisx =2, y=1,z=1.

Remark 2 The multi-resultant matrix M, which has as entries the coefficients
of the P;’s, is clearly dependent on the order of the polynomials. If one changes
the order of the polynomials, the list of degrees may change, the sets .S; and
T; may change, and the corresponding rows of the matrix may change. The
vanishing of the determinant of the multi-resultant matrix M is only a necessary
condition for the system (6) to have a common solution. The actual multi-
resultant is the greatest common divisor (in the ring of polynomials of generic
coefficients) of the determinants of these matrices, taken over all orderings of
the polynomials in the original system, see [27, sec. 82].

Remark 3 Note that the vanishing of this multi-resultant detects common
solutions in CP™!; the multi-resultant in this form is not especially sensitive
only to finite real solutions.

3 The Use of the Multi-Resultant for Inhomo-
geneous Systems

Given a system (1) of n non-homogeneous polynomials in n variables, one ex-
pects that there will be a finite number of solutions in R". Let us assume that
this is so, and choose a variable y;. If we fix a value for this y;, we obtain from
the system (1) a new system of n non-homogeneous polynomials in the other
n — 1 variables; this new system can be homogenized by adding an auxiliary
variable yg to obtain a system of n homogeneous polynomials in the n variables
consisting of the other n — 1 y;’s and the new yo:

QO(yO» e Yi-1,Yir 1, - ,yn)
Qy:) = : =0. (8)
anl(y()a ey Yi—1yYig1s e - 7yn)



Note that the coefficients of this homogeneous system are polynomial expres-
sions in the coefficients of the original system (1) and the chosen variable y;.
Hence, the coefficients of the system (8) are polynomials in y;. Let R; be the
multi-resultant of the system (8) as described in the previous section. R; is the
determinant of the multi-resultant matrix M;, which has as entries the coeffi-
cients of the @;’s; hence R; is itself a polynomial in y;, (whose coefficients are
polynomial expressions in the coefficients of the P;’s). We will sometimes write
R; = R;(y;) to emphasize this. We now can state our fundamental principle:

Lemma 4 If the system (1) has a solution (y1,...,¥,) € C", then for each i
we have R;(y;) = 0.

The above statement is clear: if system (1) has such a solution, then the re-
duced system obtained by fixing y; = g; has the solution (F1, .., Ji—1Tit1,-- - In);
hence the homogenized system (8) has the corresponding solution in CP"™ ™! ob-
tained by setting yo = 1, for this value g; of y;. Therefore R;(g;) must be zero,
by the results of the previous section.

The reader will no doubt wonder about a converse to Lemma 4, especially
for real solutions. Let us discuss this briefly. Suppose conversely, that R;(y;)
has a real root at y; = ;. One would like to deduce that there is a real solution
to the system (1) with i-th coordinate equal to g;. This is not the case, for
several reasons.

e Firstly, the condition R;(7;) = 0 is only necessary, not sufficient, for the
system (8) to have a common solution in CP" ™! with the value of y; equal
to g;: the actual resultant is only a divisor of R;(y;), and hence R;(y;)
may have some roots which are irrelevant for our problem.

e Secondly, there may be a solution to (8) at infinity (with the extra variable
Yo set equal to 0) which will not show up as a solution to the system (1);
all solutions to (1) correspond to solutions to (8) with yo = 1.

e Thirdly, there may be a complex solution to (8) for a real value of y;; the
fact that y; is real does not imply that all of the other coordinates of a
solution must be real!

For these three reasons there is no possibility for a converse to Lemma 4.
Since we are interested in real solutions to the system (1), we use Lemma 4 in
the following form:

Lemma 5 If the system (1) has a real solution (§1,...,9n) € R", then for each
i, §; is a real root of R;(y;).

We will call the polynomial R;(y;) obtained from the system (1) the multi-
resultant of (1) with respect to y;. Again note that it is dependent on the
ordering of the polynomials P;. The degree of the multi-resultant polynomial
R;(y;) is in general, approximately the product of the degrees of the P;’s, which
is typically rather large. Therefore if we are given the multi-resultant R;(y;), the



computation of its real roots will be a numerically unstable problem: small errors
in the coefficients of R;(y;) can give large errors in the location of the roots.
Furthermore, R;(y;) is the determinant of the corresponding multi-resultant
matrix M;(y;), which is typically large and sparse. Thus it is in general very
difficult to calculate the coefficients of the polynomial R;(y;). For the case that
all coefficients of (1) are integers, Collins [5] uses a rather costly exact integer
arithmetic. We therefore propose to replace the condition that R; = 0 by the
equivalent, but stable, condition that the minimum eigenvalue of M;M; is 0.
We formulate this by requiring

Amin(ys) := miny =1 || Mi(ys)ul|* = 0. (9)
Therefore Lemma 5 can be rephrased as

Lemma 6 If the system (1) has a solution (§i,...,4n) € R", then for each i,
Amin (T:) s zero.

We would like to make a few remarks about the formation and representation
of the matrix M;(y;) in the computer. Of course, the starting point is the “raw
data” of the system (1). After choosing a variable y;, it is not difficult to
represent each P; as a polynomial in the other yg’s, with coefficients being
polynomials in y;. Indeed, a polynomial in y; is stored as a structure (using the
conventions of the C programming language)

polynomial_in_y i = {
degree (an integer d, say);
coefficient array c[0], c[1], ..., c[d];

value; }

and the terms of the polynomials P; are then stored as a structure

term_of P_j = {
exponent array e[l], ..., e[n-1];

polynomial_in_y i;}.

The polynomials P; themselves are then stored as an array of term_of_P_j’s.
It is an easy matter to implement the addition of the homogenizing variable yyo,
and to calculate the necessary degrees, etc.

Once the variable y; has been chosen, and the polynomials P; have been
represented, the construction of the matrix M;(y;) proceeds directly. Each row
is stored as a linked list of entries, and in each entry there is recorded the column
number, a pointer to the polynomial for this entry, and a pointer to the next
entry in that column. This allows us to efficiently multiply a vector by either
the matrix M; or by its transpose M.

There are really only two interesting procedures: for each j, we need to
proceed through the list T; of monomials (so that we can multiply P; by each
element of Tj), and we need to calculate the reverse lexicographical order of a



monomial (so that we can figure out the column of the multi-resultant matrix
M; in which to put any particular term). These two combinatorial procedures
are easily implemented, the second by a recursive method.

4 A Conjugate Gradient Method on the Unit
Sphere

The above minimal value Apin(y;) in (9) can be viewed as the smallest eigen-
value of the semi-definite matrix M;(y;)*M;(y;). Since the multi-resultant (of
dimension m, see (7), is typically very large and very sparse, a Lanczos method
is the standard method for calculating Amin(y;), see, e.g., [12]. However, since
we are only interested in the smallest eigenvalue, and since a conjugate gradient
method for (9) is simple to implement and incorporate, and has less overhead, we
have chosen to use a modification of the latter for our purposes. Both methods
need each of the following two products

v=M;(y))u and w= M;(y;)*v. (10)

per step. From a theoretical point of view, it is not difficult to see that the
Lanczos method generates a better estimate of A (y;) after k steps (for k < m)
than the conjugate gradient method. It remains to be investigated whether the
better estimate rewards the higher overhead of the Lanczos method.

Let us begin by formulating a modification of the nonlinear conjugate gra-
dient method for the case that a nonlinear functional has to be minimized on
the sphere:

minp, =16 (u) - (11)

For a survey of the linear conjugate gradient method and convergence results
we refer to [25], for the nonlinear case to [9, 18]. The important modification
for the constrained case (11) is that the gradients always have to be projected
onto the current tangent space. This leads to the following conjugate gradient
method on the unit sphere:



Algorithm 7

input uy € R" such that ||ugl|s = 1; initial point
Uy = Vip(up); gradient
Ao = (ug, Go); scalar product
go = Uy — \oUo; projected gradient
do = go; initial conjugate gradient
for n=0,1,... do
P 1= argmin,,- op(cos(p)u, — sin(p)||dn||3  dn); search
Upy1 := cO8(pp )ty — Sin(pp)||dn |3 dn; new point
Unt1 1= Vp(Unt1); new gradient
Ant1 = (Unt1y Ungl); scalar product
In+1 = Unt1 — Apgp1Un+1; projected gradient

dp, :=dp—{dp , Upt1) Unt1; newly projected conjugate gradient
Yo = {Gn+1 — Gn s Gn+1) |lgn||~2; Polak and Ribiére modification
dn41 = Gn+1 + Yndn; new conjugate gradient

until convergence. stopping criterion
The fact that the functional o1 in (4) is quadratic allows us to simplify Algo-

rithm 7 to the following conjugate gradient algorithm for obtaining the minimal
eigenvalue. For convenience, let us introduce the matrix A := M;(y;)*M;(y;)-

10



Algorithm 8

input
begin
€1,€2,€3 >0 tolerances
uo € RY such that [luol|2 = 1; initial point
end
Ug := Auo; gradient
Ao = (ug, Uo); scalar product, Rayleigh quotient
go = U — AoUo; projected gradient
do = go; initial conjugate gradient
do == Adp;

for n=0,1,... do
if ||d,|| < €3 then quit; avoids cancellation effects

P = argmin7%<p<%gol(cos(p)un—sin(p)|\dn”gldn); search

Unt1 = cOS(pp ) un — sin(pn)||dn| |5 dn; new point
Upt1 = cos(pp )y — Sin(pn)||dn\|§1dn; new gradient
Antl 1= <un+1 , ﬁ"+1>; scalar product, Rayleigh quotient
Int1 = Unt1 — Ant1Unt1] projected gradient

dp := dp—{dy , Uni1) Uny1; newly projected conjugate gradient

Yn = {gn+1 — In s Gnt1) ||gn\|72; Polak and Ribiére modification

dnt1 = Gn+1 + Yndn; new congugate gradient
jn+1 = Adjp41; one call of (10) per step
until A, 11— A\n| < €1 + €] Anta)- stopping criterion

Remark 9 Since ¢, is quadratic, the step “search on a great circle” can easily
be calculated in the following way: we consider the positive definite 2 X 2-matrix

(Up , Auy) <Un ) AHZI_ZH>

dy dy dy
<“"v A||dnu> <\|dnu : A|\dn||>

Then the smaller eigenvalue of B is A, 41, and

( o )

is the corresponding eigenvector. The calculations are now easy to perform.

Remark 10 The stopping criterion step is governed by a mixture of a maximal
relative error € and a maximal absolute error €; for the minimal eigenvalue

11



Amin (¥:). It is motivated by a wish to avoid excessive iterations which will just
improve the approximation of the corresponding eigenvector, since the latter
is of no interest to us. On the other hand, the starting vector ug is typically
obtained from a previous run of the algorithm for a different y;-value. Hence,
it may occur that ug is very near an eigenvector corresponding to an eigenvalue
AMY:) # Amin(yi). Numerical experiments have shown that in this case the
method generates a sequence {\;} which usually moves away from A(y;) after
one initially slow step, even if the multiplicity of A(y;) is higher. Hence it is
recommended to force the algorithm to perform at least one step.

Remark 11 Our examination of the literature reveals only one algorithm (by
Geradin [11]) related to that above. It has found several applications in the engi-
neering literature with regard to the generalized eigenvalue problem. Instead of
minimizing a quadratic functional on the unit sphere, Geradin’s algorithm incor-
porates the constraint into the functional, namely the Rayleigh quotient, and
then performs standard nonlinear conjugate gradient steps (Fletcher-Reeves).
Since it incorporates a linear line search instead of a search along a great circle,
it appears to be less suited for our purposes.

Remark 12 We remind the reader that little is known about the convergence
of CG methods for the nonlinear case, see [18]. However, our functional (4) is
quadratic, and the constraint is quite simple. We conjecture that it should be
possible the modify the convergence proof of [19] for this case.

Our aim now is to use the above algorithm as a device for detecting all zeros
of the function y; — Amin(y;) in a given interval [a;, b;]. The above process is
performed for all variables y;, ¢ = 1, ..., n. Normally, this task could be handled
by a numerical continuation method for the simplest possible case: following a
path in R%. See, e.g., [1] for a survey of general continuation methods. Unfor-
tunately, the function Ay, is only piecewise smooth. Hence, the sophisticated
steplength strategies (i.e., choice of increments for y;) which are available, see,
e.g., [8, 15], must be handled with care. This is an aspect which requires further
study, possibly along the lines of [26]. For the present, we have used a fixed
stepsize y; € {to,...,tx} with ¢; := a4+ (b —a)/k.

If a certain criterion is satisfied for ¢;_1, ¢t; and ¢; 11, then one can minimize
Amin ON [t;—1,%;+1] via either a standard line search algorithm or a method which
is especially adapted to this situation. If the obtained minimal value is small
enough, we add the corresponding y;-value to our list Z;, see (2). The design
of a suitable line search strategy adapted for our purposes is currently being
investigated.

5 Examples
We illustrate the method with two examples. Because the purpose of this pa-

per is only to introduce this method, our examples will be simple ones with a
small number of variables and little numerical complexity. Furthermore, we do

12



not employ any line search strategy to obtain the best minimal point, but we
content ourselves with a fixed step size. More complex examples will be stud-
ied elsewhere in the context of a discussion on how the present method can be
improved and be made more efficient and more generally applicable.

Our first example concerns a simple model of a robot in the plane with two
arms. The first arm has length b and is fixed at one end (its tail) in such a way
that it can rotate with an angle a. The second arm has length 1 and is fixed
with its tail at the head of the first arm in such a way that it can rotate. The
angle of rotation with respect to the first arm is denoted by 3. Both angles are
parametrized with respect to a stereographic projection, i.e.,

1— 22 . 2x
cosqu = —— sina = ——
1+22’ 1422’
2
1=y a2y
COSﬂil—l—yQ’ Sln6*1+y2'

If we denote by ¢; and gs the two co-ordinates of the head of the second arm,
then we obtain the following two equations:

2 2 2 2
a?y? + q—x2y+ pas —b)zy? + a2 +y° — —(1+ bz - LYt =12
2 2 2

q2
(1-b—q)2®y*+(-1-b—q)2® —day+ (-1 +b—q)y* + (1 +b—q) =

Of course the object is to find the angle parameters x and y for a given position
(¢1, g2). Our example uses the following values: b = 0.5, ¢ = 0.8, g2 = 0.4.
The calculations were performed in double precision. In the stopping criterion of
Algorithm 8 we used the parameters e; = 107'* and e; = 1078, We scanned for
a solution of the y-parameter in the interval [—2, 2], using an increment of 0.1.
The resultant matrix has dimension 4. Table 1 shows the minimal eigenvalues
A and the number of gradient steps v which were necessary to obtain .

The table shows a considerable decrease in the A-value near the points y =
—1.6 and y = 1.6. From the geometrical meaning of the equations it is not
difficult to see that the system has exactly two solutions, and the corresponding
two y-values must be symmetric with respect to the origin. In fact, using some
trigonometry, one can see that the actual solution has y ~ +1.6237.

Our second example describes the intersection of a sphere in R® with two
paraboloids:

22+y?+22-1 = 0,
z—a2?—y? = 0, (13)
y—x?—22 = 0.

It is readily seen that the two unique solutions to the problem are

5—-1

++vz —y? =~ £0.486 .

8
I

13

0



Table 1:

Y A

-2.0  2.46863570 e-01
-1.9 1.28132892 e-01
-1.8 5.00900404 e-02
-1.7 8.97631589 e-03
-1.6  8.23301590 e-04
-1.5  2.12266955 e-02
-1.4  6.50965198 e-02
-1.3  1.26443063 e-01
-1.2 1.98305363 e-01
-1.1 2.72965508 e-01
-1.0  3.42571677 e-01
-0.9 4.00164684 e-01
-0.8 4.40869912 e-01
-0.7  4.62801090 e-01
-0.6  4.67228862 e-01
-0.5 4.57885610 e-01
-0.4  4.39716545 e-01
-0.3 4.17611582 e-01
-0.2  3.95529363 e-01
-0.1 3.76124570 e-01

Y A

0.0 3.60756482 e-01
0.1 3.49687290 e-01
0.2 3.42325181 e-01
0.3 3.37446277 e-01
0.4 3.33388868 e-01
0.5 3.28238812 e-01
0.6 3.20023882 e-01
0.7 3.06922164 e-01
0.8 2.87477855 e-01
0.9 2.60813037 e-01
1.0 2.26825399 e-01
1.1 1.86365806 e-01
1.2 1.41392732 e-01
1.3 9.51016474 e-02
1.4 5.20269492 e-02
1.5 1.81131862 e-02
1.6 7.51983608 e-04
1.7 8.78174730 e-03
1.8 5.24487744 e-02
1.9 1.43330509 e-01

00000000 T T~T~T~J~J~J~J~J~JW-JDD |
SO DTN DD I~~~ ~ 00 00 00|

We scan for a solution of the y-parameter in the interval [—0.9, 0.9] and of the
z-parameter in the interval [—0.7, 0.7]. In both cases, the increment is 0.05, and
the resultant matrix has dimension 15. Tables 2—3 show the minimal eigenvalues
A and the number of gradient steps v which were necessary to obtain A.

We see again that the A-values decrease considerably near the solutions.
When we try to scan the z-values, it turns out that the resultant matrix is
singular for every z-value. Therefore the conjugate gradient method as decribed
in this paper i.e., to calculate the minimal eigenvalue of the semi-definite matrix
M (z)* M (z) where M(z) is the resultant with respect to the z-variable, will not
produce any information. The remedy which we suggest in this case is to use a
Lanczos method and scan the variable z for the second smallest eigenvalue. More
generally, one can use the Lanczos method to calculate the smallest eigenvalue
which is not identical to zero with respect to z, and therefore the method can be
applied with arbitrary nullity of the resultant matrix. The use of this technique
to handle these singular situations arising in the resultant matrix application
will be discussed in a further paper.

6 Concluding Remarks
We have presented a method for finding the real solutions to a system of poly-

nomial equations with real coefficients. The numerical experiments we have
performed, though of a preliminary nature, indicate that the method is very
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y A v
-0.90 1.11142172 e-02 38
-0.85 1.22074168 e-02 14
-0.80 1.32075526 e-02 12
-0.75 1.41004617 e-02 12
-0.70  1.48773611 e-02 12
-0.65 1.55339989 e-02 12
-0.60 1.60695907 e-02 10
-0.55  1.64857079 e-02 10
-0.50 1.67852362 e-02 10
-0.45 1.69714691 e-02 10
-0.40 1.70473662 e-02 10
-0.35 1.70149781 e-02 10
-0.30 1.68750302 e-02 10
-0.25  1.66266596 e-02 10
-0.20 1.62673095 e-02 11
-0.15 1.57928036 e-02 10
-0.10  1.51976509 e-02 10
-0.05 1.44756558 e-02 11

T A v
-0.70  5.97472082 e-02 23
-0.65 3.15704112 e-02 18
-0.60 1.35308623 e-02 18
-0.55  3.75664960 e-03 18
-0.50 1.59449310 e-04 20
-0.45 8.93505381 e-04 19
-0.40  4.43483527 e-03 17
-0.35  9.57555523 e-03 17
-0.30 1.53887688 e-02 17
-0.25  2.11834272 e-02 17
-0.20 2.64585458 e-02 17
-0.15 3.08617434 e-02 17
-0.10  3.41545696 e-02 17
-0.05 3.61856001 e-02 15

Table 2:

Table 3:
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y A v
0.00 1.36209400 e-02 11
0.05 1.26294917 e-02 11
0.10 1.15013381 e-02 12
0.15 1.02433447 e-02 12
0.20 8.87245170 e-03 12
0.25 7.41884362 e-03 12
0.30 5.92815875 e-03 12
0.35 4.46154156 e-03 12
0.40 3.09238203 e-03 12
0.45 1.89923233 e-03 13
0.50 9.55648350 e-04 13
0.55 3.19136569 e-04 14
0.60 2.22183242 e-05 17
0.65 6.82224117 e-05 16
0.70  4.32829909 e-04 14
0.75 1.07041543 e-03 14
0.80 1.92286029 e-03 12
0.85 2.92828850 e-03 12

T A v
0.00 3.68714615 e-02 14
0.05 3.61856001 e-02 14
0.10 3.41545696 e-02 15
0.15 3.08617434 e-02 17
0.20 2.64585458 e-02 17
0.25 2.11834272 e-02 17
0.30 1.53887688 e-02 17
0.35 9.57555523 e-03 17
0.40 4.43483527 e-03 17
0.45 8.93505381 e-04 19
0.50 1.59449310 e-04 20
0.55 3.75664960 e-03 17
0.60 1.35308623 e-02 17
0.65 3.15704112 e-02 17




promising. In contrast to the homotopy method, our algorithm is especially
designed to find real solutions; in addition, the user may restrict the algorithm
to specific intervals of interest.

Let us indicate some directions of future refinements which we judge to be
important to a more professional implementation of the algorithm.

1.

The method should incorporate some scaling techniques to avoid bad con-
ditioning. Some preprocessing should also be performed. For instance,
automatic detection of zero rows or columns in the resultant matrix and
a possible reordering of the equations or variables should be considered.

. To make a more efficient use of the gradient (respectively Lanczos) steps, a

more sophisticated line search algorithm needs to be devised. This search
need not be very precise since at the final stage a Newton type method
would be employed to refine the precision of the suggested zero points.

As mentioned above, since the rank of the resultant matrix is not neces-
sarily maximal or known a priori, the phenomenon of singularities in the
resultant matrix will require a delicate incorporation of a Lanczos method
in the minimization process.

. The relationship between the multiplicity of a root (in one of the variables)

and the multiplicity of the zero eigenvalue of the resultant matrix needs to
be investigated. A more precise understanding of this relationship could
be useful, for example in the combinatorial analysis of the suggested co-
ordinate values of zero points in R".

This paper represents preliminary work without extensive experimenta-
tion. Though we demonstrate the workability of our approach, what is
ultimately needed are experiments in which a full implementation of our
approach is tested in ways that demonstrate its practical feasibility and
that allow comparison of timings, robustness, storage requirements, etc.,
with alternative methods, especially homotopy methods.

These points are currently under study and will be the subject of further
papers.
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