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Abstract. A numerical cortinuation method tracessolution branchesof a nonlinear
system
H(;:x)=0, H:R RN! RN

which is typically obtained by discretizing a parameter dependert operator equation.
The method is called matrix-free if the Jacobian of H is not calculated explicitly,
but its action on a vector is given via a di erence approximation of a directional
derivative. In connectionwith modern (transp ose-free)iterativ e linear solvers, this is
a suitable approad for large systems. We give an introduction into the technique of
matrix-free numerical continuation and analyzethoserecert approacdesto numerical
bifurcation which permit a matrix-free approach. A sequenceof MATLAB codes,
which can beviewed asa blueprint for the numerical implementation of this approad,
is currently under construction and will be made available on the internet. Parts of
this manuscript are basedon the 200 pagearticle [2].
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1 Matrix-F ree lterativ e Metho ds

Given a nonlinear systemof equationsF (x) = 0 whereF : RN I RN, we call
an iterative method for nding its solution matrix-free if the JacobianF {x) at
a point x is only implemerted through its action on a vector v. That is, only
an implemertation of the function (x; v) 7! Fq{x)v is exploited. An exampleis
the forward di erence appraximation

F(x+ v) F(x)

FY{x)v

foran > Qofsuitablesize. This isaviewpoint that enjoysincreasingpopularity
for large systems. Sparseness automatically takeninto accou.
A suitableiterativ e solver of F (x) = 0 could be aninexact Newton's method:
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take initial guessx;

for k = 1;2;::: until convergence
nd  xi sud that jiF(x) + FAXk) Xii ki F (Xw)ij
SetXy+1 = Xk + Xk

where Xy is determinedvia an iterativ e (transpose-free)linear solver sud as
GMRES, CGS, or TFQMR. Also Broyden's method can be implemerted in a
matrix-free cortext.

Let us descrile this situation by saying that the solution to F(x) = O is
numerically appraximated in a matrix-free doubleloop. The outer loop is rep-
resened by the Newton iteration, the inner loop is represeted by the iterative
linear solver, and the essential numerical expenseof one step of the inner loop
consistsof one call of the function F.

In the following, we describe how a matrix-free approad can be usedin the
cortext of numerical cortinuation and bifurcation. In Section 2 we descrike
the standard stepsof following a solution branch which is implicitly given by a
systemH (x) = 0 whereH : RN** 1 RN In Section3 we shov how to nd a
special point on the solution branch characterizedby one additional nonlinear
equation. In Section 4 we locate a point on the curve that is characterized
as a local minimal point with respect to a function. In particular, fold points
are of this type. In Section5 we investigate how simple bifurcation points can
be detectedand appraximated in a matrix-free approad), and in Section6 we
turn our attention to simple Hopf bifurcation points. In Section7 we discuss
preconditioners. It turns out that for Hopf bifurcation, preconditioning the
matrix-free approad is a dicult problem that needsfurther investigation.
Finally, in Section 8, we discusshow higher derivatives of the solution curve
can be obtained in a matrix-free setting.

2 Matrix-F ree Predictor-Corrector Metho ds

Oneof the primary applications of cortinuation methods involvesthe numerical
solution of nonlinear eigervalue problems. Sud problems are likely to have
arisenfrom a discretization of an operator equationin a Banad spacecornext
which also involves an additional bifurcation parameter. As a result of the
discretization and the wish to maintain a reasonablylow truncation error, the
correspnding nite dimensionalproblem

H(; x)=H(u) =0

whereH :R RN I RN, may requirethat N bequite large. Other applications
may view asa homotopy or a penalty and smoothing parameter. This then
leadsto the task of solving large scalecortinuation problems.
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The aim is to appraximate a branch of solutions
s7t u(s) = ( (s);x(s))

where s is a suitable parameter, e.g., arc-length. The parameter s is usually
not explicitly used.
A numerical cortinuation (predictor-corrector) method repeatstwo steps:

1. A predictor stepgeneratesan appraximate point further alongthe solution
curve, typically by linear extrapolation.

2. A corrector step nds a point approximately on the solution curve and
closeto the predicted point, typically by Newton-like steps.

Figure 1 illustrates this situation.

predi ctor

P

n+1l )

Figure 1: A Predictor-Corrector Step

The following algorithm sketches a possibleimplemertation of this idea.
Here and in the following () denotesthe transpose.

Algorithm 2.1 (Matrix-F ree Predictor-Corrector).

1. Initialization
chooseinitial point ug sud that H(ug) = 0
chooseinitial direction tg such that Hqug)tg O, jjtgjj = 1
chooseinitial step sizehg > 0
choosesmall reduction factor 1> > 0

2. forn=0,1,2;:::
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(a) Predictor
Pn+1 = Up + hpty

(b) Corrector
nd p,,; Sud that

H (Pn+1) + HYpn+1) D H (Pn+1)
0 t n+l 0

n

via a transpose-fredterativ e linear soler

Un+1 == pn+l + pn+1

(c) Step-length control
determinehy 1

(d) Appro ximate tangent
. Un+1 Un
ther 1= ———
JUn+1  Un))
Remark 2.1. The corrector step solvesapproximately

H (u) _
=0
tn(u pn+1)
for u. In our example, we used one corrector step which often is su cient.
Howeer, more corrector steps(e.g., until corvergence)can be employed.

Remark 2.2. A newaproximate tangert canalsobe found by solvingthe linear
system
H 0(un+1) t = 0
t 1

n

for t and then setting t,.+; := t=jjtjj. This can be donein a matrix-free single
loop. Figure 2 illustrates a tangertial predictor-corrector step.

3 Finding a Special Point: ' (u(s)) =0

When tracing the solution branchesof a nonlinear eigervalue problem, an en-
gineer or scierist usually is particularly interested in special points on this
branch. They can be of various types. We begin with the simplest case: Let
' :R RN ! R. Weseeka point u on the solution branch sud that ' (u) = 0.
For example, this could be a solution for a particular -value, in which case

WETG0E .
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predi ct or
p 1

n+l

corrector

u n+1

Figure 2: A Tangerial Predictor-Corrector Step

The approad is straightforward: During the numerical cortinuation, we
monitor the sign of ' . Assumethat a situation ' (u, 1)' (u,) < 0 is encoun-
tered. Then we introducethe approximate tangert

= Un Un 1
JjUn  Un 1]
and the linear appraximations

p(s) = up 1+ ST u(s)

and
I (un) I (Un 1)

JJ Un Un 1”

" (u(9) :

(S)z'(un 1)+S

If we de ne svia (s)= 0, then p(s) is a quadratic approximation of u.
We have two options for approximating u more precisely:

3.1 Finding a Special Point: ' (u(s)) = 0. Global ap-
proach

Sohe
H (u)
" (u)
via an iterativ e nonlinear soler, starting at the interpolated point p(s). Note

that this is generallya very good starting point. The method is implemenrted
as a matrix-free double loop.

=0
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3.2 Finding a Special Point: ' (u(s)) = 0: Path-F ollowing
Approac h

Now let g(s) be the solution of

HE@ .,
T (@ ps)

Hence, g(s) can be viewed as the corrector-point to the predictor point p(s).
Note that g(0) = u, ; andq(jju, U, 1jj) = u, . Clearly, q(s) can be approxi-
mated via an iterativ e nonlinear solver usinga matrix-free doubleloop. We now
nd a zeroof the function s 7! ' (g(s)) via a secat-lik e method (e.g., Brent's
Method).

This method is implemerted as a matrix-free triple loop, the outer loop
beingthe secarlik e method. Henceit seemghat this is inferior to the method
proposedin the last subsection.Howewer, a modi cation of this secondapproadt
can be implemerted into the numerical cortinuation method as a steplength
strategy. SeeAllgower and Georg[2, Section8.1]for details. This modi cation
permits a matrix-free implemertation consistingof a double loop.

4 Finding a Special Point: ming' (u(s))
The next more complicatedsituation is a fold-point, asillustrated in Figure 3.

A

Figure 3. Detecting a Foldpoint



Matrix-F ree Numerical Continuation 7

We descrite the situation somewhatmore generally:Let' :R RV ! R,
We seeka point u on the solution branch sud that ' (u) hasa local minimal
value.

We proceedas follows: During the numerical cortinuation, we monitor for
the occurenceof the situation * (u, ) > ' (up 1) < ' (u,). If this is obsened,
then we have detecteda local minimal point u.

We again introduce an approximate tangert

Tz 0 Un2z
JUn  Un 2]
and the linear appraximation
p(s) = up 2+ sT u(s):
Next, we nd the projection p(s;) of u, ; onto the line p(s):
S=T (Up 1 Uy 2):

Next, let r(s) be a quadratic polynomial in s with coe cients in R RN sudh
that r(0) = u, 2, r(s1) = U, 1, andr(jjun U, 2jj) = Uy, and let (s) be
a quadratic polynomial in s with coe cients in R sudh that (0) = ' (un »2),
(s1) =" (uy 1),and (jjun, Un 2jj) ="' (up). Then hasa unique minimal

point s, and
u r(s) (4:1)

is a quadratic approximation of u.
We have two options for approximating u more precisely:

4.1 Finding a Special Point: ming' (u(s)): Global Ap-
proach

De ne atangert eld t(u) asthe solution of the linear equations

HYu) 0
T W=y

(4:2)
Note that t(u) can be calculated via a matrix-free single loop. Now solwe the
nonlinear equations
H (u)
" qu)t(u)

The last equationin (4:3) comesfrom the condition

=0 (4:3)

d, _ 0
gs (Us) =0
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Note that the nonlinearequationsagaincanbe solved by a matrix-free nonlinear
soher.

This procedureis implemerted in a matrix-free triple loop. The two outer
loops consist of a matrix-free iterative nonlinear solver for the equation (4:3),
and the innermostloop represets the function evaluation of the nonlinear sys-
tem (4:3) which involvesthe solution of (4:2).

Note alsothat the previousquadratic appraximation (4:1) givesa good start-
ing point for the precedingmethod: we taker(s) andr(s) =(T r(s)) asstarting
points for u and t(u), respectively.

4.2 Finding a Special Point: ming' (u(s)): Path-F ollowing
Approac h

Let g(s) be de ned asthe solution of

H (g
T (g p(s))

Note that q(0) = Un 2, q(S1) = Un 1, Q(jjun  Un 2Jj) = U,, and that q(s)
can be viewed asthe corrector point to the predictor p(s). Clearly, (s) canbe
approximated via a matrix-free iterative nonlinear solver (a matrix-free double
loop).

We have now reducedthe problemto a one-dimensionaminimization of the
function s 7! ' (q(s)) for which there are well-known algorithms. Note that the
full approad is now implemerted via a matrix-free triple loop, the outer loop
being the one-dimensionaminimizer.

A modi cation of this method can be implemerted as a steplength strategy
into the numerical cortinuation method, seeAllgower and Georg[2, Section8.2].
This modi cation permits a matrix-free implemertation consisting only of a
matrix-free double loop.

5 Simple Bifurcation

LetH:R RN ! RN, andlet u(s) be a solution curve, i.e., H (u(s)) = 0. For
simplicity, we assumethat the parametrization is with respectto arclength,i.e.,
jiu(s)ji2= 1.

The point u 2 RN*! is called a simple bifurcation point of the equation
H (u) = 0if the following conditions hold: H (u) = 0, dimkerHYu) = 2, and

e H%u
? ) ker H 9%(u) ’
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has one positive and one negative eigervalue, wherekerHYu) = span):
If u = u(s) is a simple bifurcation point, then it can be seenthat the

determinart HYU(S)
u(s
det s

changesits signat s = s. Figure 4 illustrates the situation.

u(s)

Figure 4: Simple Bifurcation Point

Theorem 5.1. Let T2 R R" besuchthat T u(s) > 0, and let u(s) be a
simple bifurcation point. Then

ot HAUS)

changesits signat s = s.

Hence,to obsene the sign change,the vector T needsonly to be an approx-
imation of the tangert.
Proof: Lee,, 2 R RN bethe columnvector (0;:::;0;1) . For s6 s and
js s} small we have

AU Hi(lgs)) +ea (T uls)

= MU euer we))

The last equationimpliesthe conclusionsincethe Sherman-Morrison-Vsodbury
formula implies that

L+u(s)(T  u(s))

is invertible and henceits determinart doesnot changesignat s=s.
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The next theoremgivesus a test function for a simple bifurcation point.
De nition  5.1. Two m-dim subspacedJ;V  R¥ are called acute i
U\ vV? = f0g:

Theorem 5.2. Letu = u(s) be a simple bifurcation point, andlet T u(s) > O.
Let spanf cg be acuteto the kernel of

HYu(s))
Y ,

and let spanf bg be acute to the kernel of

HYu(s))
T
De ne (u) via
0 HYu) by (u) 0 51
T = X 51
c 0 (u) 1

Then (u(s)) changessignat s = s.

The idea of this theoremgoesbadk to Abbott [1]and (in a di erent cortext)
to Osborne [9].
Pro of: By Cramer's Rule we have

dor HAUO)

&
) = —> e )
det@ T A
C 0

Now we apply Theorem 5.1 and the acutenessconditions satis ed by b;c. It
followsthat the determinart in the denominatordoesnot changesignat s = s.

Note that (5:1) permits calculating the test function in a matrix-free single
loop. In practice, we would usethe approximation
Tz 2 Un1
JJUn  Up 1))
in (5:1) to evaluate the test function . Hence,by monitoring the signof , a
numerical cortinuation method is able to detect simple bifurcation points.
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Oncea simple bifurcation point u is detectedvia a changeof signin the test
function ,i.e., (u, 1) (u,) < 0, we procedesimilarly to Section3 and de ne
the linear appraximations

p(s) := u, 1+ ST u(s) (5:2)

and s

(S) - (Un 1)+ jjUn U 1”( (un) (Un 1)) (U(S)) '
If we dene svia (s) = 0, then p(s) is a quadratic appraximation of the
bifurcation point u.

We cannot handle this situation in the sameway asin Section3.1 because
the nonlinear system
H (u)

w -0

becomessingularasu! u.
We now descrike two possibilities for appraximating u more precisely:

5.1 Path-F ollowing Approac h

We procedesimilarly to Section3.2: Let g(s) be the solution of

H (a)
T (9 p(s)

Hence, q(s) can be viewed as the corrector-point to the predictor point p(s).
Note againthat q(0) = u, 1 and q(jju, U, 1jj) = u,, and that g(s) can be
appraximated via a matrix-free iterativ e nonlinear solver (a matrix-free double
loop). Wenow nd azeroof the function s 7! (q(s)) via a secatlik e method.
The full method is implemerted as a matrix-free triple loop, the outer loop
being the secarlik e method.

Again, a modi cation of this approad can be implemerted into the numer-
ical cortinuation method as a steplength strategy, seeAllgower and Georg |2,
Section8.1], resulting in a matrix-free double loop. Howewer, we already noted
above that this method runs into a singularity, sou cannot be determinedvery
preciselyin this way.

5.2 Global approach

SinceH Yu) hasrank de ciency 2 at a simple bifurcation point u = u, we need
at least two additional equationsand one additional unknown in order to ex-
tend the systemH (u) = 0into aregular characterization of a bifurcation point.
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Sud systemsare called minimally extendedsystems.As an example,we choose
the minimally extendedsystemof Allgower and Sdwetlick [3]. Early numerical
bifurcation methods are found in [11] and [12]. The rst minimally extended
systemfor simple bifurcation points appearsto go badk to Griewank and Red-
dien [7]. SeeAllgower and Georg[2, Section24.2]for a detailed bibliographical
accour.

Let u = u be a simple bifurcation point.

Given xed vectorsw;r 2 R RY andd2 R, it is not dicult to seethat

the matrices
HYu)+dr .  HYu)+ dw

w ' r
are nonsingularat u = u if span(d) is acuteto ker(HYu)) and spanf r;wg is
acuteto ker(HYu)). Let usassumein the following that the vectorsw;r and d
arein sud generalposition.

We now de ne in a neighborhood of u the vector elds v;i(u) and v,(u) via
the linear equations

HYu) + dr
w

(5:3)

Hqu) + dw

; Vo(U) = €.y (5:4)

vi(u) = ey ;

Note that thesevector elds are obtained via two matrix-free single loops.
It can be seenthat = 0 andu = u is a regular zero point of the minimally
extendedsystem

0 1
H(u) + d

@ rv(u) A=0 (5:5)
W V2 (u)

The simple bifurcation point u can now be approximated preciselyand in
a numerically stable way via a matrix-free triple loop. The two outer loops
consistof a matrix-free iterativ e nonlinear solver for the equation (5:5), and the
innermostloop represets the function evaluation of the nonlinear system(5:5)
which involvesthe solution of the two equations(5:4).

Thereis an e cien t implementation of Newton's method for (5:5), see,e.qg.,
Allgower and Georg [2, Algorithm 24.2], which also yields the two tangert
vectors at the bifurcation point u. Howewer, this method usesthe solving of
3 linear equationsinvolving Hqu) and oneinvolving HYu) per Newton step,
and hencethis approad cannot be implemerted in our matrix-free sense.

If the bifurcation point u is detectedvia a changeof sign (u, 1) (u,) <O,
then (5:1) furnishessomegood starting guessedor the iterations concerning
(5:4) and (5:5):

(s) . (s) .

=0 v T:;r T;v - W = —:u
? Y 9 i (9

p(s):
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Recallthat p(s) is de ned after equation (5:2). In the sameway, we can inter-
polate

S

=( (un)  (un 1)) (u(s))
n 1l

(s)= (un 1)+ o U 4l

to obtain (s).

5.3 Switc hing Branc hes at a Bifurcation Point

After a bifurcation point u = u(s) hasbeendetectedalongthe path, we alsoare
given a vector orthogonal to the current directiont  u(s), see(5:1). Note
that the spanoft and appraximate the kernel of Hqu).

A point on the bifurcating (new) branch can now be obtained via the equa-
tion

H (u)
(u (u+ S

for somesmall (but not too small) > 0. This equation can be viewed as a
corrector equation for the predictor point u+ =jj jj, and can be solved in a
matrix-free double loop.

Figure 5 illustrates the idea.

x [IxI

Figure 5: Finding a SecondPoint on the New Branch

Oncewe have two points on the new branch, we can proceedwith the usual
predictor-corrector stepsto trace this branah.
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5.4 Approac h via Perturbation (Sard's Theorem)

A famous perturbation theorem of Sard [10] guararteesthat if an > 0 and
a vector d 2 RV of norm 1 is chosenat random, i.e., if d is outside a set of
measurezero, then the equation H(u) = d has only regular solutions, i.e.,
HYu) hasrank N for all u sud that H(u) = d. Hencethe resulting solution
curvesu do not have a bifurcation point. We say that the bifurcation point is
unfolded.

Figure 6 illustrates a perturbation of a simple bifurcation point. Note that
the other special points we considerhere (i.e., Sections3,4,6) are stable under
sud perturbations!

Figure 6: Perturbation of a Simple Bifurcation Point

A very simple idea now is to follow both solution branchesu(s) and u (s)
for detecting bifurcation points and branching o at sud point. This simple
idea works astonishingly well, and modi cations thereof have beenanalyzedin
seeral papers, seeAllgower and Georg[2, Section 24.1] for a detailed biblio-
graphical accourt. In [6] it is shavn that this idea can also be conbined in a
robust way with Broyden updates.

6 Hopf bifurcation points

We considerHopf bifurcation with respectto the dynamicalsystemx = H(; x).
Let u(s) = ( (s);x(s)) asusual be a solution curve of H(u) = 0. A point u =
(; X) = ( (s);x(s)) is a simple Hopf bifurcation point i for smalljs sj there
is a complexconjugatepair of simpleeigervalues (s) i! (s) of @H ( (s);x(s))
crossingthe imaginary axisfor s = s, i.e.,, (s) = 0, (s) 6 0,!(s) 6 0, and
sudt that @H ( (s);x(s)) hasno other eigervalueson the imaginary axis. The
value = (! (s))? is called the Hopf number.
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The following theorem, on which we baseour numerical approad, is due
to Werner [13] but has somecloselyrelated predecessor$4, 5], see[13] for a
detailed bibliographical accoun. Let usintroducethe notations

A(U) = @H(U); A:=AQ); = (I(s)?:
Theorem 6.1. Let u be a simple Hopf bifurcation point. Letl;r 2 RN be such
that span A |;| is acuteto kerne(A?+ ), and span Ar;r is acuteto
kernelA2+ ) . Then the following linear systemis nonsingularfor u u and
: 0 10 1 01
A%(u)+  A(Wr r (u; ) 0
@ | A(u) 0 O0A@ (u; )A= @A (6:1)
I 0O O (u; ) 0
Notethatfor = andu=uwehave (u; ))= (u; )=0,and (u; )isa

particular vector in the two-dimensionalkernel of A2 +

Furthermore, (u; ) = O implicity denes (u), i.e., @ (u; ) 6 0, and
4 (u(s)) .= (u(s); (u(s)) changessignat s= s. Henee, , (u) can be regaded
as a test function for Hopf bifurcation.

In orderto e ciently calculatethe test function , (u), we usea secattlik e
method to nd a solution (u) of (u; ) = 0, while evaluating the function
u;, 7! (u; ) via (6:1) in a matrix-free loop. Hence ,,(u) = (u; (u)) can
be calculated via a matrix-free double loop, the outer loop being a secat-lik e
solver, and the inner loop the linear soler for (6:1). Howewer, it may be a
problemto nd agood starting value .

Once a Hopf bifurcation point u has been detected via a change of sign:
4 (Un 1) w(uy) < 0, we can proceedto appraximate u with high precisionin
the senseof Section3.

7 Preconditioners

As we are aiming at large (and/or sparse)nonlinear systems,we have to take
into considerationthe fact that the iterative linear solvers of Krylov subspace
type often only give acceptableresultsin combination with a preconditionerB.
We take here the point of view that the choice of sud a preconditioner B is
problem dependert and hasto be supplied by the userof the method together
with the implemertation of H.

Hence,for the most part of this paper, we can view the systemH asbeing
already preconditioned, i.e., we assumethat the map u 7! H (u) is replacedby
the mapu 7! B H(u).

Note that the solution branch and the special points in Sections3,4,5 are
unchanged by this preconditioning. Howeer, there is one exception to this



16 K. Georg

rule, namely Hopf bifurcation is destroyed by this preconditioning. The situ-
ation is similar to the preconditioning problem for eigervalue solvers basedon
Krylov subspacdechniques. Here,we needmuch further investigationsinto the
problem of nding good preconditionersfor the linear system(6:1).

8 Higher Deriv ativ es of the Solution Curv e

It is possibleto obtain higher derivativesof the solution curve with matrix-free
methods. This possibility may be useful in certain problems, e.g., to obtain
high-order predictors. We outline the idea:

Let us assumethat ug is a xed solution point: H(ug) = 0. Lett; 2 R RN
be sud that HYue)to = 0 and tyto = 1. We parametrizethe solution curve u(s)
with respect to the direction to: Let u(s) be the solution of

H (u)

U (Uo+stg) - O &1

seeFigure 7 for an illustration.

Figure 7: Parametrization of the Solution Curve

Then, by di erentiating (8:1) twice with respect to s, we seethat the linear
systems

H Yu) _ 0 . HYu) _
t oy, AWE

0 .
tw= H ‘(u)[g(u),t(u)]

de ne vector elds t(u) and a(u) sud that

u(s) = t(u(s)) ; ®(s) = a(u(s)):
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Note that H%u)[t(u);t(u)] can be appraximated via nite di erence formulas,
e.g.,

H Ru)lt(u); t(u)] = EZ(H(U+ t(u) 2HW+Hu  tw)) +O(?:

Hencet(u) canbe determinedin a matrix-free singleloop, and an additional
matrix-free singleloop appraximatesa(u) sud that the truncation error hasthe
sameorder (in ) asthe di erence approximation of H%¢u)[t(u); t(u)].

Usingatrick of Mackens[8], this ideacanbe generalizedo higherderivatives
sud that ead additional derivative is obtained in a matrix-free singleloop, see
also Allgower and Georg|[2, Section11].
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