A GENERALIZED FOURIER TRANSFORM FOR BOUNDARY
ELEMENT METHODS WITH SYMMETRIES*
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Abstract. We study the solution of linear systems that typically arise in discretizations of boundary
value problems on a domain with geometrical symmetries. If the discretization is done in an appropriate
way, then such a system commutes with a group of permutation matrices. Recently, algorithms have
been developed that exploit this special structure, however these methods are limited to the case that
the permutations have no fixed points. Here a new symmetry exploiting algorithm, based on the
Fourier transform on the symmetry group, is introduced which is capable of handling fixed points. The
techniques developed can also be used to achieve further reductions when the right hand side of the
proposed system has symmetries. The approach is illustrated by the boundary element method on an
equilateral triangle and on a 3-cube. The reduction technique can also be applied to other solution
methods, e.g., finite element methods.
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1. Introduction. Consider solving a boundary value problem defined on a domain
with geometrical symmetries. In recent years, several methods have been proposed to
exploit this structure for numerical solutions, see, e.g., [14] for symmetry exploiting
methods in general, [1, 5, 16] for boundary element methods, [9, 10] for finite element
methods, [2, 3, 11, 12, 18] for bifurcation problems, and [19] for structural problems.
In this article we address linear systems and eigenvalue problems that arise when the
discretization of a boundary value problem is generated in a symmetry preserving way.
This usually results in a large nxn-matrix A which commutes with a permutation
representation of the underlying symmetry group I', that is,

(1) AL, =II,LA for vy €T,

where I' is a subgroup of permutations of the index set N := {1,2,..,n} and IL, is a
permutation matrix, i.e., Ilyz; = x,-1; for a column vector z = {x;}i=1,__,. A matrix
with the above property is called I'-equivariant. Definition (1) is equivalent to

(2) Ai,j = A’Yiﬁj for Y < I

An example showing how to obtain symmetry preserving discretizations is given in [5]
and at the end of this article.

We will demonstrate how the Generalized Fourier Transformation (GFT) on a finite
group I' can be used to block diagonalize the equivariant matrix A. This yields a
significant reduction of the numerical work necessary to solve the linear system Az =
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b or the eigenvalue problem Ax = Az. Originally, the application of the GFT for
equivariant systems was described in [21], and it was shown there how the method
reduces to the discrete Fourier transform when the matrix A is circulant, i.e., equivariant
with respect to the cyclic group Z,.

However, the discussion there is limited to the case when the group acts without
fixed points on N, i.e., if v(j) = j for some v € T" and j € N always implies v = ¢
(= the unit element of I'). Unfortunately, this is a severe limitation since fixed points
occur quite naturally in finite elements or boundary element methods when elements of
higher order are used. The primary objective of this article is to present a modification
of the GFT-algorithm to handle the case that I' is not fixed point free.

The GFT is numerically equivalent to the symmetry exploiting methods described
by Georg and Miranda [15, 16], although their method is based on a different approach.
An adaptation of this approach for the case that fixed points occur can be found in
[4]. This adaptation requires the choice of a basis which depends on the discretiza-
tion scheme. The advantage of the method proposed here is its independence of the
particular application.

Like all other symmetry reduction methods, the GFT depends on the irreducible
representations (irreps) R of the finite group I'. These are linear transformations R(7) :
C? — ¢, vy €T with the additional properties:

(3) R(ay) = R(a)R(7y) for o,y €T,
(4) R(e) = 1; (= the identity on C?),
(5) R(y)V ¢V for a subspace V C C% implies

V={0}orV=c%

The number d is called the degree of the irrep R. We will also use the notation dg to
emphasize the dependence on the irrep. A particularly simple irrep of degree one is the
unit 1rrep which assigns the number 1 to each group element.

Two irreps R, R are said to be equivalent if they differ only by a similarity trans-
formation, i.e., there exits a nonsingular matrix 7' such that for all v € ' we have
TR, = RYT. An irrep is usually considered significant only up to equivalence.

For the following discussion we need some facts from group representation theory,
for more details we refer the reader to any standard text, e.g., [20].

1. The matrices R(7) of the irrep R can be chosen to be unitary, i.e., R has an
equivalent unitary irrep. We assume therefore in the following that all irreps
are unitary.

2. The number of non-equivalent irreps is finite. We assume R to be a maximal
collection of non-equivalent irreps. Then the following relation holds between
their degrees and the group order g:

(6) S k=g

RER
3. The following orthogonality relation between two irreps R, S € R holds:
T g
(M) Z Ri () Spa(7) = dp OR,5 0ipbjg-

yel
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In particular, this orthogonality implies

(8) 3 d {RR( ™)} =60 Ya,yel.
Rrer 9
4. The irreps of many important groups are known and listed in the literature.

The last two equations turn out to be the key to constructing the Fourier transform
on the group I'. The irreps of the dihedral group D3 are listed in Table 1.

Now let us outline this article. After a brief review of the GFT method without
fixed points in Section 2 we develop the new theory for group actions with fixed points
in Sections 3, 4 and 5. Section 6 describes the modified GFT-Algorithm in matrix
notation. In Section 7 the previous techniques are applied to obtain additional savings
when the right hand side has symmetries. Section 8,9 contain two illustrations of our
symmetry reduction method with fixed points. We conclude the article with a discussion
of the complexity of the method in Section 10.

2. The method without fixed points. If the group acts without fixed points,
then the size of the orbits {vi : v € '} is the group order g for all indices. We call a
subset S of N which contains exactly one index from each orbit a selection of indices.

Each index in A can be written as the unique product of a group element and an
index in the selection S, i.e., all sets {yS}, - are disjoint and contain the same number
of elements. Therefore the group order divides the dimension of A, i.e., n = mg. Here
m is the cardinality of the selection S. The indices in A can be renumbered such that
each vector x € C" splits into the components

(9) 7= (@(7)er

where the components of the block x(y) € C™ are given by z(vy); = z,; for i € S.
The blocks of the matrix A can be indexed in the same way:

(10) A= (A7) er

where A(a,v) € C™™ and A(w,7)ij = Aainj for 4,7 € S. In this notation, the
equivariance of A reads

(11) Ala,y) = A(va,e) = a(y ),

this demonstrates the block structure of A. Thus the whole matrix is determined by
its leading nxm block column a = (a(71), ..., a(7,))". The matrix vector product is a
convolution in the following sense:

(12) (Az)(y) = 2; Aly,v)z(v) = ZF a(v™') x(v) =: (a*z)(v).

The Fourier transform z of x € C" on the finite group I is defined in block notation
by the following equation:

(13) Z(R); = d?R Y RlaMz(a); VieS, RER.

acl’
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Note that Z(R); is a dgxdg-matrix. Thus Z has 3 zer md% = mg = n entries, see
Formula (6); i.e., the transform again lies in an n-dimensional vector space. We view
Z(R) as a block column with block entries Z(R); for ¢ € S, and we denote by ZP(R) its
p-th column; hence Z(R) € C™*4= and ZP(R) € C%*™. Finally, the vector 7 € C"
consists of all columns of all Z(R).

Since the transformation (13) is linear, it can be written in matrix form, i.e., T =
Fz. The transformation matrix F' is unitary by the orthogonality relation (7), and
hence the inverse is easily obtained by multiplying with the Hermitian transpose of F,
i.e., z = FHZ. Using Equation (8) it is straightforward to verify that the inversion is
equivalent to the following formula, which is more convenient to work with:

(14) => t{R v)Z(R);} VieS, yel.

ReR

In an analogous fashion, we define the Fourier transform of the nxm block column a:

(15) a( ZR _1 7i,j Vi, jeS, ReR.

vyer

Note that each entry a(R);; is again a dgxdg-matrix, and hence a(R) € C4m*%m.

As usual, the Fourier transformation turns the convolution (12) to a component-
wise multiplication, this is demonstrated in the following calculation:

(a+2)(R ZR -1 [Z (V—la)x(y)]

9 aer vel i

Z > > R(a™a( ) z(v);

jGS vel ael

Z Z Z R(p )a(ﬁ)i,jx(l/)j where 3 = v o

9 jesver per

=§szwmwmzmwmu

jES Bel vel
g ~ ~
= IS ar) aR);
and hence,

(16) (a %) \/>Z )ijZ(R); VReER,1€S.

JjES

The above calculation demonstrates how the matrix-vector product is simplified by
the Fourier transform: The sum in (16) is only taken over indices in the selection S and
not over all indices, and moreover the R-th component of the matrix-vector product
depends only on the R-th components of the vectors a and Z. Thus an equivariant
matrix is block diagonal in the Fourier transformed space.
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In matrix notation, we see that the transform A := FAFH has the block diagonal
form
(17) A = diag {A(R)}ReR ,

where each block ;l(R) € drmxdrm ig repeated dg-times because the block column
Z(R) has width dg. One of the diagonal blocks of A has the following form:

(13) i =\ ;
a(R)m1 - a(R)mm

The above diagonalization of equivariant matrices is of central importance for the
efficient solution of linear systems and eigenvalue problems. Instead of solving the
proposed problem directly, computational effort can be saved by solving the problem in
the transformed space. More formally, we have:

Az =b < F(Ax) =Fb
Saxr=0b
(19) s Az=0

where z = FH7

3. Extended Group Actions. How does the previous discussion change when
there are fixed points in the group action? In this case the isotropy subgroup

I'ii={ael:wi=7i}

is non-trivial for some indices ¢ € S. The size of the orbit containing the index ¢ is
given by the index of the isotropy subgroup

[[:T] := #{: v €T}

and is no longer constant for all indices as in the previous case. In general, the size of
the selection does not divide the dimension of the matrix, but the dimension is the sum
of the sizes of the orbits, i.e.,

(20) n=>Y [[:Ty.
€S

Thus there is no re-numbering of the indices so that the equivariant matrix has the block
structure (10) as in the fixed point free case. Therefore the convolution formula (12)
does not hold and our previous discussion cannot be applied when there are fixed points
in the group action.

To overcome this difficulty we will extend the underlying vector space so that all
fixed points of the group action are removed, and then the results of the previous section
are applicable.
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We define the extended index set to be the Cartesian product I' x S and the action
of the group by

(21) v (a,i) = (ya,i) Ya,yeTl, i€S.

Obviously, the new group action has no fixed points. The extended vector space consists
of all tuples indexed by I' x § and is isomorphic to C9™. Moreover a vector can be
decomposed into blocks as in equation (9).
Define the inclusion Z : C" — C9™ component wise by
L oi

(22) [Z(z)(a)]; : AT
Since I'y; = al;a~ ! holds, all isotropy subgroups of an orbit are conjugate, and therefore
they have the same cardinality, i.e.,

#Fai:#Fi VOZEF,@QS.
Definition (22) implies that the image of the inclusion Z is the n-dimensional linear
subspace
(23) Vi={zeC™: z(a);=x(e); Yael,;, ieS},

and Z is an isomorphism from C" onto V.

In the following we want to find the matrix representation of A as a map on V. It
turns out that this can be easily done by copying rows and columns and multiplying
with appropriate constants. More precisely, the matrix A7 € C™9*™9, defined by

1
(24) Aluo

Vael,1€8.

Aai,'yj ‘v’i,jES, Oé,’}/EF,

o) T )
has the desired property of rendering the following diagram commutative:
A
ct — C
1z |z
AI
(25) vV o Vv
! /o]
AI

Cgm e (Cgm
To show this, let us first verify that AZZ = TA. Let 27 = Z(z) € V. Then:

(A2 ) ()] = D2 D" Alaiyi @ (0);

jES veT

az i ‘TW/]'
= by 22) and (24
_]gg 'yEZI‘ \% #L0)(#15) V7 ¥ ( ) ( )

\/71' g;#J oiyg Tyj

\/#71—\ Z AO”J x]

JEN
= (ZAx)(«a); .
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Furthermore, we show that AICQ’” CV.Leta€Tl; and x € C9™. Then:

(A Z Z A(a i) W)j

jeS vET

-y Avinj Ty
ey g \/(#r J#TS) /#T;

=% Aciyg Ly
S VETIET,) AT

= [(A%2) ()i,
and the assertion follows from (23).

Note that in Diagram (25) we did not distinguish between A% and its restriction
on V. This is justified by the preceding properties. The commutativity of the diagram
has a number of simple consequences:

1. AT maps C9™ into V, and hence A% as a map on CI9™ is always singular if the
action of I' is not fixed point free.

2. AT maps the subspace V into V.

3. rankA? = rankA.

4. If A is non-singular, then AZ maps V isomorphically onto V.

Thus, in the non-singular case, the linear system AZx? = Z(b) has a unique solution
2% = Z(z) in the subspace V, and moreover, the pre-image x under Z solves Az = b.

The matrix A is equivariant with respect to the extended group action defined in

(21). We show this by verifying equation (2):

z
A 0),(v.4)

1
— A= = At o)
JE @) YT %) (ed),(e) -

Since the group acts without fixed points on the extended index set, it is possible
to apply the reduction method discussed in the previous section on the linear system
Azt = b?, with b2 = Z(b). Then the solution x of the original system is given by
vt =TI(z).

The problem here is that the extended matrix AZ is singular, since the columns (or
the rows) corresponding to non-trivial isotropy subgroups are equal. Since the Fourier
transform preserves the rank, the matrix Ais singular as well. However, when the
original matrix is non-singular, there is a unique solution in the subspace V' for a right
hand side in V. This means for the transformed system that both the solution and the
right hand side are in the transformed space V. Hence we have to describe how V' is
transformed. This will enable us to identify the linearly dependent rows and columns in
the matrix A. Before we do that, let us introduce some new notions in the next section.

4. Invariant Subspaces. The main purpose of this section is to describe the
Fourier transform of a vector which has some components that are invariant under the
action of a subgroup I'y < T', like the isotropy subgroup I';. We begin with a definition.

DEFINITION 4.1. The invariant subspace Mg(Ty) of the irrep R and the subgroup
[y is defined by

(26) Mg(Ty) ={zeC¥:2=R(a)r VYacly}.
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It is easy to find the orthogonal projector onto the invariant subspace, it is given by

1

27 P -
( ) o #FO a€cly

R(a).

A straightforward calculation shows that Prr, : C** — C is indeed the orthogonal
projector onto the subspace Mg(I'g). An immediate consequence is that the dimension
of the range is given by the trace of the projector, i.e.,

(28) mR(Fo) = dim MR<F0) = tr{PR,I‘O} .

The columns of the matrix Pgr, span the subspace Mz(I'g). An orthogonal basis of the
range Mpr(['y) can be found with a slight modification of the Gram-Schmidt procedure
over the columns of Prpr,. Or, more stably, a singular value decomposition of Pgrp,
can be performed. Note, however, that in typical applications the dimension dg will be
relatively small.

Now we are in a position to describe the Fourier transform of the subspace V' defined
in Equation (23). Definition (22) also implies the equivalent characterization

(29) V={zeC™: z(ya)i=z(y); Yael;,, yel, ieS}.

THEOREM 4.2. Let the subspace V. C C9™ be defined by (23) or (29). Then the
Fourier transform of V is given by

(30) Vi={ZeC™:3(R);=R(3I(R); YVacl;, RER, icS},

that is, each column of T(R); lies in the space Mg(L;).
Proof. We will show that the Fourier transform F[V] of the space V' and the inverse
Fourier transform F7[V] of V satisfy the following inclusions:

(31) FlV]cV,
(32) FE[V]c V.

From (32) it follows immediately that V' C F[V] and, together with (31), the assertion.
To show (31), consider a vector x € V' and its Fourier transform z = Fx. Fori € S,
R e R, and a € I'; we have

Z(R); =\/dr/g > R(y ") x(v):

=\dr/g Y R(y ') ax(ya); by (29)

=\/dr/g > R(af ') xz(3);  where =«
ger

= \/dr/g R(a) > R(B)x(8)i

Berl

= R(a)#(R); .
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Hence Z € V by (30).
To show (32), consider a vector Z € V and an « € I';, and denote its inverse Fourier
transform by z = FHZ. We have

=Y \Jdr/g tr{R(ya)Z(R);} by (14)

= 3" \dr/g tr{R(y) R(a) Z(R);}
=Y \dr/g tr{R(y)Z(R);} by (30)

=z(y); by (14),

and x € V by (29). This completes the proof. O
The Fourier transform does not change the dimension of the subspaces, thus by
comparing the dimensions of V' with V' we obtain

(33) > Y dpmp(T

i€S RER

By using a calculation similar to the above proof, it is easy to see that the Fourier
transform of the space

Vi={r e C™ 1 2(va)i = 2(7)i, 2(7); =0 VjieS\{i}, acly, yeTl},

is given by

~

Vi={& €™ :#(R); = R)#(R);, #(R); =0 VjeS\{i}, acli, RER}.
Comparing the dimensions of V; with its transform Vi gives

which can be viewed as a generalization of (6).

5. Reduction of the Extended System. In this section we will discuss how the
results of the previous section can be applied to reduce the linear dependent rows and
columns in the transformed extended matrix A = FAZFH which is given by equatlon
(17). Recall that this matrix is singular, however, there is a unique solution to Az =1
when both Z and b are chosen from the subspace V.

Consider one (block-) row of the reduced system A(R) Z(R) = b(R) . From equation
(18) this row has the form

(35) Va/d S a(R)i; #(R); = b(R),,

jes

where a” is defined as the leading block-column of AZ, see (11). By Theorem 4.2 each
column of the blocks Z(R); and b(R); lies in the invariant subspace Mg(I';). Now let
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mp; = mg(l;) = dim Mg(T;), and let Ur(T;) € C?»*™%i be a matrix whose columns
consist of an orthonormal basis of Mg(I';), then there are mp;xdg matrices £(R); and
n(R); such that

=

?(R)i = Ur(T%) §(R);
b(R); = Ur(I')) n(R); .

It is possible that the dimension of the invariant subspace My(T;) is zero, in which case
Ur(Ty), Z(R)i, b(R);, £(R); and n(R); vanish. If the isotropy subgroup is trivial, then
the space Mz(I;) is all of C%* and hence the obvious choice for an orthogonal basis in
Ur(T';) is given by the identity matrix I,,.

Substituting the above representations of Z(R); and b(R); into equation (35) gives
a new linear system with right hand side n(R); and unknowns &(R); :

(36) Vo/d S U a(R).; Un(Ty) E(R) = n(R);

jES
mR.j21

where we have used the fact that Ug(T;)" Ur(T;) = I. The index i must correspond to
a nontrivial subspace, i.e., mp,; > 1.

Setting a(R);; = Ug(T;)” @(R);; Ur(T;), we obtain for one block of the reduced
system the matrix

a(R)11 ... a(R)im

(37) A<R>=& - |
W(R)pi ... @

(B)m,m

where rows and columns corresponding to trivial invariant subspaces have to be can-
celled. Equation (36) simplifies to

(38) A(R)E(R) = n(R).

These are the subproblems that have to be solved for each R € R.
If we collect all the block columns (R) into one long column ¢ (and analogously
for 1), then we obtain a block diagonal system

Ag =,

where the matrix A resembles the transformed matrix of the fixed point free case, see
(17)—(19), namely

(39) A = diag {A(R)}ReR ,
where each block A(R) is repeated dg-times. )

From formula (33) it follows immediately that the size of A equals the size of the
original matrix A.
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6. Solving Equivariant Systems with Fixed Points. The above discussion
leads us to the following description of the general Fourier Transformation (GFT) on
the group I for solving a linear system Az = b with an equivariant matrix:

1. Find a selection of indices S and reorder the indices such that the vector x can
be written in the block form (9).

2. (a) Find the irreps of the group.

(b) Find the fixed points of the group action on the indices. For each isotropy
subgroup I'; and for each irrep determine the matrix Ugr(I';) whose columns
are an orthonormal basis of the subspace Mg(I';), see the remarks follow-
ing (28). Recall that Ug(T";) = I, for a trivial isotropy subgroup I'; = {e}.

3. Extend the right hand side b to b* = Z(b) and calculate the Fourier Transfor-
mation b = Fb.

4. Extend the matrix A to A” and calculate the blocks @(R);; according to (15)
applied to AZ. For each pair of indices 7, j € S calculate the product a(R); ; =
UH(i)a(R);; Ur(T;) and assemble the matrices in (37).

5. (a) Solve the subproblems (38) of the block diagonalized system.

(b) recover the vector T by Z(R); = Ur(I;) £(R);.

6. Calculate 27 from Z using the inverse Fourier Transformation: 22 = F¥z. The
solution z is given by z¥ = Z(z).

Let J be the matrix representation of the inclusion map Z with respect to the
canonical bases of C" and CY". Then it is easy to see that the extended matrix is given
by AT = JAJH, and its Fourier transform by A = F.J AJ¥FH. The cancellation of
linearly dependent rows and columns described in Section 5 is equivalent to multiplying
with the matrix U € C™9*" given by

U = diag {{Ur(I'}) }ies} per

where each diagonal block is repeated according to the dimension di and blocks corre-
sponding to trivial subspaces (mpg; = 0) have to be deleted.

Hence the reduced matrix A can be written in the form A = QAQY with the
matrix () being Q@ = UYF J. Since each of the transformations U, F and J is length
preserving and () € C™*", it follows that () is unitary. Thus, also in the case of fixed
points, the symmetry reduction method (on A) can be viewed as a unitary similarity
transformation, which preserves the eigenvalue structures and is numerically very stable.

7. Symmetries of the Right Hand Side. It is important to remark that the
symmetry reduction method described above does not assume that the right hand side
of the linear system has symmetries. However, more computational savings are possible
when this is the case. We will use the same techniques already developed for fixed
points to further reduce the linear system.

The vector b € C" is called I'p-symmetric when there is a subgroup I'y < I' so that
II,b = b for all @ € I'y. Thus the extension Z(b) of a 'y-symmetric vector lies in the
linear space

(40) Wi={zxeC™: z(ay);=z(y); VieS, aely, yeT}.
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The equivariance of the matrix A readily implies that the solution of Ax = b is ['g-
symmetric as well. Thus the problem lives in the lower dimensional subspace W and —
similar to the discussion for fixed points — we have to study its image under the Fourier
transform.

Note that the group elements v and « are switched in the characterizations of the
subspaces V' in (29) and W in (40).

THEOREM 7.1. Let the subspace W C C9™ be defined by (40). Then the Fourier
transform of W is given by

o~

Wi={zec™: #(R); =#(R);R(a), Yael,, RER, icS},

that is, each column of (Z(R);)" lies in the space Mg(Ty).

The proof is a modification of the proof of Theorem 4.2.

Taking into account possible fixed points of the group action, we see that the
components of the transforms z and b have the following representation

Z(R); = Ur(Ty) £(R); U (L),

b(R); = Ur(T:) n(R); UE (To) ,

where Ug(Ty) is an orthonormal basis of My(T'y), and {(R);, n(R); are mg(I';)xmpg(Ty)
matrices. Proceeding as in Section 5 yields the following reduced linear systems

(41) A(R)¢(R) = n(R)

where

A(R) = (UK (T a(R)i; Ur(T))),
for the case that the dimensions of the subspaces Mg(L'y), Mgp(I';) and Mg(I';) are
positive. The matrices A(R) are unchanged from the case without symmetries of the
right hand side. The advantage of considering symmetries is that the number of right
hand sides is reduced in the subsystems and fewer linear systems have to be solved.

If b remains invariant under the full symmetry group I', then it follows from the
orthogonality relation (7) that all projectors Prr vanish except for the projector be-
longing to the unit representation. Thus only one subsystem remains to be solved.

8. An Illustration. In this section we give a simple illustration of the method.
As example we choose a boundary value problem on an equilateral triangle T" whose
symmetry group is the dihedral group I' = D3, and an extremely coarse discretization.
We have chosen this domain because it has the simplest possible non-abelian symmetry
group. The next section discusses a more complicated group, namely the symmetry
of the 3-cube. It is not our goal here to demonstrate the efficiency of the symmetry
reduction techniques — we just want to illustrate it; for more serious calculations with
high discretizations we refer to [5].



A Generalized Fourier Transform for BEMs with Symmetries 13

Let us consider the boundary element method for approximating Laplace’s equation

(42) Au=0 onT;
(43) u=g onB=0T.

If the solution u is written in the form
1
ul@) = 5 [ nla = ylw(y) As(dy).
m JB

where Ap denotes Lebesgue measure on B (here: the line element), then it is well-known
that the unknown function w solves the integral equation of the first kind

%/Bln’x —ylw(y) A\p(dy) = g(x), x€B.

A standard approach for solving the above equation is the collocation method, see,
e.g., [6]. The solution w is approximated by a linear combination of basis functions
w R Y en cw;. If the coefficients ¢; are chosen such that the approximation satisfies
the integral equation at given collocation points {x;};cn C B, then this yields the linear
system Ax = b, defined by

Al ) = o [ 1l = gl i) s (),
x(i) =¢, b(i) = g(z;).

Let us arrange the collocation points as suggested in Figure 1 and choose piecewise
linear basis functions w; such that

(44) wi(w;) = bij.

Fi1G. 1. The Discretization of an Equilateral Triangle

The symmetry group of the equilateral triangle is generated by the flip ¢ across the
vertical axis and the counterclockwise rotation p of 120°. The group induces a group
action on the indices, for the generators we have

pi=[(i+2)mod 9] +1,
¢i=10—1.
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A selection of indices consists of S = {1,2}. For the isotropy subgroups of this selection
we obtain

Fl :{6},
F2:{€7p¢}'

Using a change of variables in the integrations, it is straightforward to show that
the discretization matrix is equivariant.

To construct the GFT, a complete set of irreducible representations are needed, as
given in Table 1.

e p P’ ¢ po p>¢

R 1 1 1 1 1 1
Ry 1 -1 -1 -1
V3 - :
p (1OY (7272 (=5 2 1oy (5 2 (3 F
S1\lo1) |8 1 V3 1 0 1/ \_v8 _1 V3 o1
2 2 2 2 2 2 2 2

TABLE 1

Irreducible Representations of D3

To obtain the symmetry reduction, we have to read the projectors Prp, from
Table 1.

PRl,FQ - 17 PRQ,FQ = 07 PR3,F2 = (

|S >
w
|
Ty
N———

Therefore the dimensions of the invariant subspaces are given by
mp2 =1, Mp,2 =0, MRy2 = 1.

Moreover, we have mp;1 = dpr for all R, because the isotropy subgroup of index 1 is
trivial. Thus the discretized 9x9-matrix reduces to a block diagonal system of the
shape sketched in Figure 2, where the two 3x3-blocks belonging to representation Rj
are identical.

Now suppose that the right hand side is symmetric with respect to reflections across
the y-axis, i.e., b(¢y); = b(7y); for all i € {1,2} and v € D3. Hence, I'y = {e, ¢}, the
projectors into the invariant subspaces are given by

00
PR1,I‘0:17 PRQ,FO:O7 PRs,Foz 01 )

and their dimensions are
le(Po) = 1, TI’LR2(F0) = 0, mR3<P0) = 1

Thus the reduced system (41) consists of one 2 x 2-block for the first representation
and one 3 x 3-block for the third representation.
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NN

N

N
\:x

w2
Ga

NN
NN
R

Fi1G. 2. Block diagonalization resulting from the symmetry group Ds

N
=

4%

]

9. Numerical Example. In this section we demonstrate the reduction method
discussed in this article on a more involved example. We consider a boundary reformu-
lation (using the double layer potential operator) of Laplace’s equation (43), where T
now denotes the 3-cube. The integral equation is

0 1
(47— 2@ Jwta) - [ 5oy T =gy V0 () = dmg(e), w e B,

where (x) denotes the interior solid angle of B at x, the outer normal is denoted by v,
Ap denotes Lebesgue measure on B (here: the surface element), and w is the unknown
density function on B, see, e.g., Atkinson [7].

We have used Atkinson’s collocation package BIEPACK [8] for the discretization and
the calculation of the system matrix. This package generates a triangulation of the
boundary surface from a given initial triangulation and some other information and
sets the collocation points in the vertices and the centers of edges of the triangles. The
basis functions are piecewise quadratic and satisfy the Lagrange condition (44) at the
collocation points. The triangulation generated for this example consists of 96 triangles
and is shown in Figure 3.

The discretized system is a 194x194-matrix which is dense and equivariant with
respect to the symmetry group I' of the 3-cube which has order 48.

Clearly, a possible selection of indices consists of the nine numbered points as seen
in Figure 3. Since the discretization is fairly coarse, almost all indices have non-trivial
isotropy subgroups which are listed below.

=D,
Iy=I35=141= 2%,

I's = Dy

e = Zo

'y ={e}

I's = 7,

Ly = Zy® 2o
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(0) ()

9 @J 5
7 4

()

® 3
2

1

Fi1Gc. 3. Symmetry respecting discretization of the 3-cube, only the triangulation of the front side
and the selection of collocation points is shown.

The block reduction depends on the irreducible representations of I'. For the case
discussed here there are four one-dimensional, two two-dimensional and four three-
dimensional non-equivalent irreps. The block diagonalization we have calculated is
shown in Figure 4.

10. Cost of the Transformation. We have discussed an algorithm for the block
diagonalization of matrices that commute with a permutation representation of a sym-
metry group. It is obvious that it is more efficient to solve a linear system or an
eigenvalue problem in the transformed space, as only a number (which depends on the
irreps of the group) of small systems have to be solved. In the following we will show
that the cost for this transformation is small as compared to solving the reduced sys-
tems. We recall that n denotes the size of the matrix, g the group order, and m the
size of the selection. The complexity of the algorithm also depends on the number np
of indices in the index set N with a non-trivial isotropy group; clearly nr is given by

(45) np= Y [[:Ty].

ies
rj#{e}

The transformation of a vector in (13) and (14) can be achieved in g*m flops, and
the block diagonalization (19) in g*m? flops (floating point operations in the sense of
Golub and van Loan [17]). These numbers can be reduced (down to mO(glogg) and
m?O(glog g) for abelian groups) when the fast Fourier transform on the symmetry



A Generalized Fourier Transform for BEMs with Symmetries 17

FiG. 4. Bock diagonalization of a 194x 194 matriz which is equivariant with respect to the symmetry
of a 3-cube. The dimensions of the blocks are as follows: 9, 1, 2, 6, 2x 10, 2x6, 3x16, 3x8, 3x 10,
and 3% 14.

group is applied; see [13] and the literature cited therein. However, we have not yet
investigated fast transforms; the main reason is that for applications we have in mind
the group is relatively small (¢ < n).

It remains to estimate the extra numerical expense caused by fixed points. For
the applications we have in mind the symmetry groups are finite subgroups of the
orthogonal matrix groups O(2) or O(3) whose irreps usually don’t have degrees larger
than three (only the icosahedral group has an irrep of degree five). Thus finding the
orthogonal bases Ug(I';) is trivial and has to be done only for those isotropy subgroups
which occur. Also note that several indices ¢ € S may have the same isotropy subgroup.
The effort to calculate the orthonormal bases is small and does not increase when the
mesh of the discretization is refined.

It remains to estimate the effort to calculate the matrix products

a(R);; = UR (T:) a(R);; Ur(L;) .
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These transformations have to be done for all R € R but only for indices 7,7 € S with
non-trivial isotropy subgroups, because otherwise Ug({e}) = I4,. The right matrix mul-
tiplication takes d% mg(T';) flops, and the left matrix multiplication dg mg(T;) mg(T;)
flops. Adding up all right matrix multiplications we obtain, using equations (45)
and (34):

Z Z Z dRmR < mdmaX Z dRmR(Fj)

jES I 75{8} €S RER JESFJ;é{e}

= M dmax Z [F FJ}
jeSTj#{e}
=m dmax ne.

Here dp.x denotes the maximal degree of the irreps. A similar calculation (estimating
mp(L)mg(L;) < dpmp(T;)) yields a bound for the left matrix multiplications:

Z Z Z dr mR<Fj) mR<Fl) < MdmaxnF -

i€ST,#{e} j€S RER

Thus the extra expense for fixed points is not larger than 2m d. np. It is typical for
discretization methods that fixed points are only caused by discretization points lying
in some lower dimensional linear subspaces. Therefore we may assume that np < n,
and the bound we gave is much smaller than n?.

Summarizing, we have found that the numerical effort to transform an equivari-
ant linear system into a block diagonal system compares to approximately one to two
matrix-vector multiplications. Let us also mention that formulas (15) and (37) imply
that any existing sparsity patterns of the matrix can be used.
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